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Introduction 



The roots of Borel sets go back to the work of Baire [8] . He was trying to 
come to grips with the abstract notion of a function introduced by Dirich- 
let and Riemann. According to them, a function was to be an arbitrary 
correspondence between objects without giving any method or procedure 
by which the correspondence could be established. Since all the specific 
functions that one studied were determined by simple analytic expressions, 
Baire delineated those functions that can he constructed starting from con- 
tinuous functions and iterating the operation of pointwise limit on a se- 
quence of functions. These functions are now known as Baire functions. 
Lebesgue [65] and Borel [19] continued this work. In [19], Borel sets were 
defined for the first time. In his paper, Lebesgue made a systematic study 
of Baire functions and introduced many tools and techniques that are used 
even today. Among other results, he showed that Borel functions coincide 
with Baire functions. The study of Borel sets got an impetus from an error 
in Lebesgue’s paper, which was spotted by Souslin. Lebesgue was trying to 
prove the following: 

Suppose f : is a Baire function such that for every x, the 

equation 

f{x,y) = 0 

has a unique solution. Then y as a function of x defined by the above 
equation is Baire. 

The wrong step in the proof was hidden in a lemma stating that a set 
of real numbers that is the projection of a Borel set in the plane is Borel. 
(Lebesgue left this as a trivial fact!) Souslin called the projection of a 
Borel set analytic because such a set can be constructed using analytical 
operations of union and intersection on intervals. He showed that there are 
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analytic sets that are not Borel. Immediately after this, Souslin [111] and 
Lusin [67] made a deep study of analytic sets and established most of the 
basic results about them. Their results showed that analytic sets are of 
fundamental importance to the theory of Borel sets and give it its power. 
For instance, Souslin proved that Borel sets are precisely those analytic sets 
whose complements are also analytic. Lusin showed that the image of a 
Borel set under a one-to-one Borel map is Borel. It follows that Lebesgue’s 
thoerem — though not the proof — was indeed true. 

Around the same time Alexandrov was working on the continuum hy- 
pothesis of Cantor: Every uncountable set of real numbers is in one-to-one 
correspondence with the real line. Alexandrov showed that every uncount- 
able Borel set of reals is in one-to-one correspondence with the real line [2]. 
In other words, a Borel set cannot be a counterexample to the continuum 
hypothesis. 

Unfortunately, Souslin died in 1919. The work on this new-found topic 
was continued by Lusin and his students in Moscow and by Sierpihski and 
his collaborators in Warsaw. 

The next important step was the introduction of projective sets by 
Lusin [68], [69], [70] and Sierpihski [105] in 1925: A set is called projective 
if it can be constructed starting with Borel sets and iterating the operations 
of projection and complementation. Since Borel sets as well as projective 
sets are sets that can be described using simple sets like intervals and 
simple set operations, their theory came to be known as descriptive set 
theory. It was clear from the beginning that the theory of projective sets 
was riddled with problems that did not seem to admit simple solutions. As 
it turned out, logicians did show later that most of the regularity properties 
of projective sets, e.g., whether they satisfy the continuum hypothesis or 
not or whether they are Lebesgue measurable and have the property of 
Baire or not, are independent of the axioms of classical set theory. 

Just as Alexandrov was trying to determine the status of the continuum 
hypothesis within Borel sets, Lusin [71] considered the status of the axiom 
of choice within “Borel families.” He raised a very fundamental and difficult 
question on Borel sets that enriched its theory significantly. Let i? be a 
subset of the plane. A subset C of B uniformizes B if it is the graph of a 
function such that its projection on the line is the same as that of B. (See 
Figure 1.) 

Lusin asked. When does a Borel set B in the plane admit a Borel uni- 
formization? By Lusin’s theorem stated earlier, if B admits a Borel uni- 
formization, its projection to the line must be Borel. In [16] Blackwell [16] 
showed that this condition is not sufficient. Several authors considered this 
problem and gave sufficient conditions under which Lusin’s question has 
a positive answer. For instance, a Borel set admits a Borel uniformization 
if the sections of B are countable (Lusin [71]) or compact (Novikov [90]) 
or a-compact (Arsenin [3] and Kunugui [60]) or nonmeager (Kechris [52] 
and Sarbadhikari [100]). Even today these results are ranked among the 
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Figure 1. Uniformization 




finest results on Borel sets. For the uniformization of Borel sets in general, 
the most important result proved before the war is due to Von Neumann 
[124]: For every Borel subset B of the square [0, 1] x [0, 1], there is a null 
set N and a Borel function f : [0, 1] \fV — > [0, 1] whose graph is contained 
in B. As expected, this result has found important applications in several 
branches of mathematics. 

So far we have mainly been giving an account of the theory developed 
before the war; i.e., up to 1940. Then for some time there was a lull, not 
only in the theory of Borel sets, but in the whole of descriptive set theory. 
This was mainly because most of the mathematicians working in this area 
at that time were trying to extend the theory to higher projective classes, 
which, as we know now, is not possible within Zermelo - Fraenkel set theory. 
Fortunately, around the same time significant developments were taking 
place in logic that brought about a great revival of descriptive set theory 
that benefited the theory of Borel sets too. The fundamental work of Godel 
on the incompleteness of formal systems [44] ultimately gave rise to a rich 
and powerful theory of recursive functions. Addison [1] established a strong 
connection between descriptive set theory and recursive function theory. 
This led to the development of a more general theory called effective 
descriptive set theory. (The theory as developed by Lusin and others 
has become known as classical descriptive set theory.) 

From the beginning it was apparent that the effective theory is more 
powerful than the classical theory. However, the first concrete evidence of 
this came in the late seventies when Louveau [66] proved a beautiful the- 
orem on Borel sets in product spaces. Since then several classical results 
have been proved using effective methods for which no classical proof is 
known yet; see, e.g., [47]. Forcing, a powerful set-theoretic technique (in- 
vented by Cohen to show the independence of the continuum hypothesis 
and the axiom of choice from other axioms of set theory [31]), and other 
set-theoretic tools such as determinacy and constructibility, have been very 
effectively used to make the theory of Borel sets a very powerful theory. 
(See Bartoszyhski and Judah [9], Jech [49], Kechris [53], and Moschovakis 
[ 88 ].) 
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Introduction 



Much of the interest in Borel sets also stems from the applications that 
its theory has found in areas such as probability theory, mathematical 
statistics, functional analysis, dynamic programming, harmonic analysis, 
representation theory of groups, and C*-algebras. For instance, Blackwell 
showed the importance of these sets in avoiding certain inherent pathologies 
in Kolmogorov’s foundations of probability theory [13]; in Blackwell’s model 
of dynamic programming [14] the existence of optimal strategies has been 
shown to be related to the existence of measurable selections (Maitra [74]); 
Mackey made use of these sets in problems regarding group representations, 
and in particular in defining topologies on measurable groups [72] ; Choquet 
[30], [34] used these sets in potential theory; and so on. The theory of Borel 
sets has found uses in diverse applied areas such as optimization, control 
theory, mathematical economics, and mathematical statistics [5], [10], [32], 
[42], [91], [55]. These applications, in turn, have enriched the theory of 
Borel sets itself considerably. For example, most of the measurable selection 
theorems arose in various applications, and now there is a rich supply of 
them. Some of these, such as the cross-section theorems for Borel partitions 
of Polish spaces due to Mackey, Effros, and Srivastava are basic results on 
Borel sets. 

Thus, today the theory of Borel sets stands on its own as a powerful, 
deep, and beautiful theory. This book is an introduction to this theory. 




About This Book 



This book can be used in various ways. It can be used as a stepping stone 
to descriptive set theory. From this point of view, our audience can be 
undergraduate or beginning graduate students who are still exploring areas 
of mathematics for their research. In this book they will get a reasonably 
thorough introduction to Borel sets and measurable selections. They will 
also find the kind of questions that a descriptive set theorist asks. Though 
we stick to Borel sets only, we present quite a few important techniques, 
such as universal sets, prewellordering, and scales, used in descriptive set 
theory. We hope that students will find the mathematics presented in this 
book solid and exciting. 

Secondly, this book is addressed to mathematicians requiring Borel sets, 
measurable selections, etc., in their work. Therefore, we have tried our best 
to make it a convenient reference book. Some applications are also given 
just to show the way that the results presented here are used. 

Finally, we desire that the book be accessible to all mathematicians. 
Hence the book has been made self-contained and has been written in 
an easygoing style. We have refrained from displaying various advanced 
techniques such as games, recursive functions, and forcing. We use only 
naive set theory, general topology, some analysis, and some algebra, which 
are commonly known. 

The book is divided into five chapters. In the first chapter we give the set- 
theoretic preliminaries. In the first part of this chapter we present cardinal 
arithmetic, methods of transfinite induction, and ordinal numbers. Then 
we introduce trees and the Souslin operation. Topological preliminaries are 
presented in Chapter 2. We later develop the theory of Borel sets in the 
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About This Book 



general context of Polish spaces. Hence we give a fairly complete account of 
Polish spaces in this chapter. In the last section of this chapter we prove sev- 
eral theorems that help in transferring many problems from general Polish 
spaces to the space of sequences or the Cantor space 2^. We introduce 
Borel sets in Chapter 3. Here we develop the theory of Borel sets as much 
as possible without using analytic sets. In the last section of this chapter 
we introduce the usual hierarchy of Borel sets. For the first time, readers 
will see some of the standard methods of descriptive set theory, such as 
universal sets, reduction, and separation principles. Chapter 4 is central to 
this book, and the results proved here bring out the inherent power of Borel 
sets. In this chapter we introduce analytic and coanalytic sets and prove 
most of their basic properties. That these concepts are of fundamental im- 
portance to Borel sets is amply demonstrated in this chapter. In Chapter 
5 we present most of the major measurable selection and uniformization 
theorems. These results are particularly important for applications. We 
close this chapter with a discussion on Vaught’s conjecture — an outstand- 
ing open problem in descriptive set theory, and with a proof of Hondo’s 
uniformization of coanalytic sets. 

The exercises given in this book are an integral part of the theory, and 
readers are advised not to skip them. Many exercises are later treated as 
proved theorems. 

Since this book is intended to be introductory only, many results on 
Borel sets that we would have much liked to include have been omitted. 
For instance, Martin’s determinacy of Borel games [80], Silver’s theorem on 
counting the number of equivalence classes of a Borel equivalence relation 
[106], and Louveau’s theorem on Borel sets in the product [66] have not been 
included. Similarly, other results requiring such set-theoretic techniques 
as constructibility, large cardinals, and forcing are not given here. In our 
insistence on sticking to Borel sets, we have made only a passing mention of 
higher projective classes. We are sure that this will leave many descriptive 
set theorists dissatisfied. 

We have not been able to give many applications, to do justice to which 
we would have had to enter many areas of mathematics, sometimes even 
delving deep into the theories. Clearly, this would have increased the size 
of the book enormously and made it unwieldy. We hope that users will find 
the passing remarks and references given helpful enough to see how results 
proved here are used in their respective disciplines. 
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Cardinal and Ordinal Numbers 



In this chapter we present some basic set-theoretical notions. The first five 
sections^ are devoted to cardinal numbers. We use Zorn’s lemma to de- 
velop cardinal arithmetic. Ordinal numbers and the methods of transfinite 
induction on well-ordered sets are presented in the next four sections. Fi- 
nally, we introduce trees and the Souslin operation. Trees are also used 
in several other branches of mathematics such as infinitary combinatorics, 
logic, computer science, and topology. The Souslin operation is of special 
importance to descriptive set theory, and perhaps it will be new to some 
readers. 



1.1 Countable Sets 

Two sets A and B are called equinumerous or of the same cardinality, 
written A = B, if there exists a one-to-one map / from A onto B. Such 
an / is called a bijection. For sets A, B, and C we can easily check the 
following. 

A = A, 

A = B B = A, and 
{A = B t B = C) ^ A = C. 



^These are produced here from my article [117] with the permission of the Indian 
Academy of Sciences. 
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1. Cardinal and Ordinal Numbers 



A set A is called finite if there is a bijection from {0, ) ''t- ~ 1} {n 

a natural number) onto A. (For n = 0 we take the set {0, 1, . . . ,n — 1} 
to be the empty set 0.) If A is not finite, we call it infinite. The set A is 
called countable if it is finite or if there is a bijection from the set N of 
natural numbers {0, 1, 2 , . . .} onto A. If a set is not countable, we call it 
uncountable. 

Exercise 1.1.1 Show that a set is countable if and only if its elements can 
be enumerated as Oq, Oi, 02, . . ., (perhaps by repeating some of its elements); 
i.e., A is countable if and only if there is a map / from N onto A. 

Exercise 1.1.2 Show that every subset of a countable set is countable. 

Example 1.1.3 We can enumerate N x N, the set of ordered pairs of nat- 
ural numbers, by the diagonal method as shown in the following diagram 



( 1 , 2 ) 

( 2 , 1 ) ( 2 , 2 ) 






That is, we enumerate the elements of N x N as (0, 0), (1, 0), (0, 1), (2, 0), 
(1,1), (0,2), — By induction on k, k a, positive integer, we see that N^, 
the set of all fc-tuples of natural numbers, is also countable. 

Theorem 1.1.4 Let Aq, Ai, A2, ■ ■ . be eountahle sets. Then their union 
A = An is countable. 

Proof. For each n, choose an enumeration a„o, Oni, On2, • ■ • of A„. We 
enumerate A = (J^ A„ following the above diagonal method. 





•20 



021 



022 




1.1 Countable Sets 



3 



Example 1.1.5 Let Q be the set of all rational numbers. We have 
Q = (^ {m/n : m an integer}. 

n>0 



By 1.1.4, Q is countable. 

Exercise 1.1.6 Let X be a countable set. Show that X x {0, 1}, the set 
of all fc-tuples of elements of X , and the set of all finite sequences 
of elements of X including the empty sequence e, are all countable. 

A real number is called algebraic if it is a root of a polynomial with 
integer coefficients. 

Exercise 1.1.7 Show that the set K of algebraic numbers is countable. 

The most natural question that arises now is; Are there uncountable 
sets? The answer is yes, as we see below. 

Theorem 1.1.8 (Cantor) For any two real numbers a, b with a <b, the 
interval [a, b] is uncountable. 

Proof. (Cantor) Let (a„) be a sequence in [a, 6]. Define an increasing 
sequence (&„) and a decreasing sequence (c„) in [a, b] inductively as follows: 
Put bo = a and cq = b. For some n G N, suppose 



bo <bi < ■ ■ ■ <bn < Cn < ■ ■ ■ < Cl < Co 

have been defined. Let in be the first integer i such that bn < Oi < c„ and 
jn the first integer j such that < aj < Cn- Since [a,b] is infinite in, jn 
exist. Put bn+i = and c„+i = 

Let X = sup{&„ : n G Nj. Clearly, x G [a, b]. Suppose x = Ok for some k. 
Clearly, x < Cm for all m. So, by the definition of the sequence (&„) there is 
an integer i such that bi > Ok = x. This contradiction shows that the range 
of the sequence (a„) is not the whole of [a, 6]. Since (a„) was an arbitrary 
sequence, the result follows. ■ 

Let X and Y be sets. The collection of all subsets of a set X is itself a set, 
called the power set of X and denoted by P(AT). Similarly, the collection 
of all functions from F to A forms a set, which we denote by X^ . 

Theorem 1.1.9 The set {0, 1}^, consisting of all sequences of O’s and I’s, 
is uncountable. 

Proof. Let (a„) be a sequence in {0, 1}”. Define a G {0, 1}” by 
a{n) = 1 — a„(n), n G N. 

Then a yf for all i. Since (an) was arbitrary, our result is proved. ■ 
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1. Cardinal and Ordinal Numbers 



Exercise 1.1.10 (a) Show that the intervals (0, 1) and (0, 1] are of the 
same cardinality. 

(b) Show that any two nondegenerate intervals (which may be bounded 
or unbounded and may or may not include endpoints) have the same 
cardinality. Hence, any such interval is uncountable. 

A number is called transcendental if it is not algebraic. 

Exercise 1.1.11 Show that the set of all transcendental numbers in any 
nondegenerate interval is uncountable. 



1.2 Order of Infinity 

So far we have seen only two different “orders of infinity” — that of N and 
that of {0, 1}^. Are there any more? In this section we show that there are 
many. 

We say that the cardinality of a set A is less than or equal to the 
cardinality of a set B, written A <c if there is a one-to-one function 
/ from A to B. Note that 0 <c A for all A (Why?), and for sets A, B, C, 

{A<c B t B <cC) ^ A<c C. 

If A <c i? but A ^ B, then we say that the cardinality of A is less 
than the cardinality of B and symbolically write A <c B. Notice that 
N <c M. 

Theorem 1.2.1 (Cantor) For any set X, X T’{X). 

Proof. First assume that A = 0. Then V{X) = {0}. The only function 
on X is the empty function 0, which is not onto {0}. This observation 
proves the result when X = %. 

Now assume that X is nonempty. The map x — >■ {a;} from X to V{X) 
is one-to-one. Therefore, X <c V{X). Let / : X — V{X) be any map. 
We show that / cannot be onto V{X). This will complete the proof. 
Consider the set 

A = {x G X\x ^ f{x)}. 

Suppose A = f{xo) for some xg G X. Then 

xg G A 4=^ a:o ^ A. 

This contradiction proves our claim. ■ 

Remark 1.2.2 This proof is an imitation of the proof of 1.1.9. To see 
this, note the following. If A is a subset of a set X, then its characteristic 
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function is the map xa ■ ^ ^ {0) 1}> where 

. s _ J 1 a X & A, 

Xa[x) Q otherwise. 

We can easily verify that A — >■ XA defines a one-to-one map from V(X) 
onto {0, 1}^. We have shown that there is no map / from X onto V{X) in 
exactly the same way as we showed that {0, 1}^ is uncountable. 

Now we see that 



N<e V{N) <c P{P{n)) <c .... 

Let T be the union of all the sets N, P(N), P{P{N)), Then T is of car- 

dinality larger than each of the sets described above. We can now similarly 
proceed with T and get a never-ending class of sets of higher and higher 
cardinalities! A very interesting question arises now: Is there an infinite 
set whose cardinality is different from the cardinalities of each of the sets 
so obtained? In particular, is there an uncountable set of real numbers of 
cardinality less than that of K? These turned out to be among the most fun- 
damental problems not only in set theory but in the whole of mathematics. 
We shall briefly discuss these later in this chapter. 

The following result is very useful in proving the equinumerosity of two 
sets. It was first stated and proved (using the axiom of choice) by Cantor. 

Theorem 1.2.3 (Schroder - Bernstein Theorem) For any two sets X and 
Y, 

{X <cY kY <^X)^ X = Y. 

Proof. (Dedekind) Let X Y and Y X. Fix one-to-one maps 
/ : X — Y and g : Y — >■ X. We have to show that X and Y have the 
same cardinality; i.e., that there is a bijection h from X onto Y. 

We first show that there is a set if C A such that 

g-\X\E) = Y\f{E). (*) 

(See Figure 1.1.) Assuming that such a set E exists, we complete the proof 
as follows. Define h : X — >■ Y by 

\ g ^(a;) otherwise. 

The map h : X — >■ Y is clearly seen to be one-to-one and onto. 

We now show the existence of a set E C X satisfying (*) . Consider the 
map H : P{X) — ^ ’P(AT) defined by 

n{A)=X\g{Y\f{A)), AC A. 



It is easy to check that 
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(i) ACBCX n{A) C n{B), and 

(ii) 7^(U„^n) = U„^(^n)- 




Figure 1.1 



Now define a sequence {An) of subsets of X inductively as follows: 

Aq = 0, and 

An+i = T~L{An), n = 0 , 1 , 2 , . . .. 

Let E = A„. Then, B(E) = E. The set E clearly satisfies (*). ■ 

Corollary 1.2.4 For sets A and B, 

A <c B <1=^ A<c B & B A. 

Here are some applications of the Schroder ~ Bernstein theorem. 
Example 1.2.5 Define / : P(N) — R, the set of all real numbers, by 

/M) = E sIfT’ -4 S N. 

Then / is one-to-one. Therefore, P(N) <c R. Now consider the map g 

R ^ V{q) by 

g{x) = {r G Q|r < a;}, x G R. 

Clearly, g is one-to-one and so R <c 7^(Q). As Q = N, V{Q) = P(N) 
Therefore, R <c P(N). By the Schroder - Bernstein theorem, R = P(N) 
Since V{N) = {0, 1}^, R = {0, 1}^. 
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Example 1.2.6 Fix a one-to-one map x — 1 ■ ■ ■) from R onto 

{0, 1}”, the set of sequences of O’s and I’s. Then the function {x,y) — 1 
{xQ,yo,xi,yi, . . .) from to {0,1}^ is one-to-one and onto. So, R^ = 
{0, 1}^ = R. By induction on the positive integers k, we can now show that 
R* and R are equinumerous. 

Exercise 1.2.7 Show that R and R^ are equinumerous, where R^ is the 
set of all sequences of real numbers. 

(Hint: Use N x N = N.) 

Exercise 1.2.8 Show that the set of points on a line and the set of lines 
in a plane are equinumerous. 

Exercise 1.2.9 Show that there is a family A of infinite subsets of N such 
that 

(i) .4 = R, and 

(ii) for any two distinct sets A and B in A, A^B \s finite. 



1.3 The Axiom of Choice 

Are the sizes of any two sets necessarily comparable? That is, for any two 
sets X and Y , is it true that at least one of the relations X <c Y or Y <c X 
holds? To answer this question, we need a hypothesis on sets known as the 
axiom of choice. 

The Axiom of Choice (AC) If {Ai}i^j is a family of nonempty sets, 
then there is a function f : I — > Ai such that f{i) G Ai for every i G I. 

■ 

Such a function / is called a choice function for {Ai : i G /}. Note 
that if / is finite, then by induction on the number of elements in / we can 
show that a choice function exists. If I is infinite, then we do not know 
how to prove the existence of such a map. The problem can be explained 
by the following example of Russell. Let Ao,Ai,A 2 ,... be a sequence of 
pairs of shoes. Let f(n) be the left shoe in the nth pair A„, and so the 
choice function in this case certainly exists. Instead, let Ag, Ai, A 2 , ... be 
a sequence of pairs of socks. Now we are unable to give a rule to define a 
choice function for the sequence Ag, Ai, A 2 , . . .! AC asserts the existence 
of such a function without giving any rule or any construction for defining 
it. Because of its nonconstructive nature, AC met with serious criticism 
at first. However, AC is indispensable, not only for the theory of cardinal 
numbers, but for most branches of mathematics. 

From now on, we shall be assuming AC. 

Note that we used AC to prove that the union of a sequence of countable 
sets Ag, Ai, . . . is countable. For each n, we chose an enumeration of A„. 
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But usually there are infinitely many such enumerations, and we did not 
specify any rule to choose one. It should, however, be noted that for some 
important specific instances of this result AC is not needed. For instance, 
we did not use AC to prove the countability of the set of rational numbers 
(1.1.5) or to prove the countability of X countable (1.1.6). 

The next result shows that every infinite set X has a proper subset Y of 
the same cardinality as X. We use AC to prove this. 

Theorem 1.3.1 If X is infinite and AC X finite, then A\A and X have 
the same cardinality. 

Proof. Let A = {oq, oi, . . . , a„} with the afs distinct. By AC, there 
exist distinct elements a„+i, a„+ 2 , • • • in A \ A. To see this, fix a choice 
function / : V{X) \ {0} — >■ X such that f{E) G E for every nonempty 
subset E oi X . Such a function exists by AC. Now inductively define 
a„+i, a„+ 2 , ■ • ■ such that 

^n+k+l ~ f {^ \ {^0; 7 • ■ • 7 ^n+k \ ) 5 

/c = 0, 1, . . . Define h : X — > A \ A by 

\ r C^n+fc+l if X = ttk, 

^ ' ( X otherwise. 

Clearly, h : X — A \ A is one-to-one and onto. ■ 

Corollary 1.3.2 Show that for any infinite set X, N <c A; i.e., every 
infinite set X has a countable infinite subset. 

Exercise 1.3.3 Let A, Y be sets such that there is a map from A onto 
Y. Show that Y <c X. 

There are many equivalent forms of AC. One such is called Zorn’s 
lemma, of which there are many natural applications in several branches 
of mathematics. In this chapter we shall give several applications of Zorn’s 
lemma to the theory of cardinal numbers. We explain Zorn’s lemma now. 

A partial order on a set P is a binary relation R such that for any x, 
y, z in P, 

xRx (reflexive), 

{xRy & yRz) xRz (transitive), and 

{xRy & yRx) => x = y (anti-symmetric). 

A set P with a partial order is called a partially ordered set or simply 
a poset. A linear order on a set A is a partial order P on A such that 
any two elements of A are comparable; i.e., for any x,y G X, at least one 
of xRy or yRx holds. If A is a set with more than one element, then the 
inclusion relation C on P(A) is a partial order that is not a linear order. 
Here are a few more examples of partial orders that are not linear orders. 
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Example 1.3.4 Let X and Y be any two sets. A partial function / : 
X — > E is a function with domain a subset of X and range contained in 
Y. Let / : X — >■ Y and g : X — >■ Y be partial functions. We say that g 
extends /, or / is a restriction of g, written g Y f ox f < g,ii domain(/) 
is contained in domain(g) and f{x) = g{x) for all x G domain(/). If / is a 
restriction of g and domain(/) = A, we write / = g\A. Let 

Fn{X,Y) = {/ : / a one-to-one partial function from X to E}. 

Suppose Y has more than one element and A yf 0. Then {Fn{X,Y), A) 
is a poset that is not linearly ordered. 

Example 1.3.5 Let E be a vector space over any field F and P the set of 
all independent subsets of V ordered by the inclusion C . Then P is a poset 
that is not a linearly ordered set. 

Fix a poset {P, R). A chain in P is a subset C of P such that R restricted 
to C is a linear order; i.e., for any two elements x,y oiC at least one of the 
relations xRy or yRx must be satisfied. Let A C P. An upper bound for 
A is an a; G P such that yRx for all y G A. An x G P is called a maximal 
element of P if for no y G P different from x, xRy holds. In 1.3.4, a chain 
C in Fn{X,Y) is a consistent family of partial functions, their common 
extension IJ (7 an upper bound for C, and any partial function / with 
domain X or range Y a maximal element. So, there may be more than one 
maximal element in a poset that is not linearly ordered. 

In 1.3.5, Let C be a chain in P. Then for any two elements E and F of 
P, either P C P or P C P. It follows that IJ C itself is an independent set 
and so is an upper bound of C . 

Let (P, <) be a linearly ordered set. An element x of P is called the first 
(last) element of P if x < j/ (respectively y < x) for every y G L. A linearly 
ordered set P is called order dense if for every x < y there is a z such 
that X < z < y. Two linearly ordered sets are called order isomorphic 
or simply isomorphic if there is a one-to-one, order-preserving map from 
one onto the other. 

Exercise 1.3.6 (i) Let P be a countable linearly ordered set. Show that 
there is a one-to-one, order-preserving map / : P — > Q, where Q has 
the usual order. 

(ii) Let P be a countable linearly ordered set that is order dense and that 
has no first and no last element. Show that P is order isomorphic to 

Q. 



Zorn’s Lemma If P is a nonempty partially ordered set such that every 
chain in P has an upper hound in P, then P has a maximal element. ■ 
As mentioned earlier, Zorn’s lemma is equivalent to AC. We can easily 
prove AC from Zorn’s lemma. To see this, fix a family {A^ : i G /} of 




10 



1. Cardinal and Ordinal Numbers 



nonempty subsets of a set X. A partial choice function for {Ai : i G 1} 
is a choice function for a subfamily {Ai : i G J}, J C I. Let P be the set 
of all partial choice functions for {Ai : i G /}. As before, for /, g in P, we 
put f A g g extends /. Then the poset {P, satisfies the hypothesis 
of Zorn’s lemma. To see this, let C = {/o : a € A} be a chain in P. Let 
^ = Uae.4 domain(/a). Define / : D — )> A by 

f{x) = fa{x) if X G domain(/a). 

Since the /a’s are consistent, / is well defined. Clearly, / is an upper bound 
of C . By Zorn’s lemma, let g be a maximal element of P. Suppose g is not 
a choice function for the family {Ai : i G I{ . Then domain (g) yf I . Choose 
io G I \ domain(^) and xq G Ai^. Let 

h : domain(g) |J{to} — 



be the extension of g such that h{io) = xq. Clearly, h G P, g < h, and 
g h. This contradicts the maximality of g. 

We refer the reader to [62] (Theorem 7, p. 256) for a proof of Zorn’s 
lemma from AC. 

Here is an application of Zorn’s lemma to linear algebra. 

Proposition 1.3.7 Every vector space V has a basis. 

Proof. Let P be the poset defined in 1.3.5; i.e., P is the set of all indepen- 
dent subsets of V. Since every singleton set {u}, u yf 0, is an independent 
set, P yf 0. As shown earlier, every chain in P has an upper bound. There- 
fore, by Zorn’s lemma, P has a maximal element, say B. Suppose B does 
not span V. Take v G span(i?). Then PlJ{u} is an independent set 
properly containing B. This contradicts the maximality of B. Thus i? is a 
basis of C. ■ 

Exercise 1.3.8 Let F be any field and V an infinite dimensional vector 
space over F. Suppose V* is the space of all linear functionals on V. It is 
well known that V* is a vector space over F. Show that there exists an 
independent set B in V* such that B = R. 

Exercise 1.3.9 Let (A, R) be a poset. Show that there exists a linear order 
R' on A that extends R; i.e., for every a,b G A, 

aRb aR'b. 

Exercise 1.3.10 Show that every set can be linearly ordered. 
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1.4 More on Equinumerosity 

In this section we use Zorn’s lemma to prove several general results on 
equinumerosity. These will be used to develop cardinal arithmetic in the 
next section. 

Theorem 1.4.1 For any two sets X and Y , at least one of 

X <^Y orY <^X 



holds. 

Proof. Without loss of generality we can assume that both X and Y 
are nonempty. We need to show that either there exists a one-to-one map 
/ : X — 1 Y or there exists a one-to-one map g : Y — i X. To show this, 
consider the poset Fn{X, Y) of all one-to-one partial functions from X to 
Y as defined in 1.3.4. It is clearly nonempty. As shown earlier, every chain 
in Fn{X, Y) has an upper bound. Therefore, by Zorn’s lemma, P has a 
maximal element, say /q. Then, either domain(/o) = A or range(/o) = Y. 
If domain(/o) = X, then /o is a one-to-one map from X to Y. So, in this 
case, X <c Y. If range(/o) = Y, then is a one-to-one map from Y to 
X, and so Y <c X. ■ 

As a corollary to the above theorem and the Schroder - Bernstein theo- 
rem, we get the following trichotomy theorem. 

Corollary 1.4.2 Let A and B he any two sets. Then exactly one of 
A <c B, A = B, and B <c A 



holds. 

Theorem 1.4.3 For every infinite set X, 



X X {0,1} = A. 



Proof. Let 

P = {(A, f) : AC X and / : A x (0, 1} — >■ A a bijection}. 

Since A is infinite, it contains a countably infinite set, say D. By 1.1.3, 
D X {0, 1} = D. Therefore, P is nonempty. Consider the partial order oc 
on P defined by 



(Af) oc (B,g) 4=^ AC B k f < g. 

Following the argument contained in the proof of 1.4.1, we see that the 
hypothesis of Zorn’s lemma is satisfied by P. So, P has a maximal element, 
say (A,/). 
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To complete the proof we show that A = X. Since X is infinite, by 1.3.1, 
it will be sufficient to show that X \ A is finite. Suppose not. By 1.3.2, 
there is a B C X\ A such that B = N. So there is a one-to-one map g from 
B X {0,1} onto B. Combining / and g we get a bijection 

: (A|Jb) X {0,1} — > A[jB 

that extends /. This contradicts the maximality of {A, /). Hence, X \ H is 
finite. Therefore, A = X. The proof is complete. ■ 

Corollary 1.4.4 Every infinite set can he written as the union of k pair- 
wise disjoint equinumerous sets, where k is any positive integer. 

Theorem 1.4.5 For every infinite set X , 



X X X = X. 



Proof. Let 

P = {(H, f)'.ACX and f : A x A — A a bijection}. 

Note that P is nonempty. 

Consider the partial order oc on P defined by 

{A, f) oc (P, g) AC B Sz f d: g- 

By Zorn’s lemma, take a maximal element {A, /) of P as in the proof of 
1.4.3. Note that A must be infinite. To complete the proof, we shall show 
that A = X. Suppose not. Then A <c X. We first show that X\A = X. 

Suppose X\A<cX. By 1.4.1, either A <c X\H or X\H <c A. Assume 
first X \ A <c A. Using 1.4.3, take two disjoint sets Ai, A 2 of the same 
cardinality as A and Ai IJ A 2 = A. Now, 

X = A|J(X\A) <, Ai\JA2 = A<, X. 

This is a contradiction. Similarly we arrive at a contradiction from the 
other inequality. Thus, by 1.4.2, X \ A = X. 

Now choose B C X \A such that B = A. By 1.4.4, write B as the union 
of three disjoint sets, say Pi, P 2 , and P 3 , each of the same cardinality as 
A. Since there is a one-to-one map from Ax A onto A, there exist bijections 
fi : B X A — > Bi, f 2 : B X B — > B 2 , and fa : A x B — > B 3 . Let C = 
A U P. Combining these four bijections, we get a bijection g : C x C — >■ C 
that is a proper extension of /. This contradicts the maximality of (A, /). 
Thus, A = X. The proof is now complete. ■ 

Exercise 1.4.6 Let X be an infinite set. Show that X, and the set 

of all finite sequences of X are equinumerous. 
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A Hamel basis is a basis of K. considered as a vector space over the field 
of rationals Q. Since every vector space has a basis, a Hamel basis exists. 

Exercise 1.4.7 Show that if H is a Hamel basis, then H = R. 

The next proposition, though technical, has important applications to 
cardinal arithmetic, as we shall see in the next section. 

Proposition 1.4.8 (J. Konig, [58]) Let {Xi : i € 1} and {Yi : i € 1} be 
families of sets such that Xi <c Yi for each i G I. Then there is no map f 
from Uj Xi onto HiYi. 



Proof. Let / : Ui ^ 11^1^ be any map. For any i G I, let 



A = Y,\7T,{f{X,)), 



where Yj — > Yi is the projection map. Since for evry i, Xi Yi, 

each Ai is nonempty. By AC, AiAi yf 0. But 

Hi Ai Pi range(/) = 0. 



It follows that / is not onto. 



1.5 Arithmetic of Cardinal Numbers 

For sets X, Y, and Z, we know the following. 

A = A, 

A = r ^ r = A, and 
{X = Y &iY = Z) ^ X = Z. 

So, to each set A we can assign a symbol, say |A|, called its cardinal 
number, such that 

X = Y |A| and |y| are the same. 

In general, cardinal numbers are denoted by Greek letters k. A, p, with or 
without suffixes. However, some specific cardinals are denoted by special 
symbols. For example, we put 

|{0, 1 , . . . , n — 1}| = n (n a natural number) , 

|N| = Ho, and 



c. 
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As in the case of natural numbers, we can add, multiply and compare 
cardinal numbers. We define these notions now. Let A and /i be two cardinal 
numbers. Fix sets X and Y such that |A| = A and |F| = /x. We define 

A + m = |(Ax{0})U(>^x{l})|, 

= |Axy|, 

A^ = |X^|, 

A < /i if X <cY, and 
\< ^^ if X <cY. 

The above definitions are easily seen to be independent of the choices 
of X and Y. Further, these extend the corresponding notions for natural 
numbers. Note that 2^ = |P(A)| if |A| = A. We can define the sum and 
the product of infinitely many cardinals too. Let {A^ : i G /} be a set of 
cardinal numbers. Fix a family {Xi : x G /} of sets such that \Xi\ = Aj, 
X G /. We define 

FliAi = |IIiAi|. 

To define fii'st note that there is a family {A^ : x G /} of pairwise 

disjoint sets such that \Xi\ = A^; simply take a family {Y^ : x G /} of sets 
such that \Yi \ = Xi and put Xi = Yi x {x}. We define 

i i 

With these notations, note that 

Ho < = c, 

1^0 + ^0 = ^0 • ^0 = ^07 

c" = = c(n > 1), etc. 

Whatever we have proved about equinumerosity of sets; i.e., the results 
concerning union, product, <c, etc., translate into corresponding results 
about cardinal numbers. For instance, by 1.2.1, 

VA(A < 2^). 

The Schroder - Bernstein theorem translates as follows: 

A < /i & /i < A A = /i. 

The result on comparabilty of cardinals (1.4.1) becomes; For cardinals A 
and ^ at least one of 

A < /X and /x < A 

holds. If A is infinite, then 



a = a + a = a-a. 
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Exercise 1.5.1 Let X < fj,. Show that for any k, 



Example 


A -l- ^ 

1.5.2 


qi-\- K, A • K < /i • K, and < k^. 


2' < 




(since 2 < Hq) 


< 


c' 


(since Hq < c) 


= 


(2^<0)C 


(since c = 2^“) 


= 


2^<o-c 


(since for nonempty sets A, Y, Z, 


< 


2C-C 


(since Hq < c) 


= 


2' 


(since c • c = c). 


So, by the 


Schroder 


■ - Bernstein theorem, 2'^ = Hg = cL It follows that 



{0, 1}“ = N* = 

Exercise 1.5.3 (Konig’s theorem, [58]) Let {Xi : i G 1} and {fii : i £ 1} 
be nonempty sets of cardinal numbers such that Xi < fit for each i. Show 
that 

^ ^ Xi JJ-ifJ,i. 
i 

(Hint: Use 1.4.8.) 



1.6 Well-Ordered Sets 

A well-order on a set lU is a linear order < on lU such that every 
nonempty subset A of W has a least (first) element; i.e., A has an ele- 
ment X such that cc < y for all y G A. If < is a well-order on W then 
(lU, <), or simply W, will be called a well-ordered set. For w,w' £ W, 
we write w < w' if w < w' and w w' . The usual order on M or that on Q 

is a linear order that is not a well-order. 

Exercise 1.6.1 Show that every linear order on a finite set is a well-order. 

If n is a natural number, then the well-ordered set {0, 1, . . . , n — 1} with 
the usual order will be denoted by n itself. The usual order on the set 
of natural numbers N = {0,1,2,...} is a well-order. We denote this well- 
ordered set by loq. 

Proposition 1.6.2 A linearly ordered set (W, <) is well-ordered if and 
only if there is no descending sequence wq > wi > W 2 > ■ ■ ■ in W. 

Proof. Let W be not well-ordered. Then there is a nonempty subset A 
of W not having a least element. Choose any wq G A. Since wq is not the 
first element of A, there is a G A such that Wi < Wq. Since Wi is not 
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the first element of A, we get W 2 < vji in A. Proceeding similarly, we get 
a descending sequence : n > 0} in TP. This completes the proof of the 
“if” part of the result. For the converse, note that if mo > > 'm ^2 > • • • 

is a descending sequence in W, then the set A = {m„ : n > 0} has no least 
element. ■ 

Let TFi and W 2 be two well-ordered sets. If there is an order-preserving 
bijection / : TPi — 1 IV 2 , then we call Wi and W 2 order isomorphic or 
simply isomorphic. Such a map / is called an order isomorphism. If 
two well-ordered sets Wi, W 2 are order isomorphic, we write Wi ~ 1P2- 
Note that if Wi and IV 2 are isomorphic, they have the same cardinality. 

Example 1.6.3 Let TT^ = NlJ{oo}. Let < be defined in the usual way on 
N and let i < 00 for i G N. Clearly, TF is a well-ordered set. Since W has a 
last element and wq does not, (IP, <) is not isomorphic to wq. Thus there 
exist nonisomorphic well-ordered sets of the same cardinality. 

Let TP be a well-ordered set and m G TP. Suppose there is an element 
w~ of TP such that w~ < w and there is no w G TP satisfying w~ < 
V < w. Clearly such an element, if it exists, is unique. We call w~ the 
immediate predecessor of m, and w the successor of w~. An element 
of TP that has an immediate predecessor is called a successor element. 
A well-ordered set TP may have an element w other than the first element 
with no immediate predecessor. Such an element is called a limit element 
of TP. Let TP be as in 1.6.3. Then 00 is a limit element of TP, and each n, 
n > 0, is a successor element. 

Let TP be a well-ordered set and w G TP. Set 



TP('u;) = {u G TP : u < w}. 

Sets of the form W{w) are called initial segments of TP. 

Exercise 1.6.4 Let TP be a well-ordered set and w G TP. Show that 

TP {w) if w is a limit element, 
w is a successor. 






Proposition 1.6.5 No well-ordered set TP is order isomorphic to an initial 
segment TP (u) of itself. 

Proof. Let TP be a well-ordered set and rt G TP. Suppose TP and TP (u) 
are isomorphic. Let / : TP — > TP (u) be an order isomorphism. For n G N, 
let Wn = f'^{u). Note that 

Wo = /°(u) = u> f{u) = f{u) = Wi. 



By induction on n, we see that w„ > Wn+i for all n, i.e., (w„) is a descending 
sequence in TP. By 1.6.2, TP is not well-ordered. This contradiction proves 
our result. ■ 
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Exercise 1.6.6 Let (lEi, <i) and (IV2, < 2 ) be well-ordered sets. Define an 
order < on ILi x W 2 as follows. For (wi,r(; 2 ), (^^' 1 ,^ 2 ) € Wi x W 2 , 

(wi,W 2 ) < {w[,W2) W 2 <2 w'2 or {^2 = w'2 h W\ <1 Wj). 

Show that < is a well-order on IFi x IF 2 . The ordering < on W\ x W 2 is 
called the antilexicographical ordering. 

Exercise 1.6.7 Let (W, <) be a well-ordered set and {(Wa, <a) ■ a € W} 
a family of well-ordered sets such that the IFq’s are pairwise disjoint. Put 
W = Wa and define an order <' on W' as follows. For w, w' £ IF', put 
w <' w' if 

(i) there exists an a G IF such that w, w' G Wa and w <a w', or 

(ii) there exist a,(3 £W such that a < (5, w £ Wa, and w' G IF/?. 

Show that <' is a well-order on W' . 

If IF' is as in 1.6.7, then we write IF' = special case 

where IF consists of two elements a and b with a < 6, we simply write 
IFa + Wh for IF„. 

Remark 1.6.8 Let (IFi,<i) and (W 2 ,< 2 ) be as in 1.6.6. For each w £ 
IFi, let {Ww,<w) be a well-ordered set isomorphic to (IF 2 ,< 2 )- Further, 
assume that IF„ fj IF„ = 0 for all pairs of distinct elements v, w of IFi . 
Then IFi x IF 2 ~ ^weWi where IFi x IF 2 has the antilexicographical 
ordering. 

Exercise 1.6.9 Give an example of a pair of well-ordered sets IFi, IF 2 
such that IFi -I- IF 2 and IF 2 -I- IFi are not isomorphic. 

Exercise 1.6.10 Show that 



U!q An + UJo ^ n X (JJQ, 

where A„ is a well-ordered set of cardinality n disjoint from ojq- 

Using the operations on well-ordered sets described in 1.6.6 and 1.6.7 we 
can now give more examples of nonisomorphic well-ordered sets. 

Exercise 1.6.11 For each n > 0, fix a well-ordered set An of cardinality 
n disjoint from wq. Also take a well-ordered set Wq ^ wq disjoint from ojq- 
Show that the well-ordered sets 

Wo + An(n > 0), Wo -I- Wg, Wo x n(n > 2), wo x wq 



are pairwise nonisomorphic. 
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Proceeding similarly, we can give more and more examples of well- 
ordered sets. However, note that all well-ordered sets thus obtained are 
countable. So, the following question arises: Is there an uncountable well- 
ordered set? There are many. But we shall have to wait to see an example of 
an uncountable well-ordered set. Another very natural question is the fol- 
lowing: Can every set be well-ordered? In particular, can R be well-ordered? 
Recall that (using AC) every set can be linearly ordered and every count- 
able set can be well-ordered. This brings us to another very useful and 
equivalent form of AC. 

Well-Ordering Principle (WOP) Every set can he well-ordered. ■ 
Let {Ai : i G 1} he a family of nonempty sets and A = Ui A^. By WOP, 
there is a well-order, say <, on A. For i G I, let f{i) be the least element of 
Ai. Clearly, / is a choice function for {Ai}. Thus we see that WOP implies 

AC. 

Exercise 1.6.12 Prove WOP using Zorn’s lemma. 

We refer the reader to [62] (Theorem 1, p. 254) for a proof of WOP from 

AC. 



1.7 Transfinite Induction 

In this section we extend the method of induction on natural numbers to 
general well-ordered sets. To some readers some of the results in this sec- 
tion may look unmotivated and unpleasantly complicated. However, these 
are preparatory results that will be used to develop the theory of ordinal 
numbers in the next section. 

It will be convenient to recall the principles of induction on natural num- 
bers. 

Proposition 1.7.1 (Proof by induction) For each n G N, let Pn he a math- 
ematical proposition. Suppose Pq is true and for every n, Pn+i is true 
whenever P„ is true. Then for every n, Pn is true. Symbolically, we can 
express this as follows. 

(Po & Vn(P„ ^ P„+i)) ^ VnP„. 

The proof of this proposition uses two basic properties of the set of 
natural numbers. First, it is well-ordered by the usual order, and second, 
every nonzero element in it is a successor. A repeated application of 1.7.1 
gives us the following. 

Proposition 1.7.2 (Definition by induction) Let X he any nonempty set. 
Suppose Xq is a fixed point of X and g : X — > X any map. Then there is 
a unique map f : N — > X such that /(O) = xq and f{n -I- 1) = g{f{n)) for 
all n. 
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We wish to extend these two results to general well-ordered sets. Since 
a well-ordered set may have limit elements, we only have the so-called 
complete induction on well-ordered sets. 

Theorem 1.7.3 (Proof by transfinite induction) Let iW,<) he a well- 
ordered set, and for every w € W, let be a mathematical proposition. 
Suppose that for each w € W, if Py is true for each v < w, then Pyj is true. 
Then for every w G W , Py, is true. Symbolically, we express this as 

(VW G W)(((VU < w)Py) Py,) (VU> G W)Py,. 

Proof. Let 

(Vw G W)(((VU < w)Py) Py,). (*) 

Suppose Py, is false for some w & W. Consider 

A= {w \ Py, does not hold}. 

By our assumptions, A ^ Let wq be the least element of A. Then for 
every v < Wq, Py holds. However, Py,^ does not hold. This contradicts (*). 
Therefore, for every w G W, Py, holds. ■ 

Theorem 1.7.4 (Definition by transfinite induction) Let {W, <) be a well- 
ordered set, X a set, and T the set of all maps with domain an initial 
segment ofW and range contained in X. Lf G \ T — > X is any map, then 
there is a unique map f : W — > X such that for every u G W , 

f{u) = G{f\W{u)). (*) 

Proof. For each w G W , let Py, be the proposition “there is a unique 
map gy, : W{w) — X such that (*) is satisfied for f = gw and u G W{w)." 
Let w G IF be such that Py holds for each v < w. For each v < w, choose 
the function gy : W{v) — X satisfying (*) on W{v). If v' < v < w, then 
gv\W{v') also satisfies (*) on W{v'). Therefore, by the uniqueness of gy/, 

gv\W{v') = gy'] 

i.e., {gy : v < re} is a consistent set of functions. So, there is a common 
extension h : [jy^y,W{v) — > X of the functions gy, w < ru. If rc is a 
limit element, then W{w) = we take gw = h. li w 

is a successor, then we extend h on W{w) to a function gw by putting 
g{w~) = G{h). The uniqueness of gw easily follows from the fact that 
[gy : V < w} are unique. Thus by 1.7.3, Pw holds for all w. 

Now take 

h : y W{w) — ^ X 

w^W 

to be the common extension of the functions {(/„,: w G IF}. If IF has no 
last element, then take f = h; Suppose IF has a last element, say w. Take 
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/ to be the extension oihioW such that f{w) = G{h). As before, we see 
that / is unique. ■ 

Let W and W be well-ordered sets. We write W -< W if W is order 
isomorphic to an initial segment of W . Further, we write W ^ W if either 
W ^W' otW W'. 

Theorem 1.7.5 (Trichotomy theorem for well-ordered sets) For any two 
well-ordered sets W and W , exactly one of 

W-<W', W ~ W', and W' W 



holds. 

Proof. It is easy to see that no two of these can hold simultaneously. 
For example, if IF ~ IF' and IF' ^ IF, then IF is isomorphic to an initial 
segment of itself. This is impossible by 1.6.5. 

To show that at least one of these holds, take X = IF'lJ{oo}, where 
oo is a point outside IF'. Now define a map / : IF — >■ X by transfinite 
induction as follows. Let ru G IF and assume that / has been defined on 
W{w). If IF' \ f{W{w)) yf 0, then we take f{w) to be the least element of 
IF' \ f{W{w))] otherwise, f{w) = oo. By 1.7.4, such a function exists. 

Let us assume that oo ^ /(IF). Then 

(i) the map / is one-to-one and order preserving, and 

(ii) the range of / is either whole of IF' or an initial segment of IF'. 

So, in this case at least one of IF ~ IF' or IF ^ IF' holds. 

If oo G /(IF), then let w be the first element of IF such that f{w) = oo. 
Then f\W{w) is an order isomorphism from IF('u;) onto IF'. Thus in this 
case IF' ^ IF. ■ 

Corollary 1.7.6 Let (IF, <), (IF',<') be well-ordered sets. Then IF ^ IF' 
if and only if there is a one-to-one order -preserving map from IF into IF'. 

Proof. Suppose there is a one-to-one order-preserving map g from IF 
into IF'. Let X and / : IF — > X be as in the proof of 1.7.5. Then, by 
induction on w, we easily show that for every w G IF, f{w) <' g{w). 
Therefore, oo ^ /(IF). Hence, IF ^ IF'. The converse is clear. ■ 

Theorem 1.7.7 Let W = {(IFj, <i) : z G /} be a family of pairwise non- 
isomorphic well-ordered sets. Then there is aW & W such that IF ^ IF' 
for every IF' G W different from W. 

Proof. Suppose no such IF exists. Then there is a descending sequence 



< IF„ ^ < IFi ^ IFo 
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Figure 1.2 



in W. For n G N, choose a G VF„ such that W„+i ~ Wn{w'^). Fix an 
order isomorphism /„ : Wn+i — > Wn{w'„). Let wo = Wq, and for n > 0, 

Wn = foifli- ■ ■ fn-l{w'^)))- 

(See Figure 1.2.) Then (wn) is a descending sequence in Wo- This is a 
contradiction. The result follows. ■ 



1.8 Ordinal Numbers 

Let W, W', and W" be well-ordered sets. We have 
W r^W, 

W ^W' ^W' ^W, and 

(TT ~ VF' & W' ~ W") ^ VF - W”. 

So, to each well-ordered set W we can associate a well-ordered set t{W), 
called the type of W, such that 

W - t(W), 

and if W' is any well-ordered set, then 

W ~ W' i{W) and t{W') are the same. 
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These fixed types of well-ordered sets are called the ordinal numbers. 
Ordinal numbers are generally denoted by a, (3, 7 , 5, etc. with or without 
suffixes. The class of ordinal numbers will be denoted by ON. For any 
finite well-ordered set W with n elements we take t{W) to be the well- 
ordered set n = {0,l,...,n — 1} with the usual order. The type of wq is 
taken to be wq itself. Note that \W\ = |t(kF)|. Hence an ordinal a = t{W) 
is finite, countable, or uncountable according as W is finite, countable, or 
uncountable. This definition is independent of the choice of W. Similarly, 
we say that a = t{W) is of cardinality k if \W\ = k. 

We can add, multiply, and compare ordinal numbers. Towards defining 
these concepts, let a and /3 be any two ordinal numbers. Fix well-ordered 
sets W, W such that a = t{W), (3 = t{W). We further assume that 
W Pi W' = 0. We define 



a < P 


W -< W', 


a < P 


W ^ W', 


ex -\- P = 


t{W+W') 


a - P = 


t{W X W) 



Note that these definitions are independent of the choices of W and W'. 
An ordinal a is called a successor ordinal if a = /3 -|- 1 for some /3; 
otherwise it is called a limit ordinal. 

Remark 1.8.1 Note that a is a limit ordinal if and only if any well-ordered 
set W such that a = t{W) has no last element. 

Using the results proved in the last section we easily see the following. 
For ordinals a, (3, and 7 , 

a < a, 

{a < (3 (3 < "f) oi <"f, 

{a < (3 k (3 < a) ct = f3, and exactly one of 

a < [3,a = f3, and (3 < a holds. 

Thus < is a linear order on any set of ordinal numbers. In fact, by 1.7.7, 
any set of ordinal numbers is a well-ordered set. Observe that an ordinal is 
less than ojq if and only if it is finite; i.e., ojq is the first infinite ordinal. If 
A is a set of ordinals, then ordinal greater than or equal to 

each a € A. The least such ordinal is denoted by sup (A). 

Exercise 1.8.2 Let a be an infinite ordinal and n > 0 finite. Show that 

n+a=a<a+n 



and 



n ■ a = a < a ■ n. 
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Thus ordinal addition and ordinal multiplication are not commutative. 
Theorem 1.8.3 Every ordinal a can he uniquely written as 

a = (3 + n 

where j3 is a limit ordinal and n finite. 

Proof. Let a be an ordinal number. We first show that there exists 
a limit ordinal (3 and an n G w such that a = j3 + n. Choose a well- 
ordered set W such that t{W) = a. If W has no last element, then we 
take (3 = a and n = 0. Suppose W has a last element, say wq. If wq 
has no immediate predecessor, then take (3 = t{W{wo)) and n = 1. Now 
suppose that wq does have an immediate predecessor, say w\. If w\ has 
no immediate predecessor, then we take [3 = t{W{wi)) and n = 2. Since 
W has no descending sequence, this process ends after finitely many steps. 
Thus we get wq, wi, . . . , Wk-i such that Wi = w~_^ for all i > 0, and Wk-i 
has no immediate predecessor. We take (3 = t{W{wk-i)) and n = k. 

We now show that a has a unique representation of the type mentioned 
above. Let W, W be well-ordered sets with no last element, and A„, 
finite well-ordered sets of cardinality n and m respectively such that 

f| W = f| W' = 0. 

Let f : W + An — W + be an order isomorphism. It is easy to check 
that f{W) = W and f{An) = B„^. Uniqueness now follows. ■ 

Let a = (3 + n with (3 a limit ordinal and n finite. We call a even (odd) 
if n is even (odd). 

Theorem 1.8.4 Let a he an ordinal. Then 

a ~ {/3 G ON : [3 < a}. 

Proof. Let (IT, <') be a well-ordered set such that t{W) = a. Fix (3 < a. 
Choose uGW such that [3 = t{W{u)). Note that if G W, then 

V <' w W (v) is an initial segment of W (w) . 

Therefore, by 1.6.5, there is a unique u G W such that /3 = t{W{u)). Put 
u = f{(3). Clearly, the map / : {/3 G ON : /3 < a} — >■ W is an order 
isomorphism. ■ 

In view of the above theorem, an ordinal a. is often identified with {(3 : 
j3 < a\ with the ordering of the ordinal numbers. Thus far we have not 
given an example of an uncountable well-ordered set. We give one now. 

Theorem 1.8.5 The set LI of all countable ordinals is uncountable. 
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Proof. Suppose O is countable. Fix an enumeration oq, a \, ... of O. Then 

O = ^ ^ (Xn 1 
n 

is a countable ordinal strictly larger than each a„. This is a contradiction. 
So, ft is uncountable. ■ 

This proof shows that if A is a countable set of countable ordinals, then 
there is a countable ordinal a such that (3 < a for all P € A. 

The set O of all countable ordinals with the ordering of ordinals is an 
uncountable well-ordered set; this well-ordered set is denoted by coi. The 
type t{uJi) is taken to be oji itself. Note that any ordinal less than uJi is 
countable; i.e., oJi is the first uncountable ordinal. 

Proposition 1.8.6 Let a he a eountahle limit ordinal. Then there exist 
Oo < 0^1 < • • ■ such that sup{a„ : n G N} = a. 

Proof. Since a is countable, {/3 G ON : /3 < a} is countable. Fix an 
enumeration {/3„ : n G N} of all ordinals less than a. We now define a 
sequence of ordinals (a„) by induction on n. Choose oq such that /3o < 
a[j < a. Since a is a limit ordinal, such an ordinal exists. Suppose a„ has 
been defined. Choose a„+i greater than o;„ such that Pn+i < CKn+i < a. 
Clearly, 

a = sup{/3„ : n G N} < sup{a„ : n G N} < a. 

So, sup{a„ : n G N} = a. ■ 



1.9 Alephs 

In Section 1.5, cardinal numbers were defined as symbols satisfying certain 
conditions. In this section, assuming AC, we give a more specific definition. 
We also briefly discuss the famous continuum hypothesis. 

We put |wi| = Hi. (The symbol H is aleph, the first letter of the Hebrew 
alphabet.) 

Exercise 1.9.1 Show that the set LI' of all ordinals of cardinality less than 
or equal to Hi is of cardinality greater than Hi. 

(Hint: For every infinite cardinal k, k ■ k = k.) 

The well-ordered set (fl',<) will be denoted by uj2- Put IW2I = ^2- Fur- 
ther, we take t{u)2) to be 102 itself. Suppose H^ have been defined for 
all /3 < a (a an ordinal). We define 

Wq = {7 G ON : I7I < H^ for some /? < a}. 

We denote its cardinality by Hq,. As before we take t(wa) to be oJa itself. 
The Hq’s are called simply alephs. 
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Exercise 1.9.2 Let a be any ordinal. Show that there is no cardinal k 
such that Hq, < K < Ha+i. 

An ordinal a is called an initial ordinal if |/3| < |a| for every (3 < a. 
For initial ordinals a, (3, note that 

a < (3 |a| < \(3\. 

Exercise 1.9.3 Show that any infinite initial ordinal is of the form uja- 



We are now ready to define cardinal numbers. Let X be an infinite set. 
By WOP (which we are assuming), X can be well-ordered. So, |A| = = 

\uja\ for some a. We identify cardinals with initial ordinals and put 

|A| =u;„. 

We can prove all the results on the arithmetic of cardinal numbers ob- 
tained in Section 1.5 using ordinal numbers. For instance, the trichotomy 
theorem for cardinal numbers (1.4.2) follows immediately from the tri- 
chotomy theorem for ordinals (applied on initial ordinals). We did not take 
this path for the simple reason that we do not need any background to un- 
derstand Zorn’s lemma. Interested readers can see [62] for a development 
of cardinal arithmetic using ordinal numbers. 



Exercise 1.9.4 Show that for every cardinal k there is a cardinal k~^ > k 
(called the successor of k) such that for no cardinal A, k < A < K+. 



Since every cardinal is an aleph, the question arises; What is c? That is, 
for what a is c = Hq? Cantor conjectured the following. 

The Continuum Hypothesis (CH) c = Hi. ■ 

CH says that there is no uncountable subset of M of cardinality less 
than c. The following is another famous hypothesis of Cantor on cardinal 
numbers. 

The Generalised Continuum Hypothesis (GCH) For every ordinal 

a, 2«“=H,+i. ■ 

Since c = 2^“, GCH clearly implies CH. Under GCH we can describe 
all the cardinals. Define a — > 3^, a G ON, by transfinite induction, as 
follows. 



r Ho if a = 0, 

3q = < 2^^* if a = /3 -I- 1 for some (3, 

[ sup^<Q,3/3 if a is a limit ordinal. 
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Assume GCH. By tranfinite induction on a, we can show that for every 
ordinal a, Hq, = Ha- In particular, it follows that for every infinite cardinal 

K, K+ = 2^. 

Are CH and/or GCH true? These problems, raised by Cantor right at 
the inception of set theory, turned out to be the central problems of set 
theory. In 1938 Kurt Godel obtained deep results on “models of set theory” 
and produced a “model” of ZFC satisfying GCH. This was the first time 
metamathematics entered in a nontrivial way to answer a problem in math- 
ematics. Godel’s result does not say that CH or GCH can be “proved” in 
ZFC. In 1963 Paul Cohen developed a very powerful technique, known as 
forcing, to build “models of set theory” and constructed “models” of ZFC 
satisfying -iCH. The reader is referred to [59] for a very good exposition 
on the work of Godel and Cohen. 



1.10 Trees 

Let A be a nonempty set. If s G (the set of all finite sequences of 
elements of A including the empty sequence e), then jsj will denote the 
length of s. Let s = (oq, ai, . . . , a„_i) G For simplicity sometimes we 
shall write aoOi • • • a„_i instead of (oq, oi, . . . , a„_i). We define 

a" = aa ■ ■ ■ a , a € A, n > 0. 
n times 



Note that a° = e. If s = (oq, Oi, . . . , a„_i) G and m < n, we write 
s\m = (ao,ai, . . . ,a„_i). 

If t = sjm, we say that t is an initial segment of s, or s is an ex- 
tension of t, and write t ^ s or s y t. We write t ^ s if either t ^ s 
or t = s. We say that s and t are compatible if one is an extension 
of the other; otherwise they are called incompatible, written s-Lt. Note 
that sTt if and only if there is i < |s|,|t| such that s(i) ^ t{i). The 
concatenation (ao, ai, . . . , a„_i, 6 q, 6i, . . . , bm-i) of two finite sequences 
s = (ao, oi, . . . , a„_i) and t = (bo, bi, . . . , bm-i) will be denoted by s " t. 
For simplicity of notation we shall write s" a for s' (a). For s G and 
a G A^, s ' a is similarly defined. Let a = (ao, ai, . . .) G A^. For k £ N, 
we put a\k = (oq) o-i, ■ ■ ■ Ofc-i)- If s G A^^, we shall write s ^ a in case a 
extends s; i.e., s = ajfc for some k. 

A tree T on A is a nonempty subset of A<^ such that if s G T and t ^ s, 
then t gT. (See Figure 1.3.) 
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Figure 1.3. A tree on N 



Thus the empty sequence e belongs to all trees. Elements of T are often 
called nodes of T. A node u is called terminal if for no a G A, u" a G T . A 
tree T is called finitely splitting if for every node s of T , {a G A : s" a G 
T} is finite. If T is a tree on A, its body is the set 

[T] = {a € : \/k{a\k G T)}. 

Thus, members of [T] are the infinite branches of T. A tree T is called 
well-founded if its body is empty; i.e., it has no infinite branch. If [T] yf 0, 
we call T ill-founded. 

Exercise 1.10.1 Show that T is well-founded if and only if there is no 
sequence (s„) in T such that • • • s„ si sq. 

Example 1.10.2 The sets {e}, {s|i : i < |s|} (s G {a\i : i G 

N} (a G form trees on N. 

Example 1.10.3 The tree 

T = {e} : J < *, * G N} 

is infinite and well-founded. 

Example 1.10.4 Let T be a tree and u a node of T. The set 
Tu = {vG : u^v G T} 



forms a tree. (See Figure 1.4.) 
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Figure 1.4. T„ 



Note that for terminal u, = {e}. 

Example 1.10.5 Let T be a well-founded tree on N and n a positive 
integer. Then 

T[„] = {0*'s : s £T,i <n} 

is a well-founded tree. 

Example 1.10.6 Let Tq,Ti,T 2 , ... be well-founded trees on N. Then 
\j Tn = {e}|J{i's : s eTi,i gN} 

n 

is a well-founded tree. (See Figure 1.5.) 

Proposition 1.10.7 (Konig’s infinity lemma, [57]) Let T be a finitely 
splitting, infinite tree on A. Then T is ill-founded. 

Proof. Let T be a finitely splitting, infinite tree on A. Let (ao) be a node 
of T with infinitely many extensions in T. Since T is finitely splitting (and 
e G T), {a G >1 : (a) G T} is finite. Further, T is infinite. So, (ag) exists. 
By the same argument we get ai G A such that si = (ag, ai) has infinitely 
many extensions in T. Proceeding similarly we get an a = (og, oi, . . .) such 
that for all k, a\k has infinitely many extensions in T. In particular, a G [T], 
and the result is proved. ■ 

Proposition 1.10.8 Let T he a tree on a finite set A. Then 

[T] 0 ^ (V/c G N){3u G T){\u\ = k). 

Proof. “If part”: Since A is finite, T is finitely splitting. By our hy- 
pothesis, T is infinite. Therefore, by 1.10.7, [T] yf 0. The “only if” part is 
trivially seen. ■ 
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Figure 1.5. V„ Tn 



Let T be a tree on a well-ordered set {A, <). We define an ordering <kb 
on T as follows. Fix nodes s = (oq, oi, . . . , a„_i) and t = (6q, 6i, . . . , bm-i) 
of T. Put s <kb t if either t s (that is, s extends t) or there is an i j 
min(m, n) such that aj = bj for every j < i and Oi < bi. Finally, we define 
s <KB t if either s <kb tor s = t. The ordering <kb is called the Kleene 
— Brouwer ordering on T. 

Exercise 1.10.9 Show that <kb is a linear order on T. 

Proposition 1.10.10 A tree T on a well-ordered set A is well-founded if 
and only if <kb is a well-order on T. 

Proof. Let T be ill-founded. Take any a in [T], Then {a\k) is a descend- 
ing sequence in (T, <kb)- This proves the “if” part of the result. 

Conversely, suppose {T,<kb) is not well-ordered. Since T is linearly 
ordered by <kb, there is a descending sequence (sk) in T. Let 

Sfe = (ag,...,a^,_i), kGN. 

Since (sfe) is descending, 

Oq — — 

Since A is well-ordered, {a§} is eventually constant. Let K be such that for 
all k > K, Oq = Oq, say. Note that (oq) € T. Since {sk)k>K is descending, 
by the same argument, 

of' > 0,1 ^ > • • • 

is eventually constant, say equal to oi. Again note that (oo,ai) G T. Pro- 
ceeding similarly, we get a = (ao,oi, . . .) such that a\k € T for all k; i.e., 
[T] yf 0. ■ 

1.11 Induction on Trees 

The methods of transfinite induction can be extended to induction on well- 
founded trees, which we describe now. 
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Proposition 1.11.1 (Proof by induction on well-founded trees) Let T he 
a well-founded tree and for u € T, let Pu be a mathematical proposition. 
Then 



(Vu G r)(((Vv G T„ \ {e})P„-„) ^ Pu) (Vu G T)P„. 

Proof. Suppose there is a node u oiT such that Pu does not hold. Take 
an extension w of u in T such that P^ does not hold and if u w and 
V G T then holds. Since T is well-founded, such a w exists. Thus for 
every extension u of w in T, P„ holds. So, by the hypothesis, P^ holds. 
This is a contradiction. Therefore, P„ holds for all u G T. ■ 



Proposition 1.11.2 (Definition by induction on well-founded trees) Let 
T he a well-founded tree on a set A, X a set, and T the set of all maps 
with domain Tu \ {e} and range contained in X, where u varies over T. 
Given any map G : T — \ X, there is a unique map f : T — > X such that 
for all v G T, 

fiv) = Gifu), W 

where fv ■ Ty\ {e} — > X is the map defined by 

fv{u) = /(u'u), uGTu\ {e}. 



Proof. (Existence) For u G T, let Pu be the proposition ‘There is a 
map fu ■ Tu \ {e} — > X satisfying (*) for all v G Tu\ {e}.” Fix a, u G T. 
Suppose Pu] is satisfied for all w G P such that w >- u. For each a G A 
such that u"a G T, let fu~a ■ Pu‘a \ {e} — > X be a map satisfying (*) for 
V G Tu'a \ {e}. Define fu : — )> X by 



fuia^w) 



fu-a{w) if w G P„-o \ {e}, 
Gifu' a) if w = e, 



where a G A and m'o G T. So, by 1.11.1, there is an fe '■ Tg\ {e} — X 
satisfying (*). Put 



_ / feiw) if m G T & w yf e, 

^^’~\Gife) ifw = e. 

(Uniqueness) Let f,g : T — X satisfy (*). By induction on u we 
easily see that for every u G T , fiu) = gfa). ■ 

Let P be a well-founded tree. By induction on P, we define a unique map 
Pt '■ P — > ON by 



priu) = supipriv) -\- 1 : u ^ v,v G P}, u GT. 

(We take sup(0) = 0.) Note that priu) = 0 if u is terminal in P. The map 
Pt is called the rank function of P. Finally, we define p(P) = priG) and 
call it the rank of P. 
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Exercise 1.11.3 Show that 

Pt{u) = sup{/9t(m"o) + 1 : u'a € T}. 
Example 1.11.4 p{T) = |s| if T = {s|z : i < |s|}, s G N*'^. 

Example 1.11.5 Let 

T = {e} : j < i,i G N}. 



Then p{T) = ojq. 

Example 1.11.6 p{T^n]) = p{T)+n for all positive integers n and all trees 
T. 

Example 1.11.7 p(V„ T„) = sup{p(T„) + 1 : n G N}. 

Exercise 1.11.8 Show that for every ordinal a < wi, there is a well- 
founded tree T on N of rank a. 

Exercise 1.11.9 Show that every well-founded tree on {0, 1} is of finite 
rank. 

We will sometimes have to deal with trees on sets A that are products of 
the form A = BxC or A = BxCxD. Let A = B x C and T a tree on A. 
It will be convenient to identify a node ((bo, Cg), (bi, Ci), . . . , (6„_i, c„_i)) 
of T by (u, v), where u = (bo, bi, . . . , 6„_i) and v = (cg, ci, . . . , c„_i). Let 
(u, v), (u' , v') be nodes of T. We write (u, v) -< (u' , v') if u u' and v v' . 
The body of T is identified with 

[T] = {(a,p) gB^ xC^ : \/k((a\k, p\k) G T)}. 

The meaning of T(^u,v) is self-explanatory. If T is a tree on B x C and 
a G B^, then the section of T at a is defined by 

T[a] = {vG C<^ : (a| |u|,u) G T}. 

Note that 

a G 7Ti([T]) T[a] is ill-founded, 
where tti : B^ x — > B^ is the projection map. In fact, 

a G tti([T]) ^ 3lJik((a\k, P\k) G T). 

1.12 The Souslin Operation 

The Souslin operation is an operation on sets that is of fundamental impor- 
tance to descriptive set theory. It was introduced by Souslin[III]. However, 
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the Souslin operation for A = {0,1} was introduced by Alexandrov in [2] 
to show that CH holds for Borel sets; i.e., every uncountable Borel subset 
of reals is of cardinality c. 

Let A be a set and T a family of subsets of X. We put 
Act = { (^ An ■ A„ G 

and 

= { [^ An ■ An G ^}. 

nSN 

So, Ta (Aa) is the family of countable unions (resp. countable intersections) 
of sets in T . The family of finite unions (finite intersections) of sets in T 
will be denoted by Ts (resp. Ti). Finally, 

= {A(ZX ■,X\A(^T}. 



It is easily seen that 

Q ^< 7 , C Ts, Ta 



-7(^T)s, and Ts = -^(^T)^. 




Figure 1.6. A system of sets with A = N 



It is essential to become familiar with the above notation, as we shall be 
using it repeatedly while studying set operations on various pointclasses. 

Let A be a nonempty set. A family {Ag : s G A^^j of subsets of a set 
X will be called a system of sets. For brevity, we shall write {Ag} for 
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{Ag : s € when there is no scope for confusion. A system {Ag} is 

called regular if Ag C At whenever s y t. (See Figure 1.6.) 

We define 

AA({Ag})= IJ f|A,|„. 

as A" n 

In all the interesting cases A is finite or A equals N. When A = N we write 
A instead of An and call it the Souslin operation. If A = {0, 1}, we write 
A 2 for A A- Let A" be a family of subsets of X. Put 

Aa{X) = {A^({Ag}) : Ag G A"; s G A^^}; 

i.e., Aa{^) is the family of sets obtained by applying the operation A a 
on a system of sets in T . Note that if = A", i.e., if T is closed under 
finite intersections, then Aa(A') consists of sets obtained by performing the 
operation Aa on a regular system of sets in T . 

It should be noted that the Souslin operation involves uncountable 
unions. It is closely related to the projection operation, as shown in the 
following proposition. 

For s € let 

S(s) = {a G : s ^ a}. 

Proposition 1.12.1 Let {Ag : s G be a system of subsets of a set 

X. Put 

5=n u 

k |s|— fc 

Then A(|Ag}) = where ttx '■ X x X is the projection map. 

The proof of the above proposition is routine and is left as an exercise. 
Our next result shows that the Souslin operation subsumes countable union 
and countable intersection. 

Proposition 1.12.2 For every family if of subsets of X , 

C A{T). 



Proof, (i) T C A{T). Let A^ T . Take 

Ag = A, s G 

Clearly, A = A(|Ag}) G A{T). 

(ii) Ta C A{T). Let (A„) be a sequence in T. For s = 
(so, si, ■ • • , Sm-i) G define = Ag^,. Then A(|Sg}) = (J A„. 

(iii) C A{T). Let (A„) be a sequence in T . Take 

Cg = A|g|, sGN<'^. 



Clearly, A((Cg}) = nA„ 
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The next two results give sufficient conditions under which the operation 
Aa can be obtained by iterating countable unions and countable intersec- 
tions. The first one is elementary, but the second one is nontrivial. 

Lemma 1.12.3 Let {As : s G be a system of sets such that 

AsC\At = % whenever sl.t. Then 

aa{{As }) = n u 

n |s|=n 

Proof. Let x G .4yi({^s}). By the definition of Aa, there is an a G 
such that X G for all n. So x G n„U|.i= -^As. Conversely, let x G 

As- For each n, choose G A^^ of length n such that x G As„. 
Since Ag[{At = % whenever s-Lt, the s„’s are compatible. Therefore, there 
is an a G such that a\n = s„ for all n. Thus x G .4yi({.4s}). ■ 

Proposition 1.12.4 If A is a finite set and [Ag : s G regular, then 

^a({^}) = n u 

|s|=n 

Proof. We have seen in the proof of 1.12.3 that 
Aa{{As}) c f| U a, 

n |s|=n 

is always true. To prove the other inclusion, take any x € rin U|s|=n 
Consider 

T = [sG : X G As}. 

Since {Ag} is regular, T is a tree. Since A is finite, the tree T is finitely 
splitting. By our hypothesis, it is infinite. Therefore, by Kbnig’s infinity 
lemma (1.10.7), [T] ^ 0. Let a G [T]. Then x G Aq,|„ for all n. Hence, 
a: G Aa{{As}). m 

Corollary 1.12.5 Let {iF)s = {fF)d = fF ; i.e., T is closed under finite 
intersections and finite unions. Then A 2 {fF) = Ts. In particular, A 2 does 
not subsume the operation of taking countable unions, whereas the Souslin 
operation does (1.12.2). 



1.13 Idempotence of the Souslin Operation 

Another trivial corollary of 1.12.4 is the following: A 2 is idempotent; i.e., 
if T is closed under finite intersections and finite unions, then 



A2{A2{T))=A2{T). 

This is also true for the Souslin operation, though proving it is harder. 
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Theorem 1.13.1 Let T be any family of subsets of X. Then 

A{A{X)) = A{X). 

Proof. By 1.12.2, 

A{A{T)) D A{T). 

Therefore, we need to show the other inclusion only. Take a system of sets 
{As : s G N<'^} in A{T). Let 

A = Aa\n- 

For each s G take a system of sets {Bg^t '■ t G in T such that 

.ygN” 

We need to define a system of sets |Cs : s G such that for every 

x&X, 

X G A ^ 3/3 G N"V/c(x G C^ifc). 

Let X £ X. Note that 

3a G N'^Vm(a: G A^^^) 

3a G N"Vm37 G N’^Vn(a; G 
3a G N"3(7p) g (N")NVmVn(x G’i?„|^,^„l„). 

We claim that there exist bijections u : N x N — N, v : x (N^)^ — N^, 

and maps (p,if : such that for any (a, (jp)) G N” x (N^)^, 

if v(a, ( 7 p)) = /3 and s = /3ju(m,n) for some m, n, then Lp{s) = a\m and 
i>{s) = 7m|n- 

We first assume that such functions exist and complete the proof. Define 
Cs = 33p(s)^.0(s), s G 

We claim that 

A = A(ia}). 

This is shown in two steps. 

A C A(|Cs}): To see this, take a; G A. By the above series of equivalences, 
there exist a G and ( 7 p) G (N^)^ such that for all m and for all n, 
X G 3?c,|m,7m|n- = v{a, ( 7 p)). Take any k. Let m, n be such that 

k = u{m,n). So, ip{j3\k) = a\m and if{l3\k) = '^rn\n- Then x G i?a|m,7m|n = 
C/ 3 |fc. Thus, X G A({Cs}). 

A A A({Cs}): To show this, take any x G A({Cs}). Let /3 G be such 
that X G Cj 3 \k for all k. Choose (a, ( 7 p)) such that v{a, ( 7 p)) = j3. Fix m, n 
and put k = u{m,n). Then ( 7 ^^, = i?Q|m,7m|n by definition. So, a: G A by 
the above series of equivalences. 
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It remains to show that the functions u, v, ip, and if) with the properties 
stated earlier exist. 

The definition of u: 

Define m : N x N — > N by 

u{m, n) = 2'"(2n + 1) — 1, m, n G N. 

Then u is a bijection such that for all m, n, and p, m < u{m, n) and 
u{m, n) < u{m,p)) \i n < p. 

For fc G N, we define l{k), r(k) to be the natural numbers i, j respectively 
such that k = M(i,j). 

The definition of v: 

Let u : X — >• be defined by v(a, (jn)) = P where 

P{k) = w(a(fc), 7 j(fe)(r(fc))), /c G N. 

We claim that v is one-to-one. To see this, take {a, {'fn)) (a^ (in))- If 

a yf a', then there is a fc such that a(k) yf a'(k). Since u is one-to-one, it 
follows that 



u(a(k),ji(k)(r(k))) yf u(a'(k),Yi(^,)(r(k))). 

So in this case, v(a, (jn))(k) yf v(a', (YnPik)- Now assume that for some i, 
7 i yf 7 '. Choose j such that ji{j) yf 7i(j)- Let k = u{i,j). So l{k) = i and 
r{k) = j. Then, as u is one-to-one, 

v{a,{"fn)){k) = u{a{k),ji{j)) yf u{a' (k) , = v(a', ( 7 ^))(fc). 

Thus V is one-to-one in this case too. 

We now show that v is onto. Towards this, let /3 G N^. Define a G by 

a{k) = l{P{k)), fc G N. 



For any n, define 7 „ by 

7 „(to) = r{P{u{n,m))), m G N. 



Fix A: G N. We have 

(7n))(fc) 



M(a(fc),7i(fc)(r(/c))) 

u{l{P{k)),r{P{u{l{k),r{k))))) 

u{l{P{k)),r{P{k))) 

P{k). 



This shows that v{a, (jn)) = P- 

Definition of ip\ 

Fix s = (sq, Sij • ■ • ) Sfc-i)- Let m = l{k) = ^(|s|). Put 
ip(^) — (P^o) P(^l) J • ■ • 1 P^m-l))- 
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Since i < u{i,j) for all i, j, this definition makes sense. 

Definition of xp: 

Let s and m be as above and n = r{k) = r(|s|). Put pi = Su(m,i), i < n. 
Since i < n u{m, i) < u{m, n) = k, pi is defined. Define 

xp{s) = {r{po),r{pi),...,r{pn-i)). 

Let (a, ( 7 p)) G x r;(a, ( 7 p)) = f3, k = u{m,n), and s = (3\k. 

Our proof will be complete if we show that (p{s) = a\m and r/>(s) = 7 m|n. 
Note the following. 

(^(s) = (/(sq), . . . , /(SjTi— l)) 

= (Z(/3(0)),Z(/3(l)),...,;(/3(m-l))) 

= a|m 

and 

iP{s) = (r{po),r{pi),...,r{pn_i)) 

= {r{(3{u{m,0))),r{P{u{m,l))), . . . ,r{P{u{m,n - 1)))) 

= 7m |n. 



By 1.12.2 and 1.13.1 we get the following result. 

Corollary 1.13.2 For any family T of sets, A{T) is closed under count- 
able intersections and countable unions. 

The reader is encouraged to give a proof of the above corollary without 
using 1.13.1. In Chapter 4, we shall see that we may not be able to get 
x4({As}) by iterating the operations of countable unions and countable 
intersections on A^’s. We shall also prove that A{T) need not be closed 
under complementation. 




2 

Topological Preliminaries 



As mentioned in the introduction, we shall present the theory of Borel sets 
in the general context of Polish spaces. In this chapter we give an account 
of Polish spaces. The space of sequences of natural numbers, equipped 
with the product of discrete topologies on N, is of particular importance 
to us. Our theory takes a particularly simple form on this space, and it is 
possible to generalize the results on Borel subsets of to general Polish 
spaces. The relevant results that we shall use to obtain these generalizations 
are presented in the last section of this chapter. 



2.1 Metric Spaces 

A metric on a set A is a map d : X x X — >■ [0, oo) such that for x, y, z 
in X, 



d{x,y) = 0 x = y, 
d{x,y) = d{y,x), and 

d{x, z) < d{x, y) + d{y, z) (the triangle inequality). 

A metric space is a pair (X,d) where d is a metric on X. When the 
underlying metric is understood, we shall simply call X a metric space. 
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Example 2.1.1 Let X = R”, n a positive integer. For x = (xi, • • • , a;„) 
and y = (yi, • • • , j/„) in R", let 



di{x,y) = \x-y\ 



\ 



i=l 



{xi - yiY 



and 



d 2 {x,y) = max{|xj - yi\ ■■ I < i < n}. 



Then di and d ,2 are metrics on R" . The metric di will be referred to as the 

usual metric on R”. 



Example 2.1.2 Let X = R^, x = {xq, Xi , . . .) and y = {yo, yi, . . .). Define 

min{|x„ - yn\, 1}. 



ifx = y, 
otherwise, 

then d defines a metric on X, called the discrete metric. 

Example 2.1.4 Let (Xo,do), (Xi,di), (X2,d2), ... be metric spaces and 
^ Fix X = (xo,xi, . . .) and y = {yo,yi, ■ • ■) in X. Define 

d{x, 2/) = X! 2^ TXiin{dn{Xn, 2/n), 1}. 

n 

Then d is a metric on X, which we shall call the product metric. 

Note that if {X, d) is a metric space and Y C X, then d resticted to Y (in 
fact to E X F) is itself a metric. Thus we can think of a subset of a metric 
space as a metric space itself and call it a subspace of X. Let {X, d) be a 
metric space, x £ X, and r > 0. We put 



d{x,y) = J 2 ^ 

n 

Then d is a metric on R^. 

Example 2.1.3 If X is any set and 

d{x,y) = 




B{x,r) = {y £ X : d{x,y) < r} 



and call it the open ball with center x and radius r. The set 



{y £ X : d{x,y) < r} 



will be called the closed ball with center x and radius r. Let T be the 
set of all subsets U oi X such that U is the union of a family (empty or 
otherwise) of open balls in X. Thus, U £ Y ii and only if for every x in U, 
there exists an r > 0 such that B{x,r) C U. Clearly, 
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(i) 0 ,XgT, 

(ii) T is closed under arbitrary unions, i.e., for all {17^ : i G /} C T, 

Ui Ui e T, and 

(iii) T is closed under finite intersections. 

To see (iii), take two open balls B{x,r) and B{y,s) in X. Let 2 : G 
B{x, r) Pi B{y, s). Take any t such that 0 < t < min{r — c?(x, z),s — d{y, z)}. 
By the triangle inequality we see that 

2 ; G B{z, t) C B{x, r) Q B{y, s). 

It follows that the intersection of any two open balls is in T. It is quite 
easy to see now that T is closed under finite intersections. 

Any family T of subsets of a set X satisfying (i), (ii), and (iii) is called 
a topology on X; the set X itself will be called a topological space. 
Sets in T are called open. The family T described above is called the 
topology induced by or the topology compatible with d. Most of 
the results on metric spaces that we need depend only on the topologies 
induced by their metrics. A topological space whose topology is induced by 
a metric is called a metrizable space. Note that the topology induced by 
the discrete metric on a set X (2.1.3) consists of all subsets of X. We call 
this topology the discrete topology on X. 

Exercise 2.1.5 Show that both the metrics di and d 2 on K." defined in 
2.1.1 induce the same topology. This topology is called the usual topol- 
ogy. 

Another such example is obtained as follows. Let d be a metric on X and 
p{x,y) = mm{d{x,y),l}, x,y G X. 

Then both d and p induce the same topology on X. These examples show 
that a topology may be induced by more than one metric. Two metrics d 
and p on a set are called equivalent if they induce the same topology. 

Exercise 2.1.6 Show that two metrics d and p on a set X are equivalent 
if and only if for every sequence {xn) in X and every x G X, 

d{Xn,x) -G 0 4 =^ p{Xn,x) 0. 

Exercise 2.1.7 (i) Show that the intersection of any family of topologies 
on a set A is a topology. 

(ii) Let G C V{X). Show that there is a topology T on A containing G 
such that if T' is any topology containing G, then T ■ 
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If Q and T are as in (ii), then we say that Q generates T or that Q 
is a subbase for T. A base for a topology T on A is a family B of sets 
in T such that every C/ G T is a union of elements in B. It is easy to 
check that if ^ is a subbase for a topology T, then Qd, the family of finite 
intersections of elements of G, is a base for T. The set of all open balls of a 
metric space {X, d) is a base for the topology on X induced by d. For any 
X, {{x} : X £ X} is a base for the discrete topology on X. A topological 
space X is called second countable if it has a countable base. 

Exercise 2.1.8 Let (X,T) have a countable subbase. Show that it is sec- 
ond countable. 

A set H C A is called dense in A if [/ P| D yf 0 for every nonempty 
open set U, or equivalently, D intersects every nonempty open set in some 
fixed base B. The set of rationals Q is dense in K, and Q" is dense in K”. A 
topological space A is called separable if it has a countable dense set. Let 
A be second countable and {[/„ : n G N} a countable base with all C/„’s 
nonempty. Choose G 17„. Clearly, {a:„ : n G N} is dense. On the other 
hand, let (A, d) be a separable metric space and {x„ : n G N} a countable 
dense set in A. Then 

B = {B{xn, r) : r G Q, r > 0 & n G N} 

is a countable base for A. We have proved the following proposition. 

Proposition 2.1.9 A metrizable space is separable if and only if it is sec- 
ond countable. 

A subspace of a second countable space is clearly second countable. It 
follows that a subspace of a separable metric space is separable. 

A subset E of a topological space A is called closed if A\F is open. For 
any A C A, cl(A) will denote the intersection of all closed sets containing A. 
Thus cl(A) is the smallest closed set containing A and is called the closure 
of A. Note that £> C A is dense if and only if cl(D) = A. The largest open 
set contained in A, denoted by int(A), will be called the interior of A. A 
set A such that x G int(A) is called a neighborhood of x. 

Exercise 2.1.10 For any A C A, A a topological space, show that 

A\ cl(A) = int(A\ A). 

Let (A, d) be a metric space, (cc„) a sequence in A, and x £ X. We say 
that {xn) converges to x, written Xn x or lima;„ = x, if d{xn,x) — >■ 0 as 
n — >■ oo. Such an x is called the limit of (a;„). Note that a sequence can 
have at most one limit. Let x £ X. We call x an accumulation point of 
A C A if every neighborhood of x contains a point of A other than x. Note 
that X is an accumulation point of A if and only if there is a sequence (a;„) 
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of distinct elements in A converging to x. The set of all accumulation points 
of A is called the derived set, or simply the derivative, of A. It will be 
denoted by Al . The elements of A \ ^' are called the isolated points of 
A. So, X is an isolated point of A if and only if there is an open set U such 
that Apl [/ = {x}. A set A C A is called dense-in- itself if it is nonempty 
and has no isolated point. 

Exercise 2.1.11 Let A C A, A metrizable. Show the following. 

(i) The set A is closed if and only if the limit of any sequence in A belongs 

to A. 

(ii) The set A is open if and only if for any sequence (x„) converging to 

a point in A, there exists an integer M > 0 such that Xn G A for all 
n > M. 

(iii) cl(A) = AIJA'. 

Proposition 2.1.12 Let X he a separable metric space and a an ordinal. 
Then every nondecreasing family {Up : P < a} of nonempty open sets is 
countable. 

Proof. Fix a countable base {¥„} for A. Let P < ahe such that Up+i \ 
Up yf 0. Let n{P) be the first integer m such that 

Up+i. 

Clearly, P — > n{P) is one-to-one and the result is proved. ■ 

Exercise 2.1.13 Let A be a separable metric space and a an ordinal 
number. Show that every monotone family {Ep : /3 < a} of nonempty sets 
that are all open or all closed is countable. 

Let A and Y be topological spaces, / : A — Y a map, and x G X. 
We say that / is continuous at x if for every open V containing f{x), 
there is an open set U containing x such that f{U) C V . The map / is 
called continuous if it is continuous at every x G X. So, / : A — >■ Y 
is continuous if and only if f~^{V) is open (closed) in A for every open 
(closed) set V in Y. 

Exercise 2.1.14 Let (A, d) and (Y,p) be metric spaces and / : A — >■ Y 
any map. Show that the following conditions are equivalent. 

(i) The function / : A — Y is continuous. 

(ii) Whenever a sequence (x„) in A converges to a point x, f{x„) — >■ /(x). 

(iii) For every e > 0, there is a d > 0 such that p{f{x),f{y)) < e whenever 
d{x,y) < S. 
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A function / : X — >■ Y is called a homeomorphism if it is a bijection 
and both / and f~^ are continuous. A homeomorphism / from X onto a 
subspace of Y will be called an embedding. It is easy to see that the com- 
position of any two continuous functions (homeomorphisms) is continuous 
(a homeomorphism). 

A function / : X — Y is called uniformly continuous on X if for 
any e > 0, there exists a i5 > 0 satisfying 

d{x, y) <S^ p{f{x),f{y)) < e 

for any x,y € X. Clearly, any uniformly continuous function is continuous. 
The converse is not true. For example, f{x) = ^ is continuous but not 
uniformly continuous on (0, 1]. 

A function / : {X, d) — {Y, p)) is called an isometry if p{f{x),f{y)) = 
d{x,y) for all x, y in X. An isometry is clearly an embedding. 

Exercise 2.1.15 Let (A, d) be a metric space and 0 yf A C A. Define 

d{x, A) = inf{(i(a;, y) ■ y € A}. 

Show that for every A, x — > d(x,A) is uniformly continuous. 

Exercise 2.1.16 Let E be a closed subset of (X,d). Show that 

F= n{x G A : d(x,F) < -}. 

' ' n 

n>0 

A subset of a metrizable space is called a Gs set if it is a countable 
intersection of open sets. It follows from 2.1.16 that a closed subset of a 
metrizable space is a Gs set. The class of Gs sets is closed under countable 
intersections and finite unions. The complement of a Gs set is called an F^- 
set. Clearly, a subset of a metrizable space is an Eo- set if and only if it is 
a countable union of closed sets. Every open subset of a metric space is an 
Fa. 

Let /„,/ : (A, d) — {Y,p). We say that (/„) converges pointwise (or 
simply converges) to / if for all x, fn{x) — >■ f{x) as n — >■ oo. We say /„ 
converges uniformly to / if for any e > 0, there exists A G N such that 
whenever n> N, p{fn{x), f{x)) < e for all x £ X. 

Exercise 2.1.17 Let /„ : (A, d) — >• {Y, p) be a sequence of continuous 
functions converging uniformly to a function / : A — > Y. Show that / 
is continuous. Show that / need not be continuous if /„ converges to / 
pointwise but not uniformly. 

Proposition 2.1.18 (Urysohn’s lemma) Suppose Aq, Ai are two 
nonempty, disjoint closed subsets of a metrizable space X. Then there is a 
continuous function u : X — > [0, 1] such that 




0 ifxeAo, 

1 if X £ Ai. 




2.1 Metric Spaces 45 



Proof. Let d be a compatible metric on X. Take 

^ d{x,Ao) 

d{x, Aq) + d{x, Ai) 



A topological space is called normal if for every pair of disjoint closed 
sets Aq, Ai there exist disjoint open sets Uq, Ui containing Aq, Ai respec- 
tively. The above proposition shows that every metrizable space is normal. 

Proposition 2.1.19 For every nonempty closed subset A of a metrizable 
space X there is a continuous function f : X — > [0, 1] such that A = 

r'(o). 

Proof. Write A = fj^o where the C/„’s are open (2.1.16). By 2.1.18, 
for each n G N, there is a continuous /„ : X — >• [0, 1] such that 

r _ / 0 if a: G A, 

1 ifxGA\C/„. 



Take / = i^fn- ■ 

Theorem 2.1.20 (Tietze extension theorem) Let (A, d) be a metric space, 
Ac X closed, and f : A — > [1,2] continuous. Then there is a continuous 
extension F : X — > [1,2] of f. 

Proof. Define h : X — >■ [0, 00 ) by 

h{x) = iid{f{z)d{x, z) : z G A}, x G X. 

Put 

p( \ j h{x)/d{x,A) if X G A \ A, 

^ 1 f{x) otherwise. 

Since / is continuous on A, F is continuous at each point x of int(A). It 
remains to show that F is continuous at each point x of A \ int(A). 

First consider the case xGA\A. AsA\Ais open, it is sufficient to 
show that F\{X \ A) is continuous at x. Since the map y — >■ d{y,A) is 
continuous, we only need to show that h is continuous at x. Fix e > 0. We 
have to show that there is a 5 > 0 such that whenever x' G A \ A and 
d{x,x') < 5, \h{x) — h{x')\ < e. Take S = e/2. Take any x' G A \ A with 
d{x, x') < 5. For any z G A, 

d{x, z) < d{x, x') + d{x' , z) < d{x' , z) + 5. 



As f{z) < 2, 

h{x) = inf{/(z)d(x, z) : z G A} < inf{/(z)d(x', z) : z G A} + 26 = h{x') + e. 
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Thus, h is continuous at x. 

Now consider the case when a: G \ int(A). Fix any e > 0. As / 
is continuous on A, there is an r > 0 such that whenever y G A and 
d{x,y) < r, \f{x) — f{y) \ < e. Take 6 = r/4. If y G A and d{x,y) < S, then 
clearly |F(x) — F{y)\ < e. So, assume that y G X\A and d{x, y) < Our 
proof will be complete if we show that 

\f{x) - h{y)/d{y,A)\ < e. 



We note the following. 

(i) d{y, A) = inf{(i(7/, z) : z G A h d{x, z) < r}. 

(ii) h{y) = inf{f{z)d{y, z) : z G A k d{x, z) < r}. 

The assertion (i) is easy to prove. The assertion (ii) follows from the 
following two observations. 

(a) As f{x) < 2 and d{x,y) < j, f{x)d{x,y) < r/2. So, the term on the 

right-hand side of ii) is less than | . 

(b) Suppose d{x, z) > r. Then 

T 

d{y, z) > d{x, z) — d{x, y) > r — -= 3r/4. 

As f{z) > 1, f{z)d{y,z) > 3r/4. 

Now take any z G A with d{x, z) < r. As 

f{x) - e < f{z) < f{x) + e. 



it follows that 



(fix) - e)d{y, z) < f{z)d{y, z) < {f{x) + e)d{y, z). 



Taking the infimum over z in A with d{x, z) < r, by (i) and (ii) we have 



\f{x) - h{y)/d{y,A)\ < e. 



Exercise 2.1.21 Let X and A be as in the last theorem and J C M an 
interval. Show that every continuous / : A — > J admits a continuous 
extension F : X — >■ J. 

Exercise 2.1.22 Let X be metrizable, A C X closed and K C R" a 
closed, bounded, and convex set. Show that every continuous function / 
from A to K admits a continuous extension to X. 
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A real-valued map / defined on a metric space X is called upper- 
semicontinuous (lower-semicontinuous) if for every real number a, the 
set {x G X : f{x) > a} {{x G X : f{x) < a}) is closed. 

Exercise 2.1.23 Let A be a metric space and / : X — M any map. 
Show that the following statements are equivalent. 

(i) / is upper-semicontinuous. 

(ii) For every real number a, {x € X : f{x) < a\ is open. 

(iii) Whenever a sequence (a;„) in X converges to a point x, 
limsup/(a;„) < f{x). 

Exercise 2.1.24 Let A be a metric space and fi : X — >■ R, t G /, con- 
tinuous maps. Show that the map / : A — ^ M defined by 

f{x) = inf{/i(a;) : i G /}, a; G A, 

is upper-semicontinuous. 

Next we show that the converse of this result is also true. 

Proposition 2.1.25 Suppose X is a metric space and f : X — > R an 
upper- semicontinuousmap such that there is a continuous map g : A — > R 
such that f < g; i.e., f{x) < g{x) for all x. Then there is a sequence of 
continuous maps /„ : A — > R such that f{x) = inf fn{x) for all x. 

Proof. Let r be any rational number. Set 

Ur = {x G X : f{x) <r < g{x)}. 

Since / is upper-semicontinuous and g continuous, Ur is open. Let (Ff) be 
a sequence of closed sets such that Ur = lj„ Ff. By the Tietze extension 
theorem, there is a continuous map ff : X — > [r, oo) satisfying 

r _ J r if a; G Ff, 

/n(a;)-|^(^) iix(zX\Ur. 

We claim that 



f{x) = inf{ff{x) : r G Q and n G N} 

for all X. Clearly, ff(x) > f{x) for every x G X. Fix any a;o G A and e > 0. 
To complete the proof, we show that for some r and for some n, 

/n(a^o) < f{xo) + e. 

Take any rational number r such that 



/(xo) < r < /(xo) -k e. 
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Two cases arise: g(xo) < r or g(xo) > r. If g{xo) < r, then Xq G X \ Ur- 
Hence, 

fnixo) = g{xo) < f{xo) + e 

for all n. If g{xo) > r, then xg G Ur- Take any n such that xg G F^. Then 
fn(xo) < /(a^o) + and our result is proved. ■ 

We proved the above result under the additional condition that / is 
dominated by a continuous function. So the question arises; Is every real- 
valued upper- semicontinuous function defined on a metric space dominated 
by a continuous function? The answer is yes. (See [99].) The proofs of this 
in some important special cases are given later in this chapter. 

Let {Xi : i G /} be a family of topological spaces, X = 

TTj : X — >• Xi, i G I, the projection maps. The smallest topology on X 
making each continuous is called the product topology. So, 

: U open in Xi,i G /} 

is a subbase for the product topology. 

Exercise 2.1.26 Let {Xq, dg), (Xi,di), ... be metric spaces, X = X^, 

and d the product metric on X (2.1.4). 

(i) Show that d induces the product topology on X. 

(ii) Let a, ag, a\,a 2 , ■ ■ ■ G X. Show that 

(a„ -)> a) 4=^ (V/c)(a„(fc) -)> a{k)). 

(iii) Let T be a topological space. Show that / : Y — >• X is continuous if 
and only if o / is continuous for all i, where : X — > Xi is the 
projection map. 

Proposition 2.1.27 The product of countably many second countable 
(equivalently separable) metric spaces is second countable. 

Proof. Let Xg,Xi,... be second countable. Let X = fli^i- We show 
that X has a countable subbase. The result then follows from 2.1.8. Let 
{Uin : n G N} be a base for Xi. Then, by the definition of the product 
topology, {7r~^(Ui„) : z,n G N} is a subbase for X. Since {TT~^{Uin) : i,n G 
N} is countable, the result follows from 2.1.8. ■ 

A sequence (x„) in a metric space {X, d) is called a Cauchy sequence if 
for every e > 0 there is an fV G N such that d{xn,Xm) < e for all m,n> N. 
It is easy to see that every convergent sequence is Cauchy and that if a 
Cauchy sequence (x„) has a convergent subsequence, then (a;„) itself is 
convergent. A Cauchy sequence need not be convergent. To see this, let 
A = Q with the usual metric and (x„) a sequence of rationals converging 
to an irrational number, say -\/2. Then (a;„) is a Cauchy sequence in Q 
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that does not converge to a point in Q. A metric d on a set X is called 
complete if every Cauchy sequence in (A, d) is convergent. A metric space 
(A, d) is called complete if d is complete on A. It is easy to see that ffi." 
with the usual metric is complete. We have seen that Q with the usual 
metric is not complete. Thus a subspace of a complete metric space need 
not be complete. However, a closed subspace of a complete metric space is 
easily seen to be complete. For A C A we define 

diameter(A) = swp{d{x,y) : x,y € A}. 



Exercise 2.1.28 Let (A, d) be a metric space. Show that for any A C A, 
diameter(A) = diameter(cl(A)). 

Proposition 2.1.29 (Cantor intersection theorem) A metric space (A, d) 
is complete if and only if for every decreasing sequence Fb 2 Fi A F 2 C • • • 
of nonempty closed subsets of X with diameter{Fn) — >■ 0, the intersection 
fin is a singleton. 

Proof. Assume that (A, d) is complete. Let (F„) be a decreasing se- 
quence of nonempty closed sets with diameter converging to 0. Choose 
Xn G Fn- Since diameter(F’„) — >■ 0, (a;„) is Cauchy and so convergent. It 
is easily seen that lima;„ € x ^ y. Then d{x,y) > 0. Since 

diameter(F'„) — >■ 0, there is an integer n such that both x and y cannot 
belong to E„. It follows that both x and y cannot belong to p| 

To show the converse, let (x„) be a Cauchy sequence. Put 

Fn = cl{{xm : TO > n}). 

As (xn) is Cauchy, diam(F„) — >• 0. Take x € F„. Then lima;„ = x. ■ 



Exercise 2.1.30 Let d be a metric on N defined by 



d(m, n) 



|to — n| 

(to -I- l)(n -I- 1) ’ 



Show the following. 



(i) The metric d induces the discrete topology. 

(ii) The metric d is not complete on N. 



The above exercise shows that a metric equivalent to a complete one 
need not be complete. 

Proposition 2.1.31 Let (Ao,do), (Ai,di), (A2,d2), ...be complete met- 
ric spaces, X = Yln^n, O'Xid d the product metric on X. Then (A, d) is 
complete. 
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Proof. Let ag, Oi, « 2 j ■ • ■ be a Cauchy sequence in X. Then for each k, 
ao{k),ai{k),a 2 {k), ... is a Cauchy sequence in Xk- As Xk is complete, we 
get an a{k) G Xk such that — >■ a{k). By 2.1.26, the sequence (a„) 

converges to a. ■ 

Let {X, d) be a metric space and [X] the set of all Cauchy sequences in 
X. We define a binary relation = on \X] as follows. 

(x„) = {yn) d(x„, y„) -)> 0 as n -)> oo. 

It is easily checked that = is an equivalence relation. Let X denote the set 
of all equivalence classes. For any Cauchy sequence (a;„), [x„] will denote 
the equivalence class containing (x„). We define a metric d on A by 

d{[xn\,[Vn\) = limd(a;„,i/„). 

Define / : X — >• [X] by f{x) = [x„], where Xn = x for all n. We can easily 
check the following. 

(i) d is well-defined. 

(ii) d is a complete metric on X. 

(iii) The function / : X — >■ X is an isometry. 

(iv) The set f{X) is dense in X. 

(v) If X is separable, so is X. 

Thus we see that every (separable) metric space can be isometrically 
embedded in a (separable) complete metric space. The metric space {X, d) 
is called the completion of (A, d). 

There is another very useful embedding of a separable metric space into 
a complete separable metric space. The closed unit interval [0, 1] with the 
usual metric is clearly complete and separable. Therefore, by 2.1.27 and 
2.1.29, H = [0, 1]^ is complete and separable. The topological space H is 
generally known as the Hilbert cube. 

Theorem 2.1.32 Any second countable metrizahle space X can he embed- 
ded in the Hilbert cube H. 

Proof. Let ([/„) be a countable base for A. For each pair of integers n, 
m with cl([/„) C Um, choose a continuous /„„ : A — >• [0, 1] such that 

f 1 '^', _ / 0 if 2 ; G cl(t/„), 
ifxGA\D,„. 

By 2.1.18, such a function exists. Enumerate {fnm ■ m,n £ N} as a 
sequence (fk)- Define / on A by 

fix) = ifo{x),fi{x),...), X £ X. 

We can easily check that / embeds A in the Hilbert cube. ■ 
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Exercise 2.1.33 Let (Xq, dg), (Xi,di), (X 2 , ^ 2 ), ... be metric spaces with 
the Xi’s pairwise disjoint and di < 1 for all i. Let X = X„. Define d by 



d(x,y) 



d,(x,y) if x,y€Xi, 
1 otherwise. 



(i) Show that d is a metric on X such that U C X is open with respect to 

the induced topology if and only if U f]Xi is open in Xi for all i. 

(ii) Further, if each of (Xi,di) is complete (separable), then show that 

{X,d) is complete (separable). 



If X, Xq, Xi,X 2 , . . . are as above, then we call X the topological sum 
of the Xi’s and write X = ©„ Xn- 

Proposition 2.1.34 Every nonempty open set U inM^is a countable union 
of pairwise disjoint nonempty open intervals. 



Proof. Let x € U and let be the union of all open intervals containing 
X and contained in U. Clearly, for any x,y, either = ly or fj/j, = 0. 
Since IR is separable, {Ix : a; G C/} is countable. Further, U = (Jxgc/ * 
The importance of the next result will become clear in the next chapter. 

Proposition 2.1.35 (Sierpinski)The open unit interval (0,1) cannot he 
expressed as a countable disjoint union of nonempty closed subsets o/M. 

Proof. Let gIq, Ai, A 2 , ... be a sequence of pairwise disjoint nonempty 
closed sets in R, each contained in (0,1). We show that [j Ai ^ (0,1)- 
Suppose {}Ai = (0, 1). Then for k &N, we define integers mk,nu G N and 
real numbers a^, bk G (0, 1) satisfying the following conditions. 

(i) no < mo < ■ ■ ■ < Uk < mk, 

(ii) ao < ai <■■■< ak < bk <■■■ bi < bo, 

(iii) ak G Aji ,^ , bk G , 

(iv) for every i < mk, Ai fj(afe, h) = 0- 

Assume that we have done this. Take a = supa^. Then a„ < a < &„ for 
all n. Hence, a ^ [JAi, which is a contradiction. 

We define mk, Uk, ak, and bk by induction. Take no = 0 and Og = 
supA„g. Let mo be the first integer m such that Amn(® 0 jl) ^ 0- Put 
bo = inf[Ajno n(uO) !)]• Since An„ and Amg are disjoint and closed, ag < bo- 
Note that Aip|(ao,6o) = 0 for all i < mg. Let k £ N and suppose for 
every i < k, m^, Ui, ai, and bi satisfying (i)-(iv) have been defined. Take 
Uk+i to be the first integer n such that A„p|(ofc,&fc) ^ 0. Put Uk+i = 
sup[A„,.^,^ n(ufe! ^k)]- Clearly, ak+i < bk- Now, let mk+i be the first integer 
m such that AmC\{ak+i,bk) yf 0. Note that mk+i > Uk+i- Take bk+i = 
inf[A^,+i n(ufe+i>^fc)]- ■ 




52 



2. Topological Preliminaries 



2.2 Polish Spaces 

A topological space is called completely metrizable if its topology is 
induced by a complete metric. A Polish space is a separable, completely 
metrizable topological space. 

Some elementary observations. 

(i) Any countable discrete space is Polish. In particular, N and 2 = {0, 1}, 

with discrete topologies, are Polish. 

(ii) The real line M, R”, / = [0, 1], I", etc., with the usual topologies are 

Polish. 



(iii) Any closed subspace of a Polish space is Polish. 

(iv) The topological sum of a sequence of Polish spaces is Polish. 



(v) The product of countably many Polish spaces is Polish. In particular, 
the Hilbert cube HI = [0, 1]*^, and the Cantor space C = 2^ are 
Polish. 



The spaces and C are of particular importance to us. A complete 
metric on compatible with its topology is given below. 



p{a,P) 



1 

min{n:a(n)7^/3(n)} + l 
0 



if a yf /3, 
otherwise. 



For s G let 

S(s) = {a G N" : s ^ a}. 

The family of sets {S(s) : s G is a base for Note that the sets S(s) 
are both closed and open in Such sets are called clopen. A topological 
space is called zero-dimensional if it has a base consisting of clopen sets. 
Thus is a zero-dimensional Polish space. Note that the product of a 
family of zero-dimensional spaces is zero-dimensional. 

A compatible metric and a base for C can be similarly defined. More gen- 
erally, let A be a discrete space and A = be equipped with the product 
topology. Then A is a zero-dimensional completely metrizable space; it is 
Polish if and only if A is countable. Let s G A<^. When there is no scope 
for confusion, we shall also denote the set {a G A^ : s ^ a} by S(s). 

In the next few results we characterize spaces that are Polish: They are 
the topological spaces that are homeomorphic to Gs subsets of the Hilbert 
cube H. 

Theorem 2.2.1 (Alexandrov) Every Gs subset G of a completely metriz- 
able (Polish) space A is completely metrizable (Polish). 
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Proof. Fix a complete metric d on X compatible with its topology, 
first prove the result when G is open. Consider the function / : G — >■ X 
defined by 



fix) = (x, 



d{x,X\G) 



), x€G. 



We 

xM 



Note the following. 

(i) The function / is one-to-one. 

(ii) By 2.1.15 and 2.1.26, / is continuous. 

(iii) Since is 7 Ti|/(G), it is continuous. 

(iv) The set /(G) is closed in X x M. 

To see (iv), let (x„) be a sequence in G and 

f(Xn) = (Xn, l/d(Xn, X \ G)) ->■ (x, y) . 



Then, x„ — >■ x. Hence, 



d(xn, X \G) ^ d{x, X\G). 

Since l/d{xn, X\G) ^ y, y = l/dix, X\G). Hence, d(x, X\G) ^ 0. This 
implies that x G G and (x,y) = f{x) € /(G). 

So, G is homeomorphic to /(G). As /(G) is closed in the completely 
metrizable space X x R, it is completely metrizable. Since / is a homeo- 
morphism, G is completely metrizable. 

Now consider the case when G is a G^ set. Let G = p|„ G„, where the 
G„’s are open. Define / : G — > X x R^ by 

fix) = (x, x\Go)^ d{x, X \ Gi) ’ ■ ■ 

Arguing as above, we see that / embeds G onto a closed subspace of X x R^, 
which completes the proof. ■ 

From the above theorem we see that the spaces J ( J an interval) and R\ 
Q, the set of irrational numbers, with the usual topologies, are completely 
metrizable, though the usual metrics may not be complete on them. 

Exercise 2.2.2 Give complete metrics on (0, 1) and on the set of all irra- 
tionals inducing the usual topology. 

The converse of 2.2.1 is also true; i.e., every completely metrizable sub- 
space of a completely metrizable space X is a G^ set in X. To prove this, 
we need a result on extensions of continuous functions that is interesting 
in its own right. 




54 



2. Topological Preliminaries 



Proposition 2.2.3 Let f : A — > Z be a continuous map from a subset A 
of a metrizable space W to a completely metrizable space Z. Then f can be 
extended continuously to a Gs set containing A. 

Proof. Take a bounded complete metric p on Z compatible with its 
topology. For any x G cl(Gl), let 

Of{x) = inf {diameter (/(^ fl P)) : V open, x G V}. 

We call Of(x) the oscillation of / at x. Put 

B = {x G cl(A) : Of{x) = 0}. 

The set B is Gs in W. To see this, take any t > 0 and note that for any 
x G cl(^), 

Of{x) <t 4=^ (3 open V 9 a;)(diameter(/(A fl P)) < t). 
Therefore, the set 

{x G cl(A) : Of{x) < t} 

= cl(Gl) : V open and diameter(/( 2 l iT P)) < t}, 

and hence it is open in cl( 2 l). Since 

B = P||x G cl(2l) : Of{x) < 

n 

and cl( 2 l) is a Gs set in W, B is a Gs set. Since / is continuous on A, the 
oscillation of / at every a; G A is 0. Therefore, A C B. 

We now define a continuous map g : B — ^ Z that extends /. Let x G B. 
Take a sequence (cc„) in A converging to x. Since Of{x) = 0, (/(a;„)) is 
a Cauchy sequence in {Z,p). As (Z,p) is complete, (/(a:„)) is convergent. 
Put g{x) = lim„ /(a;„). The following statements are easy to prove. 

(i) The map g is well-defined. 

(ii) It is continuous. 

(ill) It extends /. 



Remark 2.2.4 Let IP, Z be as above and / : IP — > Z an arbitrary map. 
The above proof shows that the set (x G IP : / is continuous at x} is a 
set in IP. 

Exercise 2.2.5 Show that for every Gs subset A of reals there is a map 
/ : K. — >■ K. whose set of continuity points is precisely A. 
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Theorem 2.2.6 (Lavrentiev) Let X, Y he completely metrizahle spaces, 
A Q X , B Q Y , and f : A — > B a homeomorphism onto B. Then f can 
he extended to a homeomorphism between two Gs sets containing A and B. 

Proof. Let g = f~^. By 2.2.3, choose a Gs set A' D A and a contiunuous 
extension /' : JY — >■ Y of f. Similarly, choose a Gs set B' ^ B and a 
continuous extension g' : B' — >■ X oi g. Let 

H = {{x,y) € A' xY :y = f{x)} = graph(/') 

and 

K = {{x,y) G X X B' : x = g'{y)} = graph(g'). 

Let A* = tti{H Pi K) and B* = tt 2 {H P K), where tti and 7T2 are the two 
projection functions. Note that 

A* = {xGA' :{x,f{x))GK)} 

and 

B* = {y G B' : {g'{y),y)) G H)}. 

Since K is closed in XxB' and B' is a, Gs, K is a, Gs set . As /' is continuous 
on the Gs set A', A* is a Gs set. Similarly, we can show that B* is a Gs 
set. It is easy to check that /* = f\A* is a homeomorphism from A* onto 
B* that extends /. ■ 

Theorem 2.2.7 Let X he a completely metrizahle space and Y a com- 
pletely metrizahle suhspace. Then Y is a Gs set in X. 

Proof. The result follows from 2.2.6 by taking A = B = Y and / : A — ^ 
B the identity map. ■ 

Remark 2.2.8 In the last section we saw that every second countable 
metrizahle space can be embedded in the Hilbert cube. Thus, a topological 
space X is Polish if and only if it is homeomorphic to a Gs subset of the 
Hilbert cube. 

We close this section by giving some useful results on zero-dimensional 
spaces. 

Lemma 2.2.9 Every second countable, zero- dimensional metrizahle space 
X can he embedded in C. 

Proof. Fix a countable base {[/„ : n € N} for X such that each [/„ is 
clopen. Define / : X — >■ C by 



f{x) = {xuS^),XuA^),Xu^{x),...), xGX. 
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Since the characteristic function of a clopen set is continuous and since a 
map into a product space is continuous if its composition with the projec- 
tion to each of its coordinate spaces is continuous, / is continuous. Since 
{Un : n € N} is a base for X, f is one-to-one. Further, 

f{Un) = f{X) P|{a G C : a{n) = 1}. 

Therefore, f~^ : f{X) — >■ X is also continuous. Thus, / is an embedding 
of X ixi C. ■ 

Exercise 2.2.10 (i) Show that every second countable metrizable space 
of cardinality less than c is zero-dimensional. 

(ii) Show that every countable metrizable space is zero-dimensional. 

(iii) Show that every countable metrizable space can be embedded into Q. 

(iv) Let X be a countable, nonempty metrizable space with no isolated 
points. Show that X is homeomorphic to Q. 

From 2.2.7 we obtain the following. 

Proposition 2.2.11 Every zero- dimensional Polish space is homeomor- 
phic to a Gs subset ofC. 

The Cantor space is clearly embedded in N^. Hence every zero- 
dimensional Polish space is homeomorphic to a Gs subset of N^. 

Exercise 2.2.12 Let E C C he the set of all sequences (eg, ei, C 2 , . . .) with 
infinitely many O’s and infinitely many I’s. Show that and E are home- 
omorphic. 

The following result will be used later. 

Proposition 2.2.13 Let A be any set with the discrete topology. Suppose 
is equipped with the product toplogy and G is any subset of A^. Then 
G is closed if and only if it is the body of a tree T on A. 

Proof. Let T be a tree on A. We show that \ [T] is open. Let a ^ [T]. 
Then there exists a fc G N such that a\k ^ T. So, 'E{a\k) C [T], whence 

^ jg Qpejj^ 

Conversely, let G be closed in Let 

T = {a\k : a G C and k G N}. 

Clearly, C C [T]. Take any a ^ C. Since C is closed, choose a /c G N such 
that H{a\k) C \ G. Thus a\k ^ T. Hence a ^ [T]. ■ 

Exercise 2.2.14 Let 1C be the smallest family of subsets of satisfying 
the following conditions. 
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(a) /C contains 0 and N^. 

(b) A set A C belongs to /C whenever all its sections Aj, t G N, belong 

to /C. 

For each ordinal a < wi, define a family Aa of subsets of by induc- 
tion, as follows. 

Ao = {0,N"}. 

Suppose a is any countable ordinal and for every (3 < a, Ap has been 
defined. Put 

Aa = {ACN^ : for all z G N, A, G |J A^}. 

0<a 

Show that 

(i) ^ = 

(ii) for every a < uji, Aa ^ Aq+i; 

(iii) 1C equals the set of all clopen subsets of N^. 

Remark 2.2.15 The hierarchy {Aa : a < wi} is called the Kalmar hi- 
erarchy. 



2.3 Compact Metric Spaces 

Let (AT, T) be a topological space and A C X. A family 14 of sets whose 
union contains A is called a cover of A. A subfamily of 14 that is a cover of 
A is called a subcover. The set A is called compact if every open cover 
of A admits a finite subcover. 

Exercise 2.3.1 Let be a base for a topology on X. Show that X is 
compact if and only if every cover 14 Q B admits a finite subcover. 

Examples of compact sets are: 

(i) any finite subset of a topological space; 

(ii) any closed interval [a, 6] C R with the usual topology; 

(iii) any closed cube the usual topology. 

If A is a compact space, then every closed subset is also compact. 
Further, a compact subset of a metric space is closed. To see this, let 
{X, d) be a metric space and A C A compact. Let x G A \ A. Our 
assertion will be proved if we show that there is an r > 0 such that 
B{x^r)({ A = 0. For a G A, set d{x,a)/2 = Xa- Then {B{a,ra) ■ a G A} 
covers A. Let B{ai,ri),B{a 2 ,r 2 ), ■ ■ ■ ,B{an,rn) be a subcover of A. Take 
r = minjri, X 2 , ■ ■ ■ , r„}. This r answers our purpose. 




58 



2. Topological Preliminaries 



Exercise 2.3.2 Let X be any subset of R". Show that X is compact if 
and only if it is closed and bounded. 

The following is an important example of a compact set. It was first 
considered by Cantorin his study of the sets of uniqueness of trigonometric 
series [26]. 

Example 2.3.3 Define a sequence (Cn) of subsets of [0, 1] inductively as 
follows. Take 

Co = [0,1]. 

Suppose Cn has been defined and is a union of 2” pairwise disjoint closed 
intervals {Ij : 1 < j < 2”} of length 1/3" each. Obtain C„+i by removing 
the open middle third of each Ij . For instance, 

Ci = [o, i]U[|,i], 

c2 = [o, i]U[i,i]U[i,i]U[|,i]. 

Finally, put C = C„. The set C is known as the Cantor ternary set. 

As C is closed and bounded, it is compact. Define a map / : {0, 1}^ — >■ C 
by 

oo „ 

/((e»)) = E Mg {0,1}" 

n— 0 

It is easy to check that / is a homeomorphism. 

A family T of nonempty sets is said to have the finite intersection 
property if the intersection of every finite subfamily of T is nonempty. 

Exercise 2.3.4 Show that a topological space X is compact if and only 
if every family of closed sets with the finite intersection property has 
nonempty intersection. 

Exercise 2.3.5 Show that the topological sum of finitely many compact 
spaces is compact. 

Proposition 2.3.6 A continuous image of a compact space is compact. 

Proof. Let X be compact and / : X — >• Y continuous. Suppose U is an 
open cover for f{X). Then {f~^{U) : U G I/} is a cover of X. As X is com- 
pact, there is a finite subcover of X, say /“^(C/i), /“^(C/ 2 ), . . . , /“^(C/„). 
Hence Ui,U 2 , ■ ■ ■ ,Un cover f{X). ■ 

Corollary 2.3.7 Every continuous f : X — > R, X compact, is hounded 
and attains its hounds. 

Exercise 2.3.8 Let X be compact, Y metrizable, and / : X — Y a 
continuous bijection. Show that / is a homeomorphism. 
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Exercise 2.3.9 Let X be any nonempty set, T QT' two topologies on X 
such that {X,T') is compact, and {X,T) metrizable. Show that T =T'. 

Proposition 2.3.10 If {X, d) is a compact metric space, then every se- 
quence in {X, d) has a convergent subsequence. 

Proof. Suppose {X, d) is compact but that there is a sequence (x„) in X 
with no convergent subsequence. Then {x„ : n G N} is a closed and infinite 
discrete subspace of X . This contradicts the fact that X is compact. ■ 

Proposition 2.3.11 Every compact metric space (X,p) is complete. 

Proof. By 2.3.10, every Cauchy sequence in (X,p) has a convergent 
subsequence. So, every Cauchy sequence in (X,p) is convergent. ■ 

Let {X, d) be a metric space and e > 0. An e-net in A is a finite subset 
A of X such that X = {J^eA every x £ X there is an a G A 

such that d{x,a) < e. We call (X,d) totally bounded if it has an e-net 
for every e > 0. The following result is quite easy to prove. 

Proposition 2.3.12 Every compact metric space is totally bounded. 

Exercise 2.3.13 Let (X,d) be a metric space, A C X totally bounded, 
and A C B C cl(A). Show that B is totally bounded. 

Proposition 2.3.14 Every compact metrizable space X is separable and 
hence second countable. 

Proof. Let d be a compatible metric on X. For any n > 0, choose a 
i-net An in X. Then IJ^ A„ is a countable, dense set in X. ■ 

Corollary 2.3.15 Every zero- dimensional compact metrizable space X is 
homeomorphic to a closed subset ofC. 

Proof. By 2.3.14, X is second countable. Therefore, by 2.2.9, there is an 
embedding f of X into C. By 2.3.6, the range of / is compact and therefore 
closed. ■ 

From 2.3.11 and 2.3.14 it follows that every compact metrizable space is 
Polish. The next few results show that the converse of 2.3.10 is true. A 
topological space is called sequentially compact if every sequence in it 
has a convergent subsequence. 

Proposition 2.3.16 Let (A, d) be sequentially compact and U an open 
cover of X. Then there is a 5 > Q such that every A C X of diameter less 
than S is contained in some U £ U. 

(A 6 satisfying the above condition is called a Lebesgue number of 14.) 
Proof. Suppose such a 6 does not exist. For every n > 0, choose A„ C A 
such that diameter(A„) < ^ and A„ is not a contained in any U £ Li. 
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Choose Xn G An- Since X is sequentially convergent, (x„) has a convergent 
subsequence, converging to x, say. Choose U € U containing x. Fix r > 0 
such that B{x,r) C U. Note that Xn G B{x,r/2) for infinitely many n. 
Choose no such that 1/no < r/2 and Xng G B{x,rj2). As diameter (A„j,) < 
1/no < r/2, 

C B{x,r) C U. 

This contradiction proves the result. ■ 

Proposition 2.3.17 Suppose (X,d) and {Y, p) are metric spaces with X 
sequentially compact. Then every continuous f : X — > Y is uniformly 
continuous. 

Proof. Fix e > 0. Let 

U = {f~^{B) : B an open ball of radius < e/2}. 

Let i5 be a Lebesgue number of U. Plainly, p{f{x),f{y)) < e whenever 
d{x, y) < S. ■ 

Proposition 2.3.18 Every sequentially compact metric space (A, d) is to- 
tally hounded. 

Proof. Let X be not totally bounded. Choose e > 0 such that no finite 
family of open balls of radius e cover X. Then, by induction on n, we can 
define a sequence (a;„) in X such that for all n > 0, Xn ^ Ui<nB{xi,e). 
Thus for any m ^ n, d{xm, a;„) > e. Such a sequence (x„) has no convergent 
subsequence. ■ 

Proposition 2.3.19 Every sequentially compact metric space is compact. 

Proof. Let {X, d) be sequentially compact and 14 an open cover for 
X. Let i5 > 0 be a Lebesgue number of U and {xi, X 2 , ■ . . , x„} a (5/3- 
net in X. For each k < n, choose Uk & 14 containing B{xk,S/3). Plainly, 
{Ui, C/ 2 , . . . , Un} is a finite subcover of U. ■ 

Exercise 2.3.20 Let X be any metrizable space. Show that X is compact 
if and only if every real-valued continuous function / on A is bounded. 

Exercise 2.3.21 Let (A, d) be a compact metric space and / : A — >■ A 
an isometry. Show that / is onto A. 

Theorem 2.3.22 A metric space is compact if and only if it is complete 
and totally hounded. 

Proof. We have already proved the “only if” part of the result. Let (A, d) 
be complete and totally bounded. We have to show that A is compact. Take 
a sequence (x„) in A. We first show that (x„) has a Cauchy subsequence. 
Since A is complete, the “if” part of the result will follow from 2.3.19. 
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As X is totally bounded, (a;„) has a subsequence (x„o) all of whose points 
lie in some open sphere of radius less than 1. By the same argument, (x„o) 
has a subsequence (a:„i) all of whose points lie in an open sphere of radius 
less than 1/2. Proceeding in this manner, for each i we get a sequence ) 
such that 

(i) for every i, all of , x^i , ... lie in an open ball of radius less than 

1/2/ and 

(ii) (x^i+i) is a subsequence of 

Finally, put yt = x^i, t G N. It is easy to check that (yt) is a Cauchy 
subsequence of (x„). ■ 

Theorem 2.3.23 The product of a sequence of compact metric spaces is 
compact. 

Proof. Let (Aq, do), (Ai, di), (A 2 , d 2 ), ... be a sequence of compact met- 
ric spaces, X = Yin^n, and d the product metric on X. Fix a sequence 
(x„) in X. We show that (x„) has a convergent subsequence. 

Since Xq is compact, there is a convergent subsequence (x„o(0)) of 
(x„(0)). Similarly, as Xi is compact, there is a convergent subsequence 
(a;„i(l)) of (a:„o(l)). Proceeding similarly we obtain a double sequence 
(a:„t ) such that 

(i) (x„i (i))fcgN is convergent for each i, and 

(ii) (a;„t^+i)fceN is a subsequence of {x„i_)k£N- 

Define yt = x^i, i G N. As yi{k) is convergent for each k, {yf) is a 
convergent subsequence of (a;„). ■ 

Exercise 2.3.24 Let A, Y be metrizable spaces with Y compact and C C 
A X A closed. Show that 7 Ti(C') is closed in A. 

Exercise 2.3.25 Show that for every real-valued upper-semicontinuous 
map / defined on a compact metric space A there is an a;o G A such 
that f{x) < f{xo) for every x £ X. 

Exercise 2.3.26 Show that for every upper-semicontinuous function / : 
K — ^ R there is a continuous g : M — ^ R such that f < g. 

Exercise 2.3.27 Let A be a compact metric space and (g„) a sequence 
of real- valued, upper-semicontinuous maps decreasing to g pointwise. Show 
that g-n ^ g uniformly on A. 

We prove the next result for future application. 
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Lemma 2.3.28 Let X he a compact metric space. Suppose : X — > M 
are upper-semicontinuous and fn decreases pointwise to f . If Xn ^ x in 
X, then 

limsup/„(a:„) < f{x). 

n 

Proof. Let e > 0. By 2.3.25 and 2.1.25, there is a continuous h : M — > M 
such that f < h and h{x) < f{x) + e. Set 

hn= max(/„,/i), n G N. 

Then hn is upper-semicontinuous, and (h„) decreases to h. By 2.3.27, 
hn ^ h uniformly on X. Hence, 

limsup/„(a:„) < lim/i„(a;„) = h{x) < f{x) + e. 

n « 

Since e > 0 was arbitrary, our result is proved. ■ 

A topological space X is called locally compact if every point of X has 
a compact neighborhood. The finite dimensional Euclidean spaces R" are 
locally compact, and so are all compact spaces. 

Exercise 2.3.29 Show that the set of rational numbers Q and the set of 
irrationals M \ Q, with the usual topologies, are not locally compact. 

The following facts are easy to verify. 

(i) Every closed subspace of a locally compact space is locally compact. 

(ii) The product of finitely many locally compact spaces is locally compact. 

The product of an infinite family of locally compact spaces is locally 
compact if and only if all but finitely many of the spaces are compact. 

(iii) Every open subspace of a locally compact metrizable space is locally 
compact . 

Theorem 2.3.30 Every locally compact metrizable space X is completely 
metrizable. 

Proof. We need a lemma. 

Lemma 2.3.31 Let Y be a locally compact dense subspace of a metrizable 
space X . Then Y is open in X. 

Assuming the lemma, the proof is completed as follows. Let d be a metric 
on X inducing its topology and X the completion of {X, d) . Then A is a 
locally compact dense subspace of X. By 2.3.31, X is open in X. By 2.2.1, 
X is completely metrizable. 

The proof of lemma 2.3.31. Fix x G Y and choose an open set U inY 
containing x such that cl([/) H ^ i® compact, and hence closed in X. Since 
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U C cl(C/) Pi Y, we have cl(J7) C cl([/) f^Y CY. Choose an open set V in 
X such that U = V f]Y. Since Y is dense and V open, cl(y) = c\{V P Y). 
Thus we have 



x&v Q ci(y) = ci(cp|y) = ci(c7) c y. 

We have shown that for every x G Y there is an open set V in X such that 
X G V C Y. Therefore, Y is open. ■ 

Corollary 2.3.32 Every locally compact, second countable metrizable 
space is Polish. 

Exercise 2.3.33 Let X be a second countable, locally compact metrizable 
space. Show that there exists a sequence (Lf„) of compact sets such that 
^ = V\n^n and Kn c int(iL„+i) for every n. 

A subset of a topological space of the form 1J„ AT„, compact, is called 
a ATcr set. From the above exercise it follows that every locally compact, 
second countable metrizable space is a K„ set. 



2.4 More Examples 

In this section we give some interesting examples of Polish spaces. 

Spaces of Continuous Functions 

Let A be a compact metrizable space and Y a Polish space. Let C{X, Y) be 
the set of continuous functions from X into Y . Fix a compatible complete 
metric p on Y and define 

S{f,g) = sup p{f{x),g{x)), f,gGC(X,Y). (*) 

x&X 

Exercise 2.4.1 Show that 6{f,g) is a complete metric on C{X,Y). 

(Hint: Use 2.1.17.) 

The topology on C(A, Y) induced by S is called the topology of uni- 
form convergence. 

Exercise 2.4.2 Show that if p and p' are equivalent metrics on Y, then 
the corresponding metrics on C(X, U), defined by the formula (*), are also 
equivalent. 

Theorem 2.4.3 If{X,d) is a compact metre space and (Y,p) Polish, then 
C{X,Y), equipped with the topology of uniform convergence, is Polish. 
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Proof. We only need to check that C(X, Y) is separable. Let I, m, 
and n be positive integers. As X is compact, there is a 1/m-net X^ = 
{xi,X 2 , ■ ■ ■ ,Xk} in X. As Y is separable, there is a countable open cover 
Ui = {[/q) U\, . . .} such that diameter([/i) <1/1 for each i. Fix such an Ui 
for each 1. Put 

Cm,n = {/ e C{X, Y) : Vx, y{d{x, y) <l/m^- p{f{x),f{y)) < 1/n)}. 

For each /c-tuple s = ■ ■ ■ ,ik), whenever possible, choose an fg € 

Cm,n such that fs{xj) £ Ui^ for all 1 < j < fc. Let Dm,n,i be the collection 
of all these fg and set = Ui>0 ^ 

We claim that for all / G Cm,n and all e > 0 there is a g G Dm,n such 
that p{f{y),g{y)) < e for every y G X^- To see this, take I > 1/e and 
choose i\,i 2 , ■ ■ ■ ,ik such that f{xj) G Ui^ for all 1 < j < A:. Thus fg exists 
for s = (ii,i 2 , ■ ■ ■ ,4). Take g = fg. 

Set D = ^ Djn^n- Note that D is countable. We show that D is dense 

in C{X,Y). Take / G C{X,Y) and e > 0. Take any n > 3/e. Since / is 
uniformly continuous, / G Cm,n for some m . We choose g G I?m,n such 
that p{f{y),g{y)) < e/3 for y G A„. Since Xm is a 1/m-net, by the triangle 
inequality we see that p{f{x),g{x)) < e for all x £ X. So, D is dense, and 
our theorem is proved. ■ 

The Space of Irreducible Matrices 

Fix a positive integer n. Let M„ denote the set of all complex nxn matri- 
ces. As usual, we identify M„ with C” , equipped with the usual topology. 
A matrix A £ Mn is irreducible if it commutes with no self-adjoint pro- 
jections other than the identity and 0. Equivalently, A is irreducible if and 
only if there is no nontrivial vector subspace of C" that is invariant under 
both A and A*, the adjoint of A. Let irr{n) denote the set of all irre- 
ducible matrices. The following result is a well-known characterization of 
irreducible matrices, whose proof we omit. 

Theorem 2.4.4 (Jacobson density theorem) A matrix A £ Mn is irre- 
ducible if and only if the C* -algebra generated by A is the whole of Mn- 
(See [4] for the definition of C* — algebra.) 

Corollary 2.4.5 Let Po{x,y), P\{x,y), P 2 {x,y), ... be an enumeration of 
all polynomials in two variables with coefficients of the form p -\- iq, where 
p and q are rational numbers. An nxn matrix A is irreducible if and only 
if {Pq(A, A*),Pi{A, A*),P 2 {A, a*), . . .} is dense in Mn. 

Proposition 2.4.6 irr{n) is Polish. 

Proof. By 2.2.1 it is sufficient to show that irr{n) is a Gs set in M„. 
Towards showing this, fix any irreducible matrix Aq. For any matrix A, by 
2.4.5 we have 

A is irreducible 4=^ Vm3A:|Ao — Pk{A,A*)\ < 2“™. 
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So, 



where 



irr{n) = 

m 



G„ = {A G M„ : |Ao - Pk{A, A*) I < 2-™} for some k}. 

Clearly, Gm is open. Hence, irr{n) is a Gs set. ■ 

Polish Groups 

A topological group is a group (G, •) with a topology such that the 
maps {x^y) — > x ■ y from G x G to G and x — > x~^ from G to G are 
continuous. If moreover, G is a Polish space, we call it a Polish group. 

Exercise 2.4.7 Let (G, •) be a topological group and g G G. Show that 
the following maps from G onto G are homeomorphisms. 

(a) Lg{h) = g-h; 

(b) Rg{h) = h- g] 

(c) I{h) = h~\ 

Exercise 2.4.8 Show that the closure of a subgroup of a topological group 
is a topological group. 

Some examples of Polish groups 

(i) All countable discrete groups are Polish. 

(ii) The additive group of real numbers (M, +) and the multiplicative 
group (T, •) of complex numbers of modulus 1, with usual topologies, are 
Polish. 

(iii) The set Kx of nonzero real numbers, being open in R, is Polish. 
Therefore, the multiplicative group (Rx ) •) is Polish. 

(iv) Let F denote either the field of real numbers R or the field of complex 
numbers C. An n x n matrix over F can be identified with a point of F" . 
The set GL{n, F) of nonsingular n x n matrices is open in F" and hence 
Polish. Also, the set SO{n, R) of n x n orthonormal matrices is compact 
and hence Polish. Similarly, most other matrix groups commonly used in 
analysis can be seen to be Polish. 

The groups described so far are locally compact too. Here is an example 
of a Polish group that is not locally compact. 

(v) Let Soo be the set of all bijections from N onto itself with the 
composition of functions as the group operation. The elements of Soo are 
called the permutations of N. Soo is Polish. To see this, first note that 

a is one-to-one 4=^ yf n a(m) yf a(n)). 
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Let A = {a G : a is one-to-one}. As A = ^ 

a{n)}, it is a Gs set in Again, note that 

a is onto Vm3n(o;(n) = m). 

Therefore, the set {a : a is onto} equals f}^ [Jni^ ^ ~ 

hence is a Gs set in N^. Since the intersection of two Gs sets is again a Gs 
set, S'oo is a Gs set in and therefore Polish. 

Sao is a topological group. 

Let a, [3 be any two permutations of N and m, n G N. Then, 

a o j3{n) = m 3k{j3{n) = k h a{k) = m). 

This shows that for every n, {a, (3) — a o f3{ji) is continuous. It follows 
that {a, (3) — >■ a o /? is continuous. 

Next we check that a — > is continuous. For any m, n, 

a~^{n) = m a{m) = n. 

Thus a — > a~^{n) is continuous for each n. So, the map a — > a~^ is 
continuous. 

The above arguments prove that Soo is a Polish group. 

Exercise 2.4.9 Show that Soo is not locally compact. 

Spaces of Compact Sets 

Let A be a topological space and K{X) the family of all nonempty 
compact subsets of X. The topology on K{X) generated by sets of the 
form 

{K G K{X) -.KCU} 

and 

{K G K{X) : K n U^%}, 

U open in X, is known as the Vietoris topology. Unless otherwise stated, 
throughout this section K{X) is equipped with the Vietoris topology. 

(i) The sets of the form 

[C/o; C/i, . . . , Un] = {A G K{X) : A C C/q & Af| ^ 0, 1 < t < n}, 

where C/q, U\, . . . ,Un are open sets in X, form a base for K{X). 

(ii) The set of all finite, nonempty subsets of X is dense in K{X). 
Proof. Let [Uo',Ui, . . . ,Un] be a nonempty basic open set. Then 

Uq f]Ui ^ 9 for I < i < n. Choose Xi G Uof] Ui. Clearly, 

}xi, . . . , Xn\ G [Uqj Ui, . . . , Un]. 

(iii) If X is separable, then so is K{X). 
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Proof. Let D be a countable dense set in X and F the set of all finite, 
nonempty subsets of D. In the proof of (ii), choose Xi such that it also 
belongs to D. Thus F is dense in K{X). As F is countable, the result 
follows. 

Exercise 2.4.10 Show that if X is zero-dimensional, so is K{X). 
Exercise 2.4.11 Let X be metrizable. 

(a) Show that the sets 

(i) {{x, iL) G A X K{X) : X G AT}, 

(ii) {{K,L) G K{X) x K{X) -.K CL}, and 

(iii) {{K,L)&K{X)xK{X)-.K(}L^%} 

are closed. 

(b) Let /C be a compact subset of K{X). Show that IJ/C is compact in X 

and /C — > y /C is continuous. 

Exercise 2.4.12 Let A be a metrizable space. Show the the map 
(Ai, A 2 ) — >■ Ki y K 2 is continuous. Also show that the map (Ai, A 2 ) — >■ 
K\ n A 2 need not be continuous. 

Let (X,d) be a metric space. For K,L G A(A), define 

Sh{K, L) = max(max(i(x, L), maxd(y, A)). 

x£K y^L 

Note that for any e > 0, 

6h{K,L) < e-^ K C B{L,e) k LC B{K,e). (*) 

(Recall that B{A, e) = {x G A : d(x. A) < e}.) 

Exercise 2.4.13 Show that 6h is a metric on A(A). 

We call Sh the Hausdorff metric on A(A). 

Proposition 2.4.14 The metric Sh induces the Vietoris topology on 
A(A). 

Proof. We first show that any open set in {K{X),Sh) is open in the 
Vietoris topology. Take any Aq G A(A) and e > 0. As Kq is compact, 
there is an e/2-net {xi,X 2 , . . . ,x„} in Aq. Take Uq = B{Kq,c) and Ui = 
B{xi, e/2), 1 < t < n. It is sufficient to show that 



Ao G [Uo-, Ui,..., [/„] C {A G A(A) : 6h{Ko,K) < e}. 

Clearly, Kq C Uq and Xi G Aq p| Ui, 1 < i < n. Thus, Aq G [Uq; Ui, . . . , U„]. 
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Now take any K G [[/q! - , Un]- We have to show that 6h{Kq, K) < e. 

Since K C Uq = B{Kq, e), by (*), it is sufficient to show that Kq C B{K, e). 
Let X G Kq. Choose Xi such that d{x,Xi) < e/2. Since it' p| C/i 0, we get 
y G Uif]K. Then d{x,y) < d{x, Xi) + d{xi,y) < e. So, x G B{K,e). Since 
X G Kq was arbitrary, we have shown that Kq C B{K, e). 

We now show that every Vietoris open set is open in (K{X),6h)- It is 
sufficient to show that every subbasic open set is open in {K{X),Sh)- Fix 
an open set U in X and a compact set Kq contained in U. Let 

e = min{(i(a;, Kq) : x G X \ U}. 

Since Kq is compact, e > 0. Clearly, for every compact K C X, 
Sh{K,Kq) < e ^ K C B{Ko,e) C U. This shows that {K G K{X) : 
K CU} is open in {K{X),6h)- 

Next take any compact Kq and an open set U with KQf]U yf 0. Let 
X G Kof)U and e > 0 be such that B{x, e) C U. Suppose 5h{Kq, K) < e. 
Since x G Kq, by (*), d{x, K) < e. So, there exists y G K, y G B{x, e) C U 
or iG Pi {7 yf 0, and the result is proved. ■ 

Observation 1. Let {X, d) be a complete metric space and (Kn) a Cauchy 
sequence in {K{X),Sh)- Let K = cl(lj,^ Kn). We claim that K is compact. 

By 2.3.22, it is sufficient to show that (K, d) is totally bounded. Further, 
by 2.3.13, it is enough to show that L = [_}^Kn is totally bounded. Fix 
e > 0. Let N be such that SniKn, Km) < e/2 for all m,n > N. Since 
Ui<AT Bii is compact, it is totally bounded. Let {xi,X 2 , ■ • • , Xk} be an e/2- 
net in lJi<Af We now show that {xi,X 2 , ■ ■ ■ , Xk} is an e-net in L. Take 
any a; G L. If a; G Ui<Ar then obviously d{x, Xi) < e for some i. If a; G Ki 
for some i > N, then as 5H{Ki,Kjq) < e/2, it follows that d{x,Kjq) < e/2. 
Choose y G K^ with d{x,y) < e/2. Choose j such that d{y,xj) < e/2. 
Then d{x,Xj) < e. 

Observation 2. Let A = {a;i, X 2 , . . . , a;fc} be an e-net in {X,d). Let F 
be the set of all finite nonempty subsets F of A. Let K G K(X) and 
L = {xi G A : d{x,Xi) < e for some x G K}. Plainly, 6h{K,L) < e. Thus 
F is an e-net in K{X). 

Proposition 2.4.15 If {X, d) is a complete metric space, so is 
(K{X),Sh). 

Proof. Let (Kn) be a Cauchy sequence in K{X). Let 

K = f] cl{\jK,). 

n i>n 

By Observation 1, cl(Uj>„ Ki) are compact. Further, they have the finite 
intersection property. Therefore, K is nonempty and compact. We show 
that SniKn, IF) — >■ 0 as n — >■ oo. 

Fix e > 0. Choose N such that for m,n > N, 5H{Km,K^) < e/2. We 
show that SniKn, K) < e for every n > N. Fix n > N. 
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(i) Let X £ K. As X G cl(lJ->„ iCj), there exist i > n and Xi G 
such that d{x,Xi) < e/2. Since SH{Ki,Kn) < e/2, take y G such that 
d{y,Xi) < e/2. By the triangle inequality d{x,y) < e. Thus, d{x,Kn) < e 
for every x £ K. So, K C B{Kn, e). 

(ii) Let X G Kn- We prove that d{x, K) < e. This would show that 
Kn Q B{K,e). For each i > N, SniKi, Kn) < e/2- Choose Xi G Ki such 
that d{x,Xi) < e/2. Since c1(1J^>jy iLi) is compact, {xi) has a convergent 
subsequence converging to y, say. Clearly, y £ K, and d{x,y) < e/2 < e. ■ 

Corollary 2.4.16 If X is a Polish space, so is K{X). 

Proposition 2.4.17 If X is compact metrizable, so is K{X). 

Proof. Let d be a compatible metric on X. By 2.4.15, (K{X),Sh) is 
completely metrizable. By Observation 2, it is also totally bounded. The 
result follows. ■ 

Exercise 2.4.18 Let X be a metrizable space. Show that the set 

Kf{X) = {L£ K{X) : L is finite} 



is an Fcr set. 

A compact, dense-in-itself set will be called perfect. 

Exercise 2.4.19 Let X be separable and metrizable. Show that the set 

Kp{X) = {L £ K{X) : L is perfect} 

is a Gs set. Also, show that if X is dense-in-itself, so is K{X). 

Exercise 2.4.20 Let X be a locally compact Polish space and a base for 
the topology of X. Give F{X) the topology generated by sets of the form 

{F £ F{X) : A Pi X = 0&F P\Ui ^ 0&F Q Cz 0& • • • &F Q C/„ ^ 0}, 

where K ranges over the compact subsets of X and [7i, C/ 2 , . . . , range 
over open sets in X. (This topology is called the Fell topology.) Show 
that F{X) with the Fell topology is Polish. 



2.5 The Baire Category Theorem 

Let X be a topological space. A subset A of X is called nowhere dense if 
cl(A) has empty interior; i.e., X \ cl(A) is dense. Note that A is nowhere 
dense if and only if cl(A) is nowhere dense. For every closed sets F, 
F \ int(F') is nowhere dense. 
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Exercise 2.5.1 Show that a set A is nowhere dense if and only if every 
nonempty open set [/ contains a nonempty open set V such that Af]V = 0. 

Exercise 2.5.2 Show that the Cantor ternary set C (2.3.3) is perfect and 
nowhere dense in [0, 1]. 

A set A C A is called meager or of first category in X if it is a count- 
able union of nowhere dense sets. Clearly, every meager set is contained in 
a meager set. If A is not meager in X, then we say that it is of second 
category in A. A subset A is called comeager in A if A \ A is meager in 
A. Note that A C A is comeager in A if and only if it contains a countable 
intersection of dense open sets. 

Exercise 2.5.3 (i) Show that the set of rationals Q with the usual topol- 
ogy is meager in itself. 

(ii) Show that every Ag. subset of is meager. 

Proposition 2.5.4 Let X he a topological space, U open in X, and AC U. 
Then A is meager in U if and only if it is meager in X. 

Proof. For the “only if” part, it is sufficient to show that every closed 
nowhere dense set in U is nowhere dense in A. Let A be a closed nowhere 
dense subset of U. Suppose A is not nowhere dense in A. Then there exists 
a nonempty open set V contained in cl(A). Hence, 0 yf E P| C/ C A. This 
is a contradiction. (Note that in this part of the proof we did not use the 
fact that U is open.) 

To prove the converse, take any A C U that is meager in A. Let ([/„) 
be a sequence of dense open sets in A such that p|„ C/„ C A \ A. So, 
n„ Pi A = 0. Put Pn = C/„ P U. As U is open and C/„ dense, is open 
and dense in U. Clearly, P^ P A = 0. Thus A is meager in U. ■ 

Theorem 2.5.5 (The Baire category theorem) Let X he a completely 
metrizahle space. Then the intersection of countably many dense open sets 
in X is dense. 

Proof. Fix a compatible complete metric d on A. Take any sequence 
([/„) of dense open sets in A. Let V be a nonempty open set in A. We 
show that P„ P y yf 0. Since C/q is dense, C/q P P is nonempty. Choose 
an open ball Bq of diameter j 1 such that cl(Ho) C [/q P P. Since Ui is 
dense, by the same argument we get an open ball B\ of diameter <1/2 
such that cl(Hi) C Uif^Bg. Proceeding similarly, we define a sequence 
(Bn) of open balls in A such that for each n, 

(i) diameter(i?„) < 1/2”, 

(ii) cl(Ho) C [7o P P, and 

(iii) cl(H„+i) C Un+if]Bn. 
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Since {X, d) is a complete metric space, by 2.1.29, p|„ cl(i?„) is 

a singleton, say {x}. Clearly, x € HnUnnv. m 

Corollary 2.5.6 Every completely metrizable space is of second category 
in itself. 

Proof. Let X be a completely metrizable space. Suppose X is of the 
first category in itself. Choose a sequence (F„) of closed and nowhere dense 
sets such that X = IJ^ F„. Then the sets Un = X\Fn are dense and open, 
and P|„ Un = 0. This contradicts the Baire category theorem. ■ 

Corollary 2.5.7 The set of rationals Q with the usual topology is not 
completely metrizable. More generally, no countable dens e-in-its elf space 
is completely metrizable. 

Corollary 2.5.8 Let X be a completely metrizable space and A any subset 
of X. Then A is comeager in X if and only if it contains a dense Gs set. 

Corollary 2.5.9 Let (G, •) be a Polish group. Then G is locally compact 
if and only if it is a Ka- set. 

Proof. Let G be a Polish space that is a set. Choose a sequence (K„) 
of compact subsets of G such that G = By the Baire category 

theorem, int(iL„) yf 0 for some n. Fix z G int(iL„). For any x G G, 
{x ■ z~^)Kn is a compact neighborhood of x where, for A C G and g G G, 
gA = {g ■ h : h G A}. So, G is locally compact. 

The converse follows from 2.3.33. ■ 

Corollary 2.5.10 Let (G, •) be a completely metrizable group and H any 
subgroup. Then H is completely metrizable if and only if it is closed in G. 

Proof. Let H be completely metrizable. Consider G' = cl(iL). By 2.4.8, 
G' is a topological group. It is clearly completely metrizable. We show that 
G' = H, which will complete the proof. By 2.2.7, H is a Gs set in G'. As 
it is also dense in G', it is comeager in G'. Suppose H ^ G' . Take any 
X G G' \ H . Then the coset xH is comeager in G' and disjoint from H. By 
the Baire category theorem, G' cannot have two disjoint comeager subsets. 
This contradiction shows that H = G' . 

The “if” part of the result is trivially seen. ■ 

Proposition 2.5.11 Let G([0, 1]) be equipped with the uniform conver- 
gence topology. The set of all nowhere differentiable continuous functions 
is comeager in G([0, 1]). Ln particular, there exist continuous functions on 
[0, 1] which are nowhere differentiable. 

Proof. For any positive integer n and any h > 0, set 

An,H = {{f,x) G G[0, 1] X [0, 1 - 1/n] : < ^}. 
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The set An^h is closed. To see this, let (fk,Xk) be a sequence in An^h 
converging to (f,x). Then fk ^ f uniformly and Xk — >■ x. Hence, 
fk{xk + h) -)> f{x + h) and fk{xk) f{x). It follows that | fi^+h)-f{A | < 
i.e., (f,x) G An,h- Now consider the set defined as follows. 

1V„ = {/ G C[0, 1] : (3x G [0, 1- i])(V/r G (0, 1])(| /(^^ + ^ ~ /(a^) | < 

Clearly, 

= 7rc[o,i]( Pi An^h)- 

h£{0,l/n] 

Hence, by 2.3.24, Nn is closed. 

It is fairly easy to see that each continuous / that is differentiable at 
some X G [0, 1) belongs to Nn for some n. Therefore our result will be 
proved if we show that fV„ is a nowhere dense set. Since Nn is closed, it 
is sufficient to show that int(fV„) = 0. Let / G CIO,!], and e > 0. By 
Weierstrass theorem, there is a polynomial p{x) over R such that 

\f{x)-p{x)\ < e/3 

for every x G [0, 1]. The derivative p' {x) of p{x) is, of course, bounded on 
[0,1]. Set 

M = sup{|p'(x)| : 0 < X < 1}. 

Let l{x) be a piecewise linear, nonnegative function such that the absolute 
value of the slope of each segment of l{x) is precisely M + n + 1 and 
|^(a;)| < e/3 for all x G [0,1]. Put g{x) = l{x) +p{x), 0 < x < 1. Clearly, 
|/(x) — (/(x)| < e for every x G [0, 1]. 

We now show that g ^ 7V„. Suppose not. Then there is a x G [0, 1 — 
1/n] such that for every h G (0,1/nj, shall get a 

contradiction now. Choose a positive h < 1/n such that the map I is affine 
between x and x + h. Now 

I g{x+h)-g{x) | ^ ^ l{x+h)-l{x) ^ i^ p(x+h)-p{x) 

> {M + n + 1) — \p' {x + 9h)\ O<0<! 

> n, 

and we have arrived at a contradiction. ■ 

Exercise 2.5.12 Let X be a completely metrizable space and A a 
nonempty subset of X that is simultaneously and Gs in X. Show that 
there is an open set U such that [/ p| H is nonempty and closed in U. 

Example 2.5.13 Let X be a Polish space and K C X compact. For a < 
uJi, we define by transfinite induction. 

f K ifa = 0, 

i (K^y ifa = /3+l, 

[ ri/ 3 <a if “ is limit. 
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(Recall that for any A (1 X, A' denotes the derived set of A) The set RT“ 
is called the a th Cantor — Bendixson derivative of K. By 2.1.13, there 
is an a < wi such that RT“ = RT“+^. The first such a will be denoted by 
p{K). Note that has no isolated points. 

Exercise 2.5.14 Let X be a countable Polish space. Show that X has no 
dense-in-itself subset. 

Exercise 2.5.15 Let a < Wi be a successor ordinal. Show that there is a 
countable, compact K CR such that p{K) = a. 

Theorem 2.5.16 (The Banach category theorem) Let X he a topological 
space, U = {Ui : i € /}, and U = {_}{Ui : i € /}. Assume that each Ui is 
open in U . 

(i) If each Ui is nowhere dense in X, so is U. 

(ii) If each Ui is meager in X, so is U . 

Proof. Assertion (i) immediately follows from the following lemma. 

Lemma 2.5.17 Let X , Ui (i € I ), and U satisfy the hypothesis of the 
theorem. Then 

cl{int{cl{U))) — c^(U int{cl{U i))) . 

i 

Proof of the lemma. Since Ui C {/, {i G I), 
int(cl(C/i)) C int(cl([/)). 



Therefore, 

cl(int(cl([/))) cl([Jint(cl(C/i))). 

i 

The reverse inclusion follows from 

int(cl([/)) C cl(|Jint(cl([/i))), 

I 

which we show now. We make two observations first. 

(i) Take any i G I. Since Ui is open in U , 

Ui = U\ c\{U \U,)QX\ c\{U \ Ui). 

Therefore, 

UC\J{X\ cl{U\U.)). 

i 

(ii) Since int(cl([/)) \ cl(C/ \ Ui) C cl(C/) \ cl(C/ \ Ui) C cl{Ui), 



int(cl(C/)) \ cl{U \ Ui) C int(cl(C/i)). 
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Now, 



int(cl([/)) 



= 


int(cl(C/)) Pcl(C/) 




c 


cl(int(cl(C/))pC/) 




c 


cl(int(cl(C/))PU(A\cl(C/\P))) 


(by (i)) 


= 


cl(U(int(cl([/))\cl(C/\C/6) 




c 


cl(UPnt(cl(C/6)) 


(by (ii)) 



The proof of the lemma is complete. 

Proof of (ii). Let V = {Vj : j G J} be a maximal family of pairwise 
disjoint nonempty open sets such that U is meager. Put V = IjVj-. 
We show that 

(a) [/ Pi P is meager, and 

(b) P° is nowhere dense. 

The result will then follow. 

Proof of (a). Write U = IJnsN Njn nowhere dense. Let Nn = 

[Jj Njn- As Njn = iV„pVj', it is open in Nn- Therefore, by (i), Nn is 
nowhere dense. 

Proof of (b). Suppose is not nowhere dense. Choose a nonempty 
open set W contained in P°. By the maximality of V, U f]W is nonmeager. 
In particular, IP P C/i yf 0 for some i. Since Ui is open in U, Ui = U\cl{U\ 
Ui). Set G =W \ cl(C7 \ Ui). Now note the following. 

Uf]G={Uf]W)\cl{U\U,) C C/,. 

Thus, [/ P G is meager. Further, 0 IF P C/j C G. Thus G is a nonempty 
open set disjoint from V whose intersection with U is meager. This contra- 
dicts the maximality of V, and (b) is proved. ■ 



2.6 Transfer Theorems 

Let A be a Polish space and d a compatible complete metric with 
diameter(A) < 1. Fix any nonempty set A. A Souslin scheme on X 
is a system {Fg : s G of subsets of X such that 

(i) cl{Fs~a) C Fs for all s and a, and 

(ii) for every a G A^, diameter(F)j|„) — >• 0 as n — >■ oo. 

A Souslin scheme {Fg : s G is called a Lusin scheme if in addition 

to (i) and (ii) the following condition is also satisfied: 
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(iii) for every s,t G 



A Cantor scheme is a Lusin scheme {Fg : s G such that A = 

{0,1} and each Fg is closed and nonempty. 

Let {Fg : s G be a Souslin scheme. Equip with the product 

of discrete topologies on A. Below we make a series of simple observations 
that will be freely used in the sequel. 

(i) Set 

D = {aGA^: Vn(F„,„ ^ 0)}. 

Then D is closed. To see this, let a G \ F. By the definition of D, 
Fa\n = 0 for some n. So, S(a|n) C A^ \ U. 

(ii) By 2.1.29, Hn = Pin ol(Pi|„) is a singleton for each a G D. 
Define / : D — > X such that 

{/(a)} = 

n 

We call / the associated map of {Fg : s G A<^}. The map / is continuous. 
To see this, take any a G D and e > 0. Choose n such that diameter (F q,|„) < 
e. Then 

/(Df|S(a|n))CB(/(a),e). 

Hence, / is continuous. 

(iii) Further, assume that 

Fe = X kys{Fg=\JFg~r^). 

n 

It is easy to check that the associated map / is onto X. 

(iv) If {Fg : s G A^^l is a Lusin scheme, / is easily seen to be one-to-one. 
It follows that if {Fg : s G 2<^j is a Cantor scheme, then D — C, and / is 
an embedding in X. 

Proposition 2.6.1 Every dense-in-itself Polish space X contains a home- 
omorph ofC. 

Proof. Let d < 1 be a compatible complete metric on X. We show that 
there is a Souslin scheme {Ug : s G 2<^| of nonempty open sets such that 

s ±t cl([/s) Pi cl{Ut) = 0. 

Assuming that such a system of sets {Ug : s G 2^^} exists, define 
Fg = cl(Ug), s G 2^^. Then {Fg : s G 2*'^} is a Cantor scheme on X, 
and so X contains a homeomorph of the Cantor set by (iv) . 
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We define {[/„ : s G by induction on the length of s. Take Ug = X. 

Suppose for some s € Ug has been defined and is a nonempty open 

set. Since X is dense-in-itself, there exist two distinct points xq, x\ in Ug- 
Choose open sets Ug~o, Ug~\, containing xq, xi respectively, of diameters 
< whose closures are disjoint and contained in Ug. ■ 

Proposition 2.6.2 (Cantor - Bendixson theorem) Every separable metric 
space X can he written as X = Y\_)Z where Z is countable, Y closed with 
no isolated point, and Y ()Z = 0. 

Proof. Let (C/„) be a countable base for X. Take 
^ = \J{Un : Un countable} 



smdY = X\Z. ■ 

From 2.6.1 and 2.6.2 we have the following result. 

Theorem 2.6.3 Every uncountable Polish space contains a homeomorph 
of C, and hence is of cardinality c. 

Exercise 2.6.4 (i) Show that the cardinality of the set of all open subsets 
of an infinite separable metric space X is c. 

(ii) Show that the cardinality of the set of all uncountable closed subsets 
of an uncountable Polish space X is c. 

Remark 2.6.5 Since C contains a homeomorph of (2.2.12), we see that 
every uncountantable Polish space X contains a homeomorph of which, 
by 2.2.7, is a Gs set in X. 

Exercise 2.6.6 Let X be a second countable metrizable space and Y an 
uncountable Polish space. Show that C(X,Y), the space of all continuous 
functions from X to Y, is of cardinality c. 

Here is an interesting generalization of 2.6.3. Let X be a Polish space 
and E an equivalence relation on X. In particular, E C X x X. We call 
the relation E closed (open. Eg,, Gs, etc.) if if is a closed (open, F„, Gs, 
etc.) subset oi X x X. 

Theorem 2.6.7 Let E he a closed equivalence relation on a Polish space 
X with uncountably many equivalence classes. Then there is a homeomorph 
D of the Cantor set in X consisting of pairwise inequivalent elements. In 
particular, there are exactly c equivalence classes. 

Proof. Fix a compatible complete metric d < I on X and a countable 
base (Vn) for X. Let 

z = U(C. : E\Vn has countably many equivalence classes}. 
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and Y = X\Z. Note that every nonempty open set U in Y has uncountably 
many inequivalent elements. If necessary, we replace X by y and assume 
that every nonempty open set has uncountably many inequivalent elements. 
We now define a system {Us '■ s £ of nonempty open sets such that 

(i) diameter(cl(C/s)) < 

(ii) cl(C/s-e) C [/g for e = 0 or 1; and 

(Hi) s _L t Ef]{Fs X Ft) = 0, where, Fg = cl{Us). 

Suppose such a system has been defined. Take D = ^ 2 ({^s})- Then D 
is a homeomorph of the Cantor set. Let a yf /3 be two elements of D. So 
there exists an n such that a\n yf j3\n. As a G Aq,|„ and (3 G T/ 3 |nj they are 
inequivalent by (Hi). 

The definition of [Ug : s G 2^^}. Put Ue = X. Take two inequivalent 
elements Xq and Xi. Then (a;o,Xi) ^ F. Since F is closed, we get open sets 
C/q 9 xo and U\ 9 x\ of diameters less than 1/2 such that 

(cl([/o) X cl(C/i))f|L; = 0. 

Suppose Ug has been defined for all s of length less than or equal to n 
satisfying conditions (i) to (iii). Fix an s of length n. Choose inequivalent 
elements j/o and yi in Ug. Using the same arguments, choose open sets Ug~Q 
and Ug~i of diameters less than 1/2”+^ such that 

Ve G Ug-g C cl([/s~e) C Ug, 

e = 0 or 1, and 

(cl(C/,-o) X cl(C/,-i))f|A = 0. 

Our construction of the system {Ug : s G 2<^} is complete. ■ 

Note that if we take F = {{x,x) : x G X} in the above result, we get 

2.6.3. 

Exercise 2.6.8 Show that 2.6.7 is true even when F is an equivalence 
relation. 

Theorem 2.6.9 Every Polish space X is a one-to-one, continuous image 
of a closed subset D o/N^. 

Proof. Fix a complete metric d < 1 on X compatible with its topology. 
It is enough to define a Lusin scheme {Fg : s G on X such that 

Fe = X tFg = \jFg-,. 

We construct such a family {Fg : s G by induction on |s| such that 

each Fg is an Fa- set. Suppose Fg has been defined. Write Fg = (J- Ci 
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where {Cj} is a sequence of closed sets of diameter less than Put 

Fs~i = Ci \ Ci-\. (We take C-\ = 0.) Since an open set in a metrizable 
space is an set, so is F^-i. The proof is complete. ■ 

Theorem 2.6.10 Every compact metric space X is a continuous image of 
a zero- dimensional compact metric space Z. 

Proof. Fix a metric d < 1 on X compatible with its topology. We 
define a sequence (n^) of positive integers and for each k and for each 
s G {0, 1, . . . , no} X • • • X {0, 1, . . . , Uk}, a nonempty closed set Fg such that 

(i) F, = X; 

(ii) Fg = Ui<n|a| Fg-i', 

(iii) diameter(F’s) < 

To define such a family we proceed by induction. As X is compact, there 
is an n-o G N and a finite open cover {[/g of X such that the 
diameter of each Uf is less than 1. Take 

F, = cl(17}), l<z<no. 

Let /c G N. Suppose no, ni, . . . , Ufc and sets Fg for s G {0, 1, ... , no} x 
• • • X {0, 1, . . . , Uk} satisfying conditions (i)-(iii) have been defined. Fix s G 
{0,1,..., no} X • • • X {0, 1, ... , Uk}- As Fg is compact, we obtain a finite 
open cover {Uf : i < ng} of Fg such that diameter({7/) < Since 

there are only finitely many sequences of length k, we can assume that 
there exist Uk+i such that Ug = Uk+i for all s. Put Fg~i = c\{Uf) p| Fg. 

To complete the proof, take 

Z = (0, 1, . . . ,no} X (0, 1, . . . ,m} X • • • 

with the product of discrete topologies. For a G Z, take /(a) to be the 
unique element of Fq,|„. As before, we see that / : Z — > X is continuous 
and onto. ■ 

A subset A of a topological space X is called a retract of X if there is a 
continuous function f : X ^ A such that /|A is the identity map. In such 
a case, the map / is called a retraction. Let X be metrizable, A a retract 
of X, and / : X — >• A a retraction. As A = (a; G A : f{x) = x}, it is 
closed. Below we give a useful converse of this. 

Proposition 2.6.11 Let A he a discrete space and X = A^. Then every 
nonempty closed subset of X is a retract of X . 

Proof. Let C be a nonempty closed set in X. For each s G A<^ such 
that Cp|S(s) 0, choose and fix Xg G Cp|S(s). Let a G X. Define 
/(a) = a for a G C. Suppose a ^ C. As C is closed, there is an integer k 
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such that T,{a\k) (^(7 = 0. Let k be the largest natural number such that 
C Pi S(o;|fc) ^ 0. Define /(a) = Xa\k- 
We now show that / is continuous at every a & X. Let a ^ C and 
/(a) = p. Let k be the least natural number such that C'pS(a|A:) = 0. 
Then / = /3 on ’S{a\k). So, / is continuous at a. 

Now assume that a € C. Then /(a) = a and f{T,{a\k)) C T,{a\k) for all 
k. So, / is continuous at a, and our result is proved. ■ 

From 2.6.9 and 2.6.11, we immediately get the following. 

Theorem 2.6.12 Every Polish space X is a continuous image o/N^. 

From 2.2.9, 2.6.10, and 2.6.11 we have the following result. 

Theorem 2.6.13 Every compact metric space is a continuous image ofC. 

Theorem 2.6.14 Every zero- dimensional compact, dens e-in-its elf metric 
space is homeomorphic to C. 

Proof. It is sufficient to show that there is a Cantor scheme {(78:36 
2<^} on X of clopen sets such that Ce = X and Cs = (Hs-q U C's"i for all 
s. 

Construction of {Cs ■ s € 2''^}. Since X is perfect and zero- 
dimensional, we can write X = Xi{j ■ ■ - [J X„, where n > 1 and the X^ 
are pairwise-disjoint nonempty clopen sets of diameter less than 1/2. Put 
Ce = X, Co = Ui>i Ci=Xi, Coo = Ui>2 Coi = X 2 , etc. Thus we 
have 

r = i if s = O-J & j < n, 

* { Xj+i if s = 0-1 ' 1 & j < n — 1. 

For the next stage of construction, fix f, 1 < f < n. Let Cs = Xi. 
Note that Cs is perfect and zero-dimensional. Write Cs as a finite union of 
pairwise-disjoint nonempty clopen sets Yi,Y 2 , . . . ,Ym of diameter less than 
1/3. Repeat the above process replacing X by Cs and Xx,X 2 , - ■ ■ ,Xn by 
Yi, F 2 , ■ ■ ■ ,Ym to get Cs't for t = OP 1 < j < m — 1, or t = 0^ ' 1, 0 < j < 
m — 2. Continuing this process, we get the required Cantor scheme. ■ 
The space is a zero-dimensional, dense-in-itself Polish space such that 
every compact subset of is nowhere dense. The next exercise is to show 
that this characterizes topologically. 

Exercise 2.6.15 Let be a zero-dimensional Polish space with no iso- 
lated points such that every compact subset is nowhere dense. Show that 
X is homeomorphic to N^. 




3 

Standard Borel Spaces 



In this chapter we introduce Borel sets and Borel functions — the main 
topics of this monograph. However, many of the deep results on Borel sets 
and Borel functions require the theory of analytic and coanalytic sets, which 
is developed in the next chapter. So, this chapter, though quite important, 
should be seen mainly as an introduction to these topics. 



3.1 Measurable Sets and Functions 

An algebra on a set A is a collection A of subsets of X such that 

(i) XeA; 

(ii) whenever A belongs to A so does A'^ = X\A] i.e., A is closed under 

complementation; and 

(iii) A is closed under finite unions. 

Note that 0 G A if A is an algebra. An algebra closed under countable 
unions is called a a-algebra. A measurable space is an ordered pair 
{X,A) where A is a set and A a u-algebra on A. We sometimes write A 
instead of {X,A) if there is no scope for confusion. Sets in A are called 
measurable. Let (A, A) be a cr-algebra and Aq, Ai, A 2 , . ■ . G A. Then, as 

limsup„ A„ = n„ [Jm>u and 




82 



3. Standard Borel Spaces 



lim inf„ = U„ rim>„ 
these sets all belong to A. 

Example 3.1.1 Let X be any set, Bi = {0,X}, and B 2 = V{X). Then 
B\ and B 2 are cr-algebras, called the indiscrete and discrete cr-algebras 
respectively. These are the trivial a-algebras and are not very interesting. 

Example 3.1.2 Let X be an infinite set and 

A = {A C X : either^! orA'^ is finite}. 

Then A is an algebra that is not a cr-algebra. 

Example 3.1.3 Let X be an uncountable set and 

A = {A C X : either^ orA'^ is countable}. 

Then .4 is a a-algebra, called the countable-cocountable cr-algebra. 

Example 3.1.4 The family of finite disjoint unions of nondegenerate in- 
tervals including the empty set is an algebra on M. 

Example 3.1.5 Let (^,.4) and (Y,B) be measurable spaces, Z = X xY, 
and T> the family of finite disjoint unions of “measurable rectangles,” i.e., 
sets of the form A x B, A G A and B G B. Then V is an algebra on Z. 

It is easy to see that the intersection of a nonempty family of cr-algebras 
on a set is a cr-algebra. Let G be any family of subsets of a set X. Let 
S be the family of all cr-algebras containing G- Note that S contains the 
discrete cr-algebra and hence is not empty. Let cr(G) be the intersection of 
all members of S. Then a{G) is the smallest a-algebra on X containing G- 
We say cr{G) is generated by t/ or C/ is a generator of cr{G)- For example, 
the family G = {{a^} : x G X} generates the countable-cocountable cr- 
algebra on Jf. A cr-algebra A is called countably generated if it has a 
countable generator. 

Lemma 3.1.6 Let {X, A) be a measurable space, where A = <j{G)- Suppose 
x,y G X are such that for every G G G, x G G if and only if y G G. Then 
for all A G A, X G A if and only if y G A. 

Proof. Let 

B = {A C X : X G A y G A}. 

It is easy to see that is a cr-algebra. By our assumption, it contains G- 
The result follows. ■ 

Proposition 3.1.7 Let {X,B) be a measurable space, G a generator of B, 
and A G B. Then there exists a countable G' QG such that A G cf{G')- 
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Proof. Let A be the collection of all subsets A of X such that A G cr(t/') 
for some countable Q' A Q. 

Clearly, A is closed under complementation, and ^ C .4. 

Let Ao, Ai,A 2 , . . . G a. Choose countable Gn Q G such that A„ G cr(Gn)- 
Set G' = Un Then G' is countable, and IJ,^ A„ G o-(G')- Thus A is closed 
under countable unions. The proof is complete. ■ 

Let V C r(X) and Y CX.We set 

V\Y = {B[]Y : B GV}. 

Let (X,B) be a measurable space and Y C X. Then B\Y is a cr-algebra on 
Y, called the trace of B. It is easy to see that if G generates B, then G\Y 
generates B\Y. 

From now on, unless otherwise stated, a subset of a measurable 
space will be equipped with the trace cr-algebra. 

Let X be a metrizable space. The cr-algebra generated by the topology 
of X is called the Borel a- algebra of X. It will be denoted by Bx- Sets 
in Bx are called Borel in X. 

Exercise 3.1.8 Let X be a second countable metrizable space and G a 
subbase for the topology of X. Show that G generates Bx- Also show that 
this need not be true if X is not second countable. 

From now on, unless otherwise stated, a metrizable space will 
be equipped with its Borel cr-algebra. 

Proposition 3.1.9 The Borel a -algebra Bx of a metrizable space X equals 
the smallest family B of subsets of X that contains all open sets and that 
is closed under countable intersections and countable unions. 

Proof. Since B is the smallest family of subsets of X containing all open 
sets, closed under countable intersections and countable unions, and Bx is 
one such family, B G_ Bx- The reverse inclusion will be shown if we show 
that B is closed under complementation. Towards proving this, consider 

V = {AgB-.A‘^gB}. 

We need to show that BCD. Since every closed set in a metrizable space 
is a Gs set, open sets are in T>. Now suppose Aq, Ai, A 2 , . . . are in T>. Then 
AijA'^GB for all i. As 

(|jA,r = f|Gl?and if]A,r = \jAl 

i i i i 

Uj Ai and Ai belong to V. Thus V contains open sets and is closed 
under countable unions and countable intersections. Since B is the smallest 
such family, BCD. ■ 

Since every open set is an set, the above argument also shows the 
following. 
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Proposition 3.1.10 The Borel a-algebra Bx of a metrizable space X 
equals the smallest family B of subsets of X that contains all closed sets 
and that is closed under countable intersections and countable unions. 

A slight modification of the above arguments gives us the following useful 
result. 

Proposition 3.1.11 The Borel a-algebra Bx of a metrizable space X 
equals the smallest family B that contains all open subsets of X and that is 
closed under countable intersections and countable disjoint unions. 

Proof. By the argument contained in the proof of 3.1.9, it is sufficient 
to prove that B is closed under complementation. Let 

V={B&B-.B‘^&B}. 

Since every closed set in A is a Gs set, all open sets belong to V. We 
now show that T> is closed under countable disjoint unions and countable 
intersections. 

Fix Ao, Ai, A 2 , ... &V. Then A^, A? G B for all i. We have fji 
Note that the sets Bq = Aq, Bi = Aj;fjAo, B 2 = A^fj^on^i)--- 
pairwise disjoint and belong to B. Further, (p|- AiY = [J . Uj g B. Thus V 
is closed under countable intersections. Similarly, we show that T> is closed 
under countable disjoint unions. As before, we conclude that B Q T>; i.e., 
B is closed under complementation. ■ 

It is interesting to note that 3.1.11 remains true even if we replace “open” 
by “closed” in its statement, though its proof is fairly sophisticated. 

Proposition 3.1.12 (Sierpihski)The Borel a-algebra Bx of a metrizable 
space X equals the smallest family B that contains all closed subsets of 
X and that is closed under countable intersections and countable disjoint 
unions. 

Proof. By 3.1.11, it is sufficient to show that every open set belongs to 
B. The main difficulty lies here. Recall that in 2.1.35 we showed that (0, 1) 
cannot be expressed as a countable disjoint union of closed subsets of M. 
We need a lemma. 

Notation. For any family T, let T+ denote the family of countable disjoint 
unions of sets in T . 

Lemma 3.1.13 LetT be the set of closed subsets o/M. Then (0, 1] G iT+s+- 

Assuming the lemma, we complete the proof as follows. Given an open 
set U C X,hy 2.1.19, choose a continuous map / : X — >• [0, 1] such that 
[7 = /“^((0,l]). The lemma immediately implies that U G B. 

Proof of the lemma. Let D be the set of all endpoints of the middle- 
third intervals removed from [0, 1] to construct the Cantor ternary set C 
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(2.3.3). So, = {i, i, . .}. Let E = and P = C \ Li. 

Note that 

i.e., (0, 1] \ P is the union of the closures of the middle-third intervals 
removed to form C. These interval are, of course, disjoint. Therefore, the 
lemma will be proved if we show that P is in T+s. Now, 

p=f|(c\{4). W 

x^E 

Since C is a zero-dimensional compact metric space, each C \ {x} is a 
countable disjoint union of clopen subsets of C, which, being compact, are 
closed in R; i.e., C \ {x} G P+. Since E is countable, P G E+s by (*). ■ 

A collection Ai of subsets of a set X is called a monotone class if it 
is closed under countable nonincreasing intersections and countable nonde- 
creasing unions. 

Proposition 3.1.14 (The monotone class theorem) The smallest mono- 
tone class Ai containing an algebra A on a set X equals <y{A), the a-algehra 
generated by A. 

Proof. Since every cr-algebra is a monotone class, Ai C a{A). 

To show the other inclusion, we first show that Ai is closed under finite 
intersections. For A C X, let 

Ai{A) = {BeAi: Ap|P G Ai}. 

As AI is a monotone class, Ai{A) is a monotone class. As A is an algebra, 
A C Ai{A) for every A G A. Therefore, Ai C Ai(A) for A G A. Thus for 
every A G A and every B G Ai, A f]B G Ai. Using this and following the 
above argument, we see that for every A G Ai, Ai{A) is a monotone class 
containing A. So, Ai C Ai(A). This proves our claim. 

As AI is a monotone class closed under finite intersections, it is closed 
under countable intersections. Our proof will be complete if we show that 
Ai is closed under complementation. Consider 

V = {AGAi : A"g7W}. 

It is routine to show that P is a monotone class. Clearly, T> A A. So, 
Ai C T); i.e., Ai is closed under complementation. ■ 

Let {X, A) be a measurable space. A nonempty measurable set A is called 
an A-atom if it has no nonempty measurable proper subset. Note that no 
two distinct atoms intersect. A measurable space X is called atomic if X 
is the union of its atoms. If X is metrizable, then (X,Bx) is atomic, the 
atoms being singletons. 
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Proposition 3.1.15 Every countably generated measurable space is 
atomic. 

Proof. Let .4 be a countably generated cr-algebra on X. Fix a countable 
generator Q = {An : n G N} for A. For any B C X, set = B and 
B^ = X\B. For every sequence a = (cq, £ 1 , 62 , ■ • ■) of O’s and I’s, define 

n 

Each A{a) is clearly measurable. Let x € X. Put e„ = xa„{x) and a = 
(eo, £i, £ 2 , . . .). Then x G A{a). Thus X is the union of ^(a)’s. Note that 
X, y belong to the same A(a) if and only if for every n, either both x and 
y belong to A„ or neither does. 

We now show that each A{a) is an atom of A. Suppose this is not the case. 
Thus, there is an a = (eo, £i, £ 2 , ■ • ■) such that A{a) contains a nonempty, 
proper, measurable subset, say B. Choose x £ B and y £ A(a) \ B. By 

3.1.6, there is an n such that An contains exactly one of x and y. Since both 
x,y £ A{a), for every m, x £ A^ if and only if y £ A^. This contradicts 

3.1.6. ■ 

Exercise 3.1.16 Let X be uncountable. Show that the countable- 
cocountable cr-algebra on X is atomic but not countably generated. 

The next exercise is to show that a sub a-algebra of a countably generated 
cr-algebra need not be countably generated. 

Exercise 3.1.17 Let X be a metrizable space and A a nonBorel subset. 
Show that 



B={C£Bx. either A Q C or A^^C = %} 
is not countably generated. 

Exercise 3.1.18 Show that a cr-algebra is either finite or of cardinality at 
least c. 

Let {X,A) and {Y,B) be measurable spaces. A map / : (X,A) -£ (Y,B) 
is called measurable if f~^{B) £ A for every B £ B. If A = V{X) and 
Y any measurable space, then every / : X — >■ Y is measurable. Let Q 
generate B. Then / is measurable if and only if f~^{B) £ A for every 
B £ Q. To see this, note that the family 

{BCY: r\B) £ A} 

is a cr-algebra containing Q. So, it contains B. 

A measurable function / : (X,Bx) — (Y,By) will be called Borel 
measurable, or simply Borel. If X and Y are metrizable spaces, then 
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every continuous function / : X — > Y is Borel. Further, if Y is second 
countable, Q a subbase of Y, and f~^{V) is Borel for all V G G, then / is 
Borel. 

Let (Xi,Ai), i G /, be a family of measurable spaces and X = 

The cr-algebra on X generated by 

: B€ a, I}, 

where TTj : X — Xi are the projection maps, is called the product a- 
algebra. It is denoted by 0 - Ai . Note that 0 - Ai is the smallest cr-algebra 
such that each Hi is measurable. Let (X, A) and (F, B) be two measurable 
spaces. The product cr-algebra on X xY will be denoted simply by „40 

Ftom now on, unless otherwise stated, the product of measur- 
able spaces will be equipped with the product cr-algebra. 

Exercise 3.1.19 Let {Xi,Ai), i G /, be measurable spaces and a{Gi) = 
Ai- Show that 



A = cr({7!‘j ^{B) \ B & Gi,i& /})■ 

i 

In particular, the product of countably many countably generated measur- 
able spaces is countably generated. 

Exercise 3.1.20 Let {X,A) and (Y,B) be measurable spaces and B G 
.40,6. Show that for every x £ X, the section Bj; = {y £ Y : (x,y) £ 
B} £ B. 

Proposition 3.1.21 Let (X,A) be a measurable space and Y a second 
countable metrizable space. If f : X — > Y is a measurable function, then 
graph(/) is in A^By- 

Proof. Let (C/„) be a countable base for Y. Note that 
y 7 ^ f{x) 3n(/(a;) G C/„ & y ^ C/„). 



Therefore, 

graph(/) = X [/^)]^ 

n 

and the result follows. ■ 

Corollary 3.1.22 Let (X,A) be a measurable space andY a discrete mea- 
surable space of cardinality at most c. Then the graph of every measurable 
function f : X — > Y is measurable. 

Proof. Without loss of generality, assume F C K. Let / : {X, .4) — >■ 
(F, P(F)) be measurable. In particular, / : {X,A) — {Y,By) is also 
measurable. By 3.1.21, graph(/) G A^By C .40P(F). ■ 
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Proposition 3.1.23 Let Xi, i = 0, 1, . . be a sequence of second countable 
metrizable spaces and X = Yli^i- Then 

i 

Proof. Fix a countable base Bi for Xi, i S N, and put 
g = {x~\B)-.B&B^,i&n}. 

Then Q generates 0^ Bxi ■ On the other hand, since t/ is a subbase for the 
topology on X, by 3.1.8, it generates Bx- ■ 

Here is an interesting question raised by Ulam[121]. Is 



We show that under CH the answer to this question is yes. The solution 
presented here is due to B. V. Rao[94]. 

Theorem 3.1.24 V{uji) =V{uJi x wi). 

Proof. Let AQu)i x wi . Write A = B\jC, where 

B = A{-\{{a , (3) & u!\ X uji : a > (3} 



and 

C = A n{(« , f3) & LO\ X LO\ : a < (3} . 

We shall show that B is in the product cr-algebra. By symmetry it will 
follow that C is in the product a-algebra. The result will then follow. 

For each a < u>i, Ba is countable, say Ba = {ao,ai,a 2 , ■ ■ .}. By 3.1.22, 

Gn = {(o^)Crn) : Cr G LOi\ 

is in the product of discrete cr-algebras. Now note that B = IJ,^ G„. ■ 

Exercise 3.1.25 Show that if \X\ > c, then 

V{X)^V{X)^V{X X X). 

Corollary 3.1.26 Under CH, 

V{X) (g) V{X) = V{X xX)^ |X| < c. 

Proposition 3.1.27 Let (f„) be a sequence of measurable maps from a 
measurable space X to a metrizable space Y converging pointwise to f. 
Then f : X ^ Y is measurable. 
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Proof. Let d be a compatible metric on Y. Fix any open set U in Y . For 
each positive integer k, set 

Uk = {x G U : d{x, [/“) > 1/fc}. 

Since U is open, 

U = \JUk = [jcl{Uk). 

k k 

Note that for every x G X, we have 

f{x)GU 3fclim„ /„(a;) G [7fc 

=> 3fc3fVVn > Nfn{x) G Uk 
3kf{x) G cl{Uk) 
f{x) G U. 

Thus, 

n 

k 

Since each /„ is measurable, it follows from the above observation that / 
is measurable. ■ 

A function / : X — ^ K is simple if its range is finite. 

Proposition 3.1.28 Let X be metrizable. Then every Borel function f : 
X — > R is the pointwise limit of a sequence of simple Borel functions. 

Proof. Fix n > 1. For — n2" < j < n2", let 

B; = /-1([j72",(j + 1)/2")). 

As / is Borel, each Bf is Borel. Set 

(«-l)2» . 

In ^ ^ On 

i=-n2" 

Clearly, /„ is a simple Borel function. It is easy to check that /„ -5- / 
pointwise. ■ 

The following proposition is quite easy to prove. 

Proposition 3.1.29 (i) If f : (X, A) — {Y,B) and g : (Y,B) — >■ (Z,C) 
are measurable, then so is g o f : (X,A) — > {Z,C). 

(ii) A map f : (X,A) — ^ 'measurable if and only if its 

composition with each projection map is measurable. 

Theorem 3.1.30 Let (X,A) be a measurable space, Y and Z metrizable 
spaces with Y second countable. Suppose D is a countable dense set in Y 
and f : X X Y — > Z a map such that 
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(i) the map y — > f{x, y) from Y to Z is continuous for every x € X; 

(ii) X — > f{x,y) is measurable for all y G D. 

Then f : X xY ^ Z is measurable. 

Proof. Fix compatible metrics d and p on F and Z respectively. Take 
any closed set C in Z. For {x, y) G X x Y, it is routine to check that 

f{x,y) G C (Vn > l){3y' G D)[d{y,y') < - & p{f{x,y'),C) < -]. 

n n 

Therefore, 

r\C) = n U e X : p{f{x,y'),C) < 1} X {y G y : d{y,y') < i}]. 

n y'£D 

By our hypothesis, f~^{C) G A^By- ■ 

Example 3.1.31 We shall see later (3.3.18) that for every uncountable 
Polish space E, \Be\ = c. So there exists a nonBorel set A C S'^. Let 
/ = — >• R. Then / is separately Borel (in fact, of class 2 (see 

Section 3.6)) in each variable, but / is not Borel measurable. 

Let X and Y be metrizable spaces and B{X, Y) the smallest class of 
functions from X to T containing all continuous functions and closed under 
taking pointwise limits of sequences of functions. Functions belonging to 
B{X, Y) are called Baire functions. 

Proposition 3.1.32 Let X and Y be metrizable spaces. Then every Baire 
function f : X — > Y is Borel. 

Proof. Since every continuous function is Borel and since the limit of 
a pointwise convergent sequence of Borel functions is Borel (3.1.27), Baire 
functions are Borel. ■ 

Remark 3.1.33 Every Baire function / : R — >■ N is a constant. (Prove 
it.) So the converse of the above proposition is not true even when X and 
Y are Polish. 

However, we shall show in 3.1.36 that for every metrizable X, every Borel 
/ : X — > R is Baire. 

Exercise 3.1.34 (i) Let / : X — >■ Y and g : Y — ^ Z be Baire functions 
with at least one of them continuous. Then g o f : X — >■ Z is Baire. 

(ii) If a, 6 G R and f,g:X — ^ R are Baire, then so is af + bg. 

Lemma 3.1.35 Let X be a metrizable space and B Q X Borel. Then 
Xb '■ X — > R is Baire. 
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Proof. Let 

B = {B C X : xb Baire}. 

(a) Let U be open in X. Write U = where the F„’s are closed 

and Fn C F„+i. By 2.1.18, there is a continuous function /„ : X — >■ [0, 1] 
identically equal to 1 on Fn and equal to 0 on X \ U. Then the sequence 
ifn) converges pointwise to xu- Thus, U £ B. 

(b) Let Bq,Bi,B 2 ,. ■ ■ be pairwise disjoint and belong to B. Set 

fn = 

i<n 

By our hypothesis and 3.1.34(ii), /„ is Baire. Since (/„) converges pointwise 
to the characteristic function of 1J„ Bn, we see that 1J„ € B. 

(c) Let Bq, Bi, B 2 , ■ ■ ■ belong to B. Put 

fn = min XBi ■ 
i<n 

By our hypothesis and 3.1.34, fn is Baire. As (/„) converges pointwise to 
the characteristic function of p|„ Bn, it follows that p|n Bn G B. 

The result now follows from 3.1.11. ■ 

Theorem 3.1.36 (Lebesgue - Hausdorff theorem) Every real-valued Borel 
function defined on a metrizable space is Baire. 

Proof. By 3.1.35 the characteristic function of every Borel set is Baire. 
Hence, by 3.1.34(ii), every simple Borel function is Baire. Now the result 
follows from 3.1.28. ■ 



3.2 Borel-Generated Topologies 

In this section we prove some results that often help in reducing measura- 
bility problems to topological ones. 

Lemma 3.2.1 Let {X,T) be a (zero-dimensional, second countable) 
metrizable space and (Bn) a sequence of Borel subsets of X. Then there 
is a (respectively zero-dimensional, second countable) metrizable topology 
F' such that F QF' F Bx and each Bn £ F' ■ 

(If F and F' are topologies on a set X such that F C F', we say that 
F' is finer than T.) 

Proof. Define / : X — > A x C by 

f{x) = {x,xbo{x),XbAx),XB 2 {x),---)- 

This map is clearly one-to-one. Let 

F' = {f~^(U) : U open in A x C}. 
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As {X,T') is homeomorphic to a subset of A x C, it is metrizable. Further, 
if X is zero-dimensional (separable), so is {X,T')- 

Let U C X he open with respect to the original topology T. Then 

U = f-\{{x,a) GX xC:xGU}) 

and hence belongs to T'. Thus, T' is finer that T. By 3.1.29, / is Borel 
measurable. Therefore, T' C Bx- It remains to show that each G T' ■ 
Let 

Vn = {(x, a) G X X C : a(n) = 1}. 

Then V„ is open in A x C. Since B„ = Bn G T'. ■ 

Remark 3.2.2 The topology T' defined above is the topology generated 
by T\J{Bn : n G N} lj{^n : n G N}. 

Proposition 3.2.3 Let (A, T) be a metrizable space, A C X , Y Polish, 
and f : A — > Y any Borel map. Then 

(i) there is a finer metrizable topology T' on X generating the same Borel 

a-algebra such that f : A — > Y is continuous with respect to the new 
topology T' , and 

(ii) the map f : A — > Y admits a Borel extension g : X — > Y. 

Proof. Fix a countable base (C/„) for Y. Let n G N. As f~^{Un) is Borel 
in A, there is a Borel set in A such that f~^{Un) = Af] Bn- Take T' 
as in 3.2.1. This answers (i). 

To prove (ii), take T' as above. By 2.2.3, there is a, Gs set C A A and 
a continuous extension g' : C — ^ Y of /. Here we are assuming that A 
is equipped with the finer topology T' ■ As T and T' generate the same 
cr-algebra Bx, C is Borel in A and g' measurable relative to the original 
topology T. Extend g' to the whole space A by defining it to be a constant 
on A \ C. ■ 

We see that Theorem 3.2.1, though elementary, is already quite useful. 
However, with some extra care we get the following much deeper general- 
ization of 3.2.1 with significant applications. 

Theorem 3.2.4 Suppose {X,T) is a Polish space. Then for every Borel 
set B in X there is a finer Polish topology Tb on X such that B is clopen 
with respect to Tb and cr{T) = cf{Tb)- 

We make a few observations first. 

Observation 1. Let F be a closed set in a Polish space (A, T). Let 
(A, T') be the direct sum ^0^^^ of {F,T\F) and (F°,T|F‘^); i.e., T' is 
the topology generated by T1J{F}. By 2.2.1, T' is a Polish topology on 
A. It clearly generates the same Borel cr-algebra and makes F clopen. 




3.2 Borel-Generated Topologies 93 



Observation 2. Let (7^) be a sequence of Polish topologies on X such 
that for any two distinct elements x, y of X, there exist disjoint sets U,V £ 
X G [/ and y £ V. Then the topology Too generated by 
Un is Polish. This can be seen as follows. 

Define / : X — > by 

f{x) = (x,x,x,...), x£X. 

It is easy to see that / is an embedding of (X,Too) in Y\{T,Tn)- Further, 
the range of / is closed in H(^) Tn)- To see this, let (xq, xi, X 2 , . . .) be not 
in the range of /. Take m, n such that x„ yf Xm- By our hypothesis, there 
exist disjoint sets C/„ and Um in fjTI such that x„ £ Un and Xm G C4n- 
Then 

(x*) G TT~'^{Un) Pi C X" \ range(/). 

Proof of 3.2.4. Let B be the class of all Borel subsets B oi X such that 
there is a finer Polish topology Tb generating Bx and making B clopen. 

By Observation 1, B contains all closed sets, and it is clearly closed under 
complementation. 

To show B — Bx , we need to prove only that B is closed under countable 
unions. Let i?„ belong to B and B = Bn - Let 7ji be a finer Polish topology 
on X making Bn clopen and generating the same Borel cr-algebra. Then 
B G Too, where Too is the topology generated by lj7j^. By Observation 
2, Too is Polish. Take Tb to be the topology generated by Too 
Observation 1, Tb is Polish. ■ 

Corollary 3.2.5 Suppose (X,T) is a Polish space. Then for every se- 
quence (Bn) of Borel sets in X there is a finer Polish topology T' on X 
generating the same Borel a-algehra and making each Bn clopen. 

Corollary 3.2.6 Suppose (X,T) is a Polish space, Y a separable metric 
space, and f : X — > Y a Borel map. Then there is a finer Polish topology 
T' on X generating the same Borel a-algehra such that f : {X, T') — > Y 
is continuous. 

We shall see many applications of these results later. At the moment we 
show the following. 

Theorem 3.2.7 Every uncountable Borel subset of a Polish space contains 
a homeomorph of the Cantor set. In particular, it is of cardinality c. 

Proof. Let (X,T) be Polish and B an uncountable Borel subset of X. 
By 3.2.4, let T' be a finer Polish topology on X making B closed. By 
2.6.3, {B, T'\B) contains a homeomorph of the Cantor set, say K. By 2.3.9, 
T'\K = T\K, and the result follows. ■ 

In 3.2.7, we saw that every uncountable Borel subset of a Polish space 
contains a homeomorph of the Cantor set. The following example shows 
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that this is not true for all sets. More precisely, we show that there is a set 
A of real numbers such that for any uncountable closed subset C o/M, both 
A Pi C and P C are uncountable. Such a set will be called a Bernstein 
set. 

Example 3.2.8 By 2.6.4, there are exactly c uncountable closed subsets 
of M. Let {Ca : a < c} be an enumeration of these. We shall get distinct 
points Xa,ya,ce < c, such that Xa,ya G Ca- Then the set A = {xa : a < c} 
is easily seen to be a Bernstein set. 

To define the Xa’s and ya’s, we proceed by transfinite induction. Choose 
Xq, yo G Co with xq yf yo- Let a < c. Suppose x^, y^ has been chosen for all 
j3 < a. Let D = {xp : (3 < a} lJ{j //3 : (3 < a}. Note that \D\ = |a| + |a| < c. 
As |Cq| = c, we choose distinct points Xa,ya in Cq, \ D. 



3.3 The Borel Isomorphism Theorem 

A map / from a measurable space A to a measurable space Y is called 
bimeasurable if it is measurable and f{A) is measurable for every mea- 
surable subset A of A. A bimeasurable bijection will be called an isomor- 
phism. Thus a bijection / : A — ^ Y is an isomorphism if and only if both 
/ and f~^ are measurable. In the special case when A, Y are metrizable 
spaces equipped with Borel a-algebras and / : A — > Y is an isomorphism, 
/ will be called a Borel isomorphism and A and Y Borel isomorphic. 
The Borel u-algebra of a countable metrizable space is discrete. Hence two 
countable metrizable spaces are Borel isomorphic if and only if they are of 
the same cardinality. 

Example 3.3.1 The closed unit interval I = [0, 1] and the Cantor set C 
are Borel isomorphic. 

Proof. Let D be the set of all dyadic rationals in I and E d C the 
set of all sequences of O’s and I’s that are eventually constant. Define 
f :C\E ^ I\Dhy 

fi^Oi £i) £2) • ■ •) = ^ en/2"''"^. 

nSN 

It is easy to check that / is a homeomorphism from C\E onto I\D. Since 
both D and E are countably infinite, there is a bijection g : E — >■ D. The 
function h : I — > C obtained by piecing / and g together is clearly a Borel 
isomorphism from I onto C. ■ 

Proposition 3.3.2 Suppose (A, A) is a measurable space with A countably 
generated. Then there is a subset Z of C and a bimeasurable map g : X — > 
Z such that for any x, y in X, g{x) = g{y) if and only if x and y belong 
to the same atom of A. 
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Proof. Let Q = {An : n G N} be a countable generator of A. Define 
g: X — >Chy 



g{x) = iXAo (a;) , XAi (x) , xa 2 (a:) , . . . 

Take Z = g{X). By 3.1.29, g is measurable. Also note that for any two 
X, y in X, g{x) = g{y) if and only if x and y belong to the same Ai's. 
Recall that the atoms of A are precisely the sets of the form 
(e(0),e(l), . . .) € C. (See the proof of 3.1.15.) It follows that g(x) = g{y) if 
and only if x and y belong to the same atom of A. As 

g{An) = 2'P|{a G C : a{n) = 1}, 

it is Borel in Z. Now observe that 

B = {B G A : g{B) is Borel in Z} 

is a cr-algebra containing A„ for all n. So, g~^ is also measurable. ■ 

Remark 3.3.3 In the above proposition, further assume that the cr- 
algebra A separates points; i.e., for x yf y there is a measurable set con- 
taining exactly one of x and y. In particular, A is atomic, and its atoms 
are singletons. Then the g obtained in 3.3.2 is an isomorphism. So, X can 
be given a topology making it homeomorphic to Z such that Bx = A. 

Proposition 3.3.4 Let (X,A) be a measurable space, Y a Polish space, 
A C X, and f : A — > Y a measurable map. Then f admits a measurable 
extension to X. 

Proof. Fix a countable base (C/„) for Y . For every n, choose G A 
such that f~^{Un) = Bn{^A. Without loss of generality, we assume that 
A = cr((Bn)). By 3.3.2, get a metrizable space Z and a bimeasurable map 
g : X — > Z such that for any x, x' G X, g{x) = g{x') if and only if x and 
x' belong to the same atom of cr((R„)). Hence, for x,x' G A, f{x) = f{x') 
if and only if g{x) = g{x'). Set B = g{A) and define h : B — >• Y by 

h{z) = f{x), 

where x G A is such that g{x) = z. It is easy to see that h is well-defined 
and h~^{Un) = g{Bn)C\B. Hence, h is Borel. By 3.2.3, there is a Borel 
extension h' : Z — > Y of h. The composition ft,' o y is clearly a measurable 
extension of / to X. ■ 

Exercise 3.3.5 Let X and Y be Polish spaces, A C X, B C Y, and 
/ : A — ^ B a Borel isomorphism. Show that / can be extended to a Borel 
isomorphism between two Borel sets containing A and B. 



(Hint: Use 3.2.5.) 
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Proposition 3.3.6 Let X and Y he measurable spaces and f : X — > Y , 
g : Y — > X one-to-one, himeasurahle maps. Then X and Y are isomor- 
phic. 

Proof. As / and g are bimeasurable, the set E described in the proof 
of the Schroder - Bernstein theorem (1.2.3) is measurable. So the bijection 
h : X — >■ Y obtained there is bimeasurable. ■ 

A standard Borel space is a measurable space isomorphic to a Borel 
subset of a Polish space. In particular, a metrizable space X is standard 
Borel if (X,Bx) is standard Borel. 

Proposition 3.3.7 Let X he a second countable metrizable space. Then 
the following statements are equivalent. 

(i) X is standard Borel. 

(ii) X is Borel in its completion X. 

(iii) X is homeomorphic to a Borel subset of a Polish space. 

Proof. Clearly, (ii) implies (iii), and (i) follows from (iii). We show that 
(i) implies (ii). 

Let X be standard Borel. Then, there is a Polish space Z, a Borel subset 
Y of Z, and a Borel isomorphism / : X — ^ Y. By 3.3.5, there is a Borel 
isomorphism g : X' — >■ Y' extending / between Borel subsets X' and Y' 
of X (the completion of X) and Z respectively. Since X = g~^{Y), it is 
Borel in X' and hence in X. ■ 

Remark 3.3.8 In 4.3.8 we shall show that if X is a second countable 
metrizable space that is standard Borel, Y a metrizable space, and / a Borel 
map from X onto Y , then Y is separable. Hence a metrizable space that is 
standard Borel is separable. Therefore, the second countability condition 
can be dropped from the above proposition. 

Let X be a compact metric space. Then K{X), the space of nonempty 
compact sets with Vietoris topology, being Polish (2.4.15), is standard 
Borel. It is interesting to note that Bk{x) is generated by sets of the form 

{K G K{X) : K n U^%], 

where U varies over open sets in X. To prove this, let B be the cr-algebra 
generated by sets of the form {K G K(X) : X p| [/ yf 0}, C/ open in X. It 
is enough to check that for open U, 

{K G X(X) -.KCU}eB. 

Let ([/„) be a countable base for the topology of X that is closed under 
finite unions. Then for any open U and compact K, 

Kf]U^ = 0 

(3n)([7" CUn k Kf]Un = 9). 



K CU 
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Thus, 

{K G K{X) : K CU} = |J {K G K{X) : K = d)}. 

U<=(ZUn 

Therefore, {K G K{X) : K QU} belongs to B. 

Exercise 3.3.9 Let X be a Polish space. Show that the maps 

(a) K — > K' from K{X) to K{X), 

(b) (Ki,K 2 ) — > KiC\K 2 from K{X) x K{X) to K{X), and 

(c) (X„) ^ from K{X)^ to K{X) 
are Borel. 



Effros Borel Space 

Let X be a Polish space and F{X) the set of all nonempty closed subsets 
of X. Equip F{X) with the cr-algebra £{X) generated by sets of the form 

{FGF{X):Ff]U^d}, 

where U varies over open sets in X. (F{X),E{X)) is called the Effros 
Borel space of X. We proved above that £{X) = Bk(x) if X is compact. 
Therefore, the Effros Borel space of a compact metrizable space is standard 
Borel. In fact we can prove more. 

Theorem 3.3.10 The Effros Borel space of a Polish space is standard 
Borel. 

Proof. Let F be a compact metric space containing X as a dense sub- 
space. By 2.2.7, X \s & Gs set in Y . Write X = P| [/„, C/„ open in Y. Let 
{Vn) be a countable base for Y . Now consider 

Z = { c\{F) G F{Y) : F G E(X)}, 

where closure is relative to Y . 

Note that Z C K(Y) and 

K G Z If X is dense in K. 

The result will be proved if we show the following. 

(i) The map F — cl(F) from (F(X),£i(X)) onto Z is an isomorphism, 
and 



(ii) Z is a, Gs set in K{Y). 
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Clearly, F — >■ cl(F) is one-to-one on F{X). Further, for any F G F{X) 
and any U open in Y, 

cl{F)f]U^9^Ff]{uf]X)^t 

Hence, (i) follows. 

We now prove (ii). We have 

K gZ K nn Un is dense in K. 

n 

Therefore, by the Baire category theorem, 

K G Z 'in{K Pi Un is dense inK) 

^ ynymiKf]V^^9^ Kf]Vmr\Un^9). 

Thus, 

Z = P\P\{K G F{Y) ■. K{^Vn, = % or K[]VmP\Un^%}, 

n m 

and the result follows. ■ 

Exercise 3.3.11 Let X, Y be Polish spaces. Show the following. 

(i) {(Ei,F 2 ) € F{X) X F{X) : Fi C Fa} is Borel. 

(ii) The map (Fi, Fa) — > Fi IJ Fa from F{X) x F{X) to F{X) is Borel. 

(iii) The map (Fi,Fa) — ^ Fi x Fa from F{X) x F{Y) to F{X x Y) is 
Borel. 

(iv) {K € F{X) : K is compact} is Borel. 

(v) For every continuous map g : X — > Y, the map F — > cl{g{F)) from 

F{X) to F{Y) is measurable. 

In the next chapter we shall show that the map (Fi,Fa) — >■ FiPFa 
from F{X) x F{X) to F{X) need not be Borel. 

Exercise 3.3.12 Let X be a Polish space. Show that the Borel space of 
F{X) equipped with the Fell topology is exactly the same as the Effros 
Borel space. 

We now proceed to prove one of the main results on standard Borel 
spaces — the Borel isomrphism theorem, due to K. Kuratowski[61]. It clas- 
sifies standard Borel spaces. More specifically, it says that two standard 
Borel spaces X and Y are isomorphic if and only if they are of the same 
cardinality. For countable spaces this is, of course, trivial. The proof pre- 
sented here is due to B. V. Rao and S. M. Srivastava[96]. 
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Theorem 3.3.13 (The Borel isomorphism theorem) Any two uncountable 
standard Borel spaces are Borel isomorphic. 

We first prove a few auxiliary results. 

Lemma 3.3.14 Every standard Borel space B is Borel isomorphic to a 
Borel subset of C. 

Proof. By 3.3.1, I and C are Borel isomorphic. Therefore, the Hilbert 
cube and are isomorphic. But is homeomorphic to C. Thus, the 
Hilbert cube and the Cantor set are Borel isomorphic. By 2.1.32, every 
standard Borel space is isomorphic to a Borel subset of the Hilbert cube, 
and hence of C. ■ 

Proposition 3.3.15 For every Borel subset B of a Polish space X , there 
is a Polish space Z and a continuous bisection from Z onto B. 

Proof. Let B be the set of all H C X such that there is a continuous 
bijection from a Polish space Z onto B. We show that B = Bx- Since 
every open subset of X is Polish, (2.2.1), open sets belong to B. By 3.1.11, 
it is sufficient to show that B is closed under countable intersections and 
countable disjoint unions. Let Bq, Bi, B 2 , ■ ■ ■ belong to B. Fix Polish spaces 
Zq, Zi, . . . and continuous bijections pi : Zi — > Bi. Let 

Z = {z & W_Zi ■. go{zo) = gi{zi) = •••}. 

Then Z is closed in ]([j Zi. Therefore, Z is Polish. Define g : Z — >■ X by 

g(.z) = 5o(zo)- 

Then g is a one-to-one, continuous map from Z onto p| Bi. Thus, B is closed 
under countable intersections. 

Let us next assume that Bq, Bi, . . . are pairwise disjoint. Choose pi, Zi 
as before. Take Z = 0 the direct sum of the Zfs. Define g : Z — X 
by 

g{z) = pi{z) if z € Zj. 

Then Z is a Polish space, and g is a one-to-one, continuous map from Z 
onto y Bi. So, B is also closed under countable disjoint unions. ■ 

Proof of 3.3.13. Let B be an uncountable standard Borel space. With- 
out loss of generality, we assume that H is a Borel subset of some Polish 
space. By 3.3.14, there is a bimeasurable bijection from B into C. By 3.2.7, 
B contains a homeomorph of the Cantor set. By 3.3.6, B is Borel isomor- 
phic to C, and the proof is complete. ■ 



Corollary 3.3.16 Two standard Borel spaces are Borel isomorphic if and 
only if they are of the same cardinality. 




100 



3. Standard Borel Spaces 



Theorem 3.3.17 Every Borel subset of a Polish space is a continuous 
image o/N^ and a one-to-one, continuous image of a closed subset o/N^. 

Proof. The result follows directly from 3.3.15, 2.6.9, and 2.6.13. ■ 

Theorem 3.3.18 For every infinite Borel subset X of a Polish space, 
\Bx\ = c. 

Proof. Without loss of generality, we assume that X is uncountable. 
Since X contains a countable infinite set, \Bx | > c. By 2.6.6, the cardinality 
of the set of continuous maps from to X is c. Therefore, by 3.3.17, 
\Bx\ < c. The result follows from the Schroder - Bernstein Theorem. ■ 

Exercise 3.3.19 Let X and Y be uncountable Polish spaces. Show that 
the set of all Borel maps from X to T is of cardinality c. 

Exercise 3.3.20 Let X be a Polish space, A C X, and / : A — > A a 
Borel isomorphism. Show that / can be extended to a Borel isomorphism 
g-.X^X. 

Exercise 3.3.21 Let X be an uncountable Polish space. Give an example 
of a map / : X — >■ R such that there is no Borel g : X — >■ R. satisfying 
g{x) < f{x) for all X. 

Theorem 3.3.22 (Ramsey - Mackey theorem) Suppose (X,B) is a stan- 
dard Borel space and f : X — > X a Borel isomorphism. Then there is a 
Polish topology T on X generating B and making f a homeomorphism. 

Proof. If X is countable, we equip X with the disrete topology, and 
the result follows. So, we assume that X is uncountable. By the Borel 
isomorphism theorem, there is a Polish topology To generating B. Suppose 
for some n G N, a Polish topology Tn generating B has been defined. Let 
{Bf : z G N} be a countable base for (X,Tn). Consider 

V = {/(BD : z G N} \J{f-\B:) : i G N}. 

By 3.2.5, there is a Polish topology T^^+l finer than 7) making each element 
of T> open. Now take T to be the topology generated by [J Tn- By Observa- 
tion 2 following 3.2.4, T is Polish. A routine argument now completes the 
proof. ■ 



3.4 Measures 

Let X be a nonempty set and A an algebra on X. A measure on A is a 
map /i : A — > [0, oo] such that 



(i) /z(0) = 0; and 
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(ii) /i is countably additive; i.e., if Aq, Ai, A 2 , . . . are pairwise disjoint 
sets in A such that 1J„ G A, then ^(1J„ A„) = K^n)- 



When A is understood from the context, we shall simply say that /i is a 
measure on X. 

The measure /r is called finite if /x(X) < 00 ; it is cr-finite if X can be 
written as a countable union of sets in A of finite measure. It is called a 
probability measure if ii{X) = 1. A measure space is a triple {X, A, ji) 
where A is a cr-algebra on X and /i a measure; it is called a probabilty 
space if /i is a probability. Finite measure spaces and cr-finite measure 
spaces are analogously defined. 



Example 3.4.1 Let X be uncountable and A the countable-cocountable 
cr-algebra. For A G A, let 




if A is uncountable, 
otherwise. 



Then /i is a measure on A. 



Example 3.4.2 Let {X, A) be a 
let 

4(A) = - 



measurable space and x G X. For 

f 1 if a; G A, 

1 0 otherwise. 



A 



G A, 



Then 4 is a measure on A, called the Dirac measure at x. 



Example 3.4.3 Let A be a finite set with n elements (n > 0) and A = 
V{X). The uniform measure on X is the measure /i on A such that 
fi{{x}) = 1/n for every x € X. 



Example 3.4.4 Let A be a nonempty set. For A C A, let /i(A) denote the 
number of elements in A. (/i(A) is 00 if A is infinite.) Then /i is a measure 
on V{X), called the counting measure. 



Let (A, A, /i) be a measure space. The following are easy to check. 



(i) /X is monotone: If A and B are measurable sets with A C B, then 

^i{A) < ^i{B). 

(ii) /i is countably subadditive: For any sequence (A„) of measurable 

sets, 

00 

m( 1JA„) < ^/x(A„). 

n 0 



(iii) If the A„’s are measurable and nondecreasing, then 



m( 1J A„) = lim /i(A„). 



n 
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(iv) If n is finite and {An) a nonincreasing sequence of measurable sets, 
then 

/r(P| A„) = lim/i(A„). 

n 

Lemma 3.4.5 Let {X,B) he a measurable space and A an algebra such 
that cr(.4) = B. Suppose pL\ and p ,2 are finite measures on (X, B) such that 
p.\{A) = p, 2 {A) for every A € A. Then fJ,i{A) = pi 2 {A) for every A G B. 

Proof. Let 

M = {AGB:pii{A) = yi2{A)}. 

By our hypothesis ACM. By (iii) and (iv) above, is a monotone class. 
The result follows from 3.1.14. ■ 

The following is a standard result from measure theory. Its proof can be 
found in any textbook on the subject. 

Theorem 3.4.6 Let A be an algebra on X and p, a a-finite measure on 
A. Then there is a unique measure v on cr(.4) that extends p. 

Example 3.4.7 Let A be the algebra on R consisting of finite disjoint 
unions of nondegenerate intervals (3.1.4). For any interval /, let |/| denote 
the length of /. Let Lq, Ii, ■ ■ ■ , In be pairwise disjoint intervals and A = 
Ufc=o Set 

n 

A(A) = ^|4|. 

k=0 

Then A is a a-finite measure on A. By 3.4.6, there is a unique measure on 
cr{A) = yB]R extending A. We call this measure the Lebesgue measure on 
K and denote it by A itself. 

Example 3.4.8 Let {X, A, p) and (T, B, v) be a-finite measure spaces. Let 
Z = X xY and let V be the algebra of finite disjoint unions of measurable 
rectangles (3.1.5). Let pxvhe the finitely additive measure on T> satisfying 

p X v{A X B) = p{A) ■ v{B). 

Then p x v \s countably additive. (Show this.) By 3.4.6, there is a unique 
measure extending p x v to <j{'D) = A^B. We call this extension the 
product measure and denote it by /r x itself. Similarly we define the 
product of finitely many a-finite measures. 

Example 3.4.9 Let (Af„, x4„, /r„), n G N, be a sequence of probability 
spaces and X = ]([^ For any nonempty, finite F C N, let 7Ti? : X — >• 
rinsF Hn be the canonical projection map. Define 

A = {7Tj;;^(i?) : R e A„, F finite}. 

neF 
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Then A is an algebra that generates the product cr-algebra A„- Define 
n„ Hn on A by 

n 

Then /in defines a probability on A. By 3.4.6, there is a unique proba- 
bility on 0„-4„ that extends OnM"- We call it the product of the ^„’s 
and denote it by OnMn- /i„) are the same, say = /x for all 

n, then we shall denote the product measure simply by 

Example 3.4.10 Let /X be the uniform probability measure on {0, 1}. We 
call the product measure /x^ on C the Lebesgue measure on C and denote 
it by A. 

Let {X, A, fi) be a measure space. A subset A of A is called ^-null or 
simply null if there is a measurable set B containing A such that /x(B) = 
0. The measure space (A, A, /x) is called complete if every null set is 
measurable. The counting measure and the uniform measure on a finite set 
are complete. 

An ideal on a nonempty set A is a nonempty family I of subsets of A 
such that 

(i) X^I, 

(ii) whenever A G I, P(A) C I, and 

(iii) I is closed under finite unions. 

A CT-ideal is an ideal closed under countable unions. Let I be a nonempty 
family of subsets of A such that A ^ I, and let 

J = {A C A : A C y B„, G I}. 

n 

Then J is the smallest cr-ideal containing X. We call it the cr-ideal generated 
by I. 

Let (A, A, /x) be a measure space and the family of all ^-null sets. 
Then is a cr-ideal. The cr-algebra generated by AlJAf^ is called the 
/x-completion or simply the completion of the measure space A. We 
denote it by A^ . Sets in A^ are called /x- measurable. 

Exercise 3.4.11 Show that A^ consists of all sets of the form AAA where 
A G A and A is null. Further, /x(AAA) = /x(A) defines a measure on the 
completion. 

Exercise 3.4.12 Show that a set A is ^-measurable if and only if there 
exist measurable sets B and C such that B C A C C and C \ B is null. 

An outer measure /x* on a set A is a countably subadditive, monotone 
set function /x* : P(A) — [0, oo] such that ^*(0) = 0. 
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Example 3.4.13 Let (X, .4, /i) be a cr-finite measure space. Define fj,* : 
V{X)^[0,oo]hy 

= ini{n(B) : B G Ak AC B}. 

It is routine to check that /i* is an outer measure on X. The set function 
fi* is called the outer measure induced by /i. Clearly, for every set A 
there is a set B G A such that A C B and fJ,{B) = fJ-*{A). Note that if B' 
is another measurable set containing A then B\B' is null. 

Lemma 3.4.14 Let X he a metrizahle space and pL a finite measure on X . 
Then p, is regular; i.e., for every Borel set B, 

p{B) = sup{/i(F) : F C B,F closed} 

= mf{p{U) :U A B,U open}. 

Proof. Consider the class T> of all sets B satisfying the above conditions. 
We show that T> = Bx- Let B be closed. Therefore, it is a set. Write 
B = Un, the [/„’s open and nonincreasing. Since p is finite, 

p{B) = inf/x(C/„) = limp{Un). 

Thus every closed set has the above property. T> is clearly closed under 
complementation. 

Now let Bo, Bi,B 2 , ■ ■ ■ belong to V, and B = IJ,^ i?„. Fix e > 0. Choose 
N such that p{B \ ljj<^ i?i) < e/2. For each 0 < i < N, there is a closed 
set Fi C Bi such that p{Bi \ Fi) < e/{2{N + 1)). It is easy to check that 
M(5\Ui<AT^*) < e. 

To show the other equality, choose closed sets Fi C Bf such that p{B}\ 
Fi) < e/2*+b As \ n Fi C [j{B} \ Fi), it follows that p{B<^ \ fl < e. 
Take U = {f] Fi)^^. Then U is an open set containing B such that p{U\B) < 
e. It follows that T> is closed under countable unions too. The result follows. 

■ 

Sets in , A being the Lebesgue measure on reals, are called Lebesgue 
measurable. It is easy to see that the Cantor ternary set C is null with 
respect to the Lebesgue measure. So, every subset of C, and there are 2^ 
of them, is Lebesgue measurable. As |,Bk| = c < 2% there are Lebesgue 
measurable sets that are not Borel. 

Remark 3.4.15 Let A be a Bernstein set (3.2.8). We claim that A is not 
Lebesgue measurable. Suppose not. We shall get a contradiction. Clearly, 
both A and K.\ A cannot be null. Without any loss of generality, let A be not 
null. So, A contains an uncountable Borel set, and hence an uncountable 
closed set (3.2.7). We have arrived at a contradiction. 

Exercise 3.4.16 Show the following. 
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(i) The Lebesgue measure on M is translation invariant; i.e., for every 

Lebesgue measurable set E and every real number x, 

\{E) = \{E + x), 
where E + x = {y + x\ y & E}. 

(ii) For every Lebesgue measurable set E, the map x — >■ \{E(^{E + x)) 

is continuous. 

(Hint: Use the monotone class theorem (3.1.14).) 

Theorem 3.4.17 If E C R is a Lebesgue measurable set of positive 
Lebesgue measure, then the set 

E — E = {x — y : x,y € E} 



is a neighborhood ofO. 

Proof. By 3.4.16 (ii), the function f{x) = \{Ef]{E + x)), x G R, is 
continuous. Since /(O) = X{E) > 0, there is a nonempty open interval 
{—a, a) such that /(x) > 0 for every x G (—a, a). In particular, Ef^(E + 
x) yf 0 for every x G (—a, a). It follows that (—a, a) C E — E. ■ 

Using the above theorem, below we give another proof of the existence 
of a non-Lebesgue measurable set. 

Example 3.4.18 Let G be the additive group R of real numbers, Q the 
subgroup of rationals, and II the partition of R consisting of all the cosets 
of Q. The partition II is known as the Vitali partition. By AC, there 
exists a set S intersecting each coset in exactly one point. We claim that S 
is not Lebesgue measurable. Suppose not. Two cases arise. Either A(S') = 0 
or A(S') > 0. Assume first that A(S') = 0. Then, as R = UreQ^^ 

A(R) = 0, which is a contradiction. Now, let A(S') > 0. By 3.4.17, S — S 
contains a nonempty open interval. Hence, there are distinct points x, y in 
S such that x — y is rational. We have arrived at a contradiction again. 

It should be remarked that we have used AC to show the existence of 
non-Lebegue measurable sets. In a significant contribution to the theory, 
Solovay([110] or [9]) gave a model of ZF + ^AC where every subset of the 
reals is Lebesgue measurable. 

A Borel measure is a measure on some standard Borel space. 

Theorem 3.4.19 Let X be a Polish space, y a finite Borel measure on X, 
and e > 0. Then there is a compact set K such that y,{X \ K) < e. 

Proof. Fix a compatible complete metric d < 1 on A. Take a regular 
system {Eg : s G of nonempty closed sets such that 



(i) Fg = X, 
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(ii) Fs = and 

(iii) diameter(_F’s) < l/2l®L 



To see that such a system exists, we proceed by induction on |s|. Suppose 
Fg has been defined. Since X is second countable, there is a sequence ([/„) 
of open sets of diameter < covering Fg, and further, Fgf^Un^^ for 
all n. Take Fg~n = cl{Fg f| C/„). 

By an easy induction, we now define positive integers no, ni, ri 2 , . . . such 
that the following conditions hold: for every s = (rno,mi, . . . ,mk-i) with 



nii < Hi, 



fi{Fg \ U F,-,) < 

3<Flk 



e 

2'=+!. no- • • • .nfc_i ■ 



Set 

k s 



where the union varies over all s = (too,TOi, . . . ,mk-i) with rrii < rii. It 
is easy to check that K is closed and totally bounded and hence compact. 
Further, ^i{X \K) < e. ■ 



Theorem 3.4.20 Let {X,T) he a Polish space and fj, a finite Borel mea- 
sure on X. Then for every Borel subset B of X and every e > 0, there is 
a compact K C B such that pi{B \ K) < e. 

Proof. By 3.2.4, there is a Polish topology 7s on X finer than T gener- 
ating the same Borel cr-algebra such that B is clopen with respect to Tb- 
By 3.4.19, there is a compact set K relative to Tb contained in B such that 
p,{B \ K) < e. Since K is compact with respect to the original topology 
too, the result follows. ■ 



Let ^ be a probability on / = [0, 1]. Define 

F{x) = ^([0,x]), X G L 

The function F is called the distribution function of fj,. It is a monoton- 
ically increasing, right-continuous function such that F(l) = 1. 

Exercise 3.4.21 Show that a monotonically increasing, right-continuous 
F : [0, 1] — ^ [0, 1] with F(l) = 1 is the distribution function of a probabil- 
ity on [0,1]. 

A measure /i on a standard Borel space X is called continuous if 
li{{x}) = 0 for every x G X. 

Exercise 3.4.22 Show that a probability on [0, 1] is continuous if and only 
if its distribution function is continuous. 
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Theorem 3.4.23 (The isomorphism theorem for measure spaces) If p, is 
a continuous probability on a standard Borel space X, then there is a Borel 
isomorphism h : X — > I such that for every Borel subset B of I, \{B) = 
Kh-\B)). 

Proof. By the Borel isomorphism theorem (3.3.13), we can assume that 
X = I. Let F : J — >■ / be the distribution function of p,. So, F is a 
continuous, nondecreasing map with F(0) = 0 and F(l) = 1. Let 

N = {y G I : F“^({j/}) contains more than one point}. 

Since F is monotone, N is countable. If N is empty, take h = F. Otherwise, 
we take an uncountable Borel set M C / \ fV of Lebesgue measure 0, e.g., 
C\N. So, p{F-\M)) = 0. Fnt Q = M\JN and P = F~\Q). Both 
P and Q are uncountable Borel sets with p{P) = X(Q) = 0. Fix a Borel 
isomorphism g : P — > Q. Define 

_ / 9{x) if xGP, 

^ ’ \ F{x) if xGl\P. 

The map h has the desired properties. ■ 

Let {X, A) be a measurable space and Y a second countable metrizable 
space. A transition probability on A x T is a map P : X x By — [0, 1] 
such that 

(i) for every x G X, P{x, .) is a probability on Y , and 

(ii) for every B € By, the map x — P{x,B) is measurable. 

Proposition 3.4.24 Let X , Y , and P be as above. Then for every A G 
A(^By, the map x — > P{x,AA) is measurable. 

In particular, for every A G A^By such that P{x,Ax) > 0, ttx{A) is 
measurable. 

Proof. Let 

B = {A G A^^By : the map x — >■ P{x, AA) is measurable}. 

It is obvious that B contains all the measurable rectangles and is closed 
under finite disjoint unions. Clearly, is a monotone class. As finite disjoint 
unions of measurable rectangles form an algebra generating A^By, the 
result follows from 3.1.14. ■ 



3.5 Category 

Let A be a topological space. A subset A of A is said to have the Baire 
property (in short BP) if there is an open set U such that the symmetric 
difference AAU is of first category in A. Clearly, open sets and meager sets 
have BP. 
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Proposition 3.5.1 The collection T> of all subsets of a topological space 
X having the Baire property forms a a-algehra. 

Proof. Closure under countable unions: Let Aq, Ai, A 2 , . . . belong 
to V. Take open sets C/q, C/i, 1 / 2 , • ■ • such that A„AC/„ is meager for each n. 
Since 

(Ua„)A(|J[/„) c|J(^„A[/„) 

n n n 

and the union of a sequence of meager sets is meager, € V. 

Closure under complementation: Let A G V and let U be an open 
set such that AAU is meager. We have 

(A \ A)A int(A \ U) 

C ((A \ A)A(A \ [/)) |J((A \ U) \ Int(A \ [/)). 

As (A \ A)A(A \U)= AAU, 

(A \ A)A int(A \U)C {AAU) |J((A \U) \ Int(A \ U)). 

Since for any closed set F, F\ int(F) is nowhere dense, (A\A)A int(A\ 
U) is meager. 

The result follows. ■ 

The CT-algebra V defined above is called the Baire cr-algebra of A. 

Corollary 3.5.2 Every Borel subset of a metrizable space has the Baire 
property. 

The Cantor ternary set is nowhere dense and so are all its subsets. There- 
fore, there are subsets of reals with BP that are not Borel. Since every 
meager set is contained in a meager F„ set, every nonmeager set with BP 
contains a nonmeager Gs set. Hence, a Bernstein set does not have the Baire 
property. We cannot show the existence of a subset of the reals not having 
the Baire property without AC. In fact, in Solovay’smodel mentioned in 
the last section, every subset of the reals has the Baire property. 

The Lebesgue cr-algebra on M is the smallest cr-algebra containing all 
open sets and all null sets. Is every Lebesgue measurable set the symmetric 
difference of an open set and a null set? The answer is no. 

Exercise 3.5.3 (a) Give an example of a dense Gs subset of M of 
Lebesgue measure zero. 

(b) For every 0 < r < 1, construct a closed nowhere dense set C C [0, 1] 
such that A(C) > r. 

A topological space A is called a Baire space if no nonempty open 
subset of A is of first category (in A or equivalently in itself). The following 
proposition is very simple to prove. 
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Proposition 3.5.4 The following statements are equivalent. 

(i) X is a Baire space. 

(ii) Every comeager set in X is dense in X . 

(iii) The intersection of countably many dense open sets in X is dense in 
X. 

Every open subset of a Baire space is clearly a Baire space. By 2.5.6, we 
see that every completely metrizable space is a Baire space. The converse 
need not be true. 

Exercise 3.5.5 Give an example of a metrizable Baire space that is not 
completely metrizable. Also, show that a closed subspace of a Baire space 
need not be Baire 

Here are some elementary but useful observations. Let A be a topolog- 
ical space, A and U subsets of X with U open. We say that A is meager 
(nonmeager, comeager) in 17 if A p| [/ is meager (respectively nonmea- 
ger, comeager) in U . 

Proposition 3.5.6 Let X he a second countable Baire space and {Un) a 
countable base for X. Let U he an open set in X. 

(i) For every sequence (A„) of subsets of X, f]An is comeager in U if and 

only if An is comeager in U for each n. 

(ii) Let A C X he a nonmeager set with BP. Then A is comeager in U„ 

for some n. 

(iii) A set A with BP is comeager if and only if A is nonmeager in each 
Un- 

Proof. Suppose p| A„ is comeager in Lf. Then clearly each of A„ is 
comeager in Lf. Conversely, if each of A„ is comeager in Lf, then Lf \ A„ is 
meager in U for all n. So, Un(^ \ = U \ p|„ A„ is meager in U. Thus 

we have proved (i). 

To prove (ii), take A with BP. Write A = V XI, V open, / meager. If 
A is nonmeager, V must be nonempty. Then A is comeager in every [/„ 
contained in V. 

We now prove (iii). Let A be comeager. Then trivially Un \ A is meager 
for all n. As [/„ is open, it follows that \ A is meager in C/„. Since X 
is a Baire space, this implies that A is nonmeager in 17„. Conversely, let 
A be not comeager; i.e., A° is not meager. So, there is 17„ such that A° is 
comeager in [/„; i.e., A is meager in [/„. ■ 

Proposition 3.5.7 A topological group is Baire if and only if it is of sec- 
ond category in itself. 
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Proof. The “only if” part of the result is trivial. For the converse, let G 
be a topological group that is not Baire. Take a nonempty, meager, open 
set U. Then each g-U is open and meager, and G = \Jg-U. By the Banach 
category theorem (2.5.16), G is meager. ■ 

Let X,Y he metrizable spaces. A function / : X — Y is called Baire 
measurable if for every open subset U of Y , has BP. 

(Caution: Baire measurable functions are not the same as Baire func- 
tions.) Clearly, every Borel function is Baire measurable. 

Proposition 3.5.8 Let Y he a second countable topological space and f : 
X — > Y Baire measurable. Then there is a comeager set A in X such that 
f\A is continuous. 

Proof. Take a countable base (Vn) for Y. Since / is Baire measurable, 
for each n there is a meager set /„ in X such that /“^(y„)A/„ is open. Let 
I = Plainly, f\{X \ I) is continuous. ■ 

Proposition 3.5.9 Let G he a completely metrizable group and H a second 
countable group. Then every Baire measurable homomorphism ip : G — > H 
is continuous. Ln particular, every Borel homomorphism p : G — > H is 
continuous. 

Proof. By 3.5.8, there is a meager set / in G such that p\{G \ L) is 
continuous. Now take any sequence (gk) in G converging to an element g. 
Let 

J = {g-^ ■ I)\J\J{g^^ ■ L). 

k 

By 2.4.7, J is meager. Since G is completely metrizable, it is of second 
category in itself by 2.5.6. In particular, J ^ G. Take any /i G G\ J. Then, 
gk'h, g-h are all in G\L. Further, gk-h ^ g-h a,s k ^ oo. Since (/?|(G\/) is 
continuous, p{gk-h) p{g-h) \ i.e., p{gk)-p{h) -)> p{g)-p{h). Multiplying 
by {p{h))~^ from the right, we have p{gk) ‘•fio)- • 

The following example shows that the above result need not be true if G 
is not completely metrizable. 

Example 3.5.10 Let Q"*" be the multiplicative group of positive rational 
numbers and p : Q’*' — > Z the homomorphism satisfying p(p) = 0 for 
primes p > 2 and p(2) = 1. Since Q+ is countable, p is trivially Borel. It 
is not continuous. To see this, take = I — 2“”. Then p{qn) = —n. As 
converges and p{qn) does not, p is not continuous. 

Exercise 3.5.11 Show that for every Baire measurable homomorphism 
/ : (R, -I-) — (M, -I-) there is a constant a such that f{x) = ax. Also, show 
that there is a discontinuous homomorphism / : (K, -I-) — >■ (K, -I-). 

Theorem 3.5.12 (Pettis theorem) Let G he a Baire topological group and 
H a nonmeager subset with BP. Then there is a neighborhood V of the 
identity contained in H~^H. 
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Proof. Since H is nonmeager with BP, there is a nonempty open set U 
such that HAU is meager. Let g G U. Choose a neighborhood V of the 
identity such that gVV~^ C U. We show that for every h G V, H f]H h is 
nonmeager, in particular, nonempty. It will then follow that V C H~^H, 
and the proof will be complete. 

Let h G H. Note that 

{Uf]Uh)A{Hf]Hh) C {UAH)\J{{UAH)h). (*) 

So, {U f]Uh)A{H f]Hh) is meager. As gV C U f]Uh and G is Baire, 
U f]Uh is nonmeager. Therefore, H f]Hh is nonmeager by (*). ■ 

Corollary 3.5.13 Every nonmeager Borel subgroup H of a Polish group 
G is clopen. 

Proof. Let H he a Borel subgroup of G that is not meager. By 3.5.12, 
H contains a neighborhood of the identity. Hence, H is open. Since H'^ is 
the union of the remaining cosets of H, which are all open, it is open too. 

■ 

We now present a very useful result known as the Kuratowski - Ulam 
theorem. 

For EcXxYjXGX, and y GY, we set 

E^ = {y GY : (x,y) G E} 



and 

py = {xGX : (x,y) G E}. 

Lemma 3.5.14 Let X he a Baire space and Y second countable. Suppose 
A C X X Y is a closed, nowhere dense set. Then 

{x G X -. is nowhere dense} 



is a dense Gs set. 

Proof. Take any A C X xY, closed and nowhere dense. Fix a countable 
base (y„) for Y. Let U = A'^. Then U is dense and open. Let 

W„ = {x G X : U,f]Vn 0 }. 



As 

Wn=7:x{Uf]iX xVn)), 

it is open. Also, VF„ is dense. Suppose not. Then {X \ cl(lF„)) x is a 
nonempty open set disjoint from U. As U is dense, this is a contradiction. 
Since for any x G X, 



Ax is nowhere dense 



Ux is dense. 
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it follows that 



{x G X : Ax is nowhere dense} = P| Wn- 

n 

Since X is a Baire space, the result follows. ■ 

Let X be a nonempty set, Y a topological space; A C X x Y; and U 
nonempty, open in Y. We set 

A‘^^ = {x G X ■. Axis nonmeager in [/}, 

and 

A*^ = {x G X Axis comeager in U}. 

Lemma 3.5.15 Let X he a Baire space, Y second countable, and suppose 
A C X X Y has BP. The following statements are equivalent. 

(i) A is meager. 

(ii) {x G X \ Ax is meager} is comeager. 

Proof. (ii) follows from (i) by 3.5.14. Now assume that A is nonmeager. 
Since A has BP, there exist nonempty open sets U and P in X and Y 
respectively such that A is comeager in U x V. Therefore, from what we 
have just proved, A*^ is comeager in U . Since U is nonmeager, A*^ is 
nonmeager. In particular, A^^ is not meager; i.e., (ii) is false. ■ 

The following result follows from 3.5.15. 

Theorem 3.5.16 (Kuratowski - Ulam theorem) Let X, Y be second count- 
able Baire spaces and suppose A C X x Y has the Baire property. The 
following are equivalent . 

(i) A is meager (comeager). 

(ii) {x G X -. Ax is meager (comeager)} is comeager. 

(iii) {y G Y : is meager (comeager)} is comeager. 

Exercise 3.5.17 Let X, Y, and A be as above. Show that the sets 

{x : Ax has BP} 



and 

{y : A^ has BP} 



are comeager. 

Proposition 3.5.18 Let (X, .4) he a measurable space and Y a Polish 
space. For every A G A^By and U open in Y, the sets A‘^^ , A*^ , and 
{x G X : Ax is meager in U} are in A. 
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Proof. Fix a countable base (C/„) for Y. 

Step 1. Let 

B = {A C X X Y : G A for all open U}. 

We show that A^By C B. 

Let A = BxV,Bg A, and V open in Y. Then A^'-^ equals B if 
U yf 0. Otherwise it is empty. Hence, A G B. 

Our proof will be complete if we show that B is closed under countable 
unions and complementation. 

For every sequence (H„) of subsets X xY, 

i\jA^r^=\jA^^. 

n n 

So, B is closed under countable unions. 

Let Ag B and U open in Y. Let x G X. We have 

(A'^)x is meager in U A^ is comeager in U 

yUn C U{Ax is nonmeager in C/„). 

Therefore, 

= ( Pi A^^-y. 

UnQU 

Hence, G B. 

Step 2. Let A G A^By and U be open in Y. Then 

A*^ = p A^^’'. 
u^cu 

Therefore, G .4 by step 1. The remaining part of the result follows 
easily. ■ 

Exercise 3.5.19 Let (G, •) be a group, X a set, and a : G x X — X any 
map. For notational convenience we shall write g ■ x for a{g^ x). We call the 
map g ■ X an action of G on X if 

(i) e ■ X = X, and 

(ii) g ■ {h ■ x) = {g ■ h) ■ X, 

where e denotes the identity element, g,h G G, and x G X. 

Let G be a Polish group acting continuously on a Polish space X. For any 
W C X and any nonempty open U Q G, define the Vaught transforms 

= {x G X : {g G U : g ■ X G W} is nonmeager} 

and 

W*’^ = {x G X : {g G U : g ■ X G W} is comeager in U}. 

(We shall write simply and W* instead of and W*^ respectively.) 
Show the following: 
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(i) is invariant. 

(ii) W is invariant implies W = W‘^. 

(iii) iUnWn)^ = 

(iv) If C X is Borel and U Q G open, then and W*^ are Borel. 

(Hint: Consider 

W ={{x,g) €Xy.G-.g-x€W} 



and apply 3.5.18.) 

We close this section by showing that the Baire cr-algebra and the 
Lebesgue cr-algebra are closed under the Souslin operation. The proof pre- 
sented here is due to Marczewski[113] and proves a much more general re- 
sult. Call a cr-algebra on X Marczewski complete if for every A C X 
there exists A G B containing A such that for every B in B containing 
A, every subset of H \ B is in B. Such a set A will be called a minimal 
cover of A. 

Example 3.5.20 Every cr-finite complete measure space is Marczewski 
complete. We prove this now. Let (X, B, g) be a cr-finite complete measure 
space. First assume that g*{A) < oo. Take H to be a measurable set con- 
taining A with IJ,*{A) = n{A). In the general case, write A = [J An such 
that fj,*{An) < oo. Since g is cr-finite, this is possible. Take A = 1JH„. 

Next we show that the Baire cr-algebra of any topological space is Mar- 
czewski complete. 

Example 3.5.21 Let X be a topological space and A C X. Take A* to be 
the union of all open sets U such that A is comeager in U. We first show 
that \ H is meager. Let W be a maximal family of pairwise disjoint open 
sets U such that A is comeager in U. Let W = [_}U. By the maximality of 
U, A* C cl{W). By the Banach category theorem, A is comeager in W. 
Now note that 

A*\AC{A*\ W) \J{W \ H) C (cl(W) \ W) \J{W \ A). 

This shows that H* \ H is meager. Let B be any meager set containing 
A* \ A. Take A = A*IJB. 

Theorem 3.5.22 (Marczewski) If (X,B) is a measurable space with B 
Marczewski complete, then B is closed under the Souslin operation. 

Proof. Let {Bg : s G be a system of sets in B. We have to show 

that B — A{{Bs}) G B. Without loss of generality we assume that the 
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system {Bg} is regular. For s € let 

B^= y 

{ckis^a} n 

Note that B'^ = B and B'^ = IJ^ B^ ” for all s. For each s G choose a 
minimal ,B-cover S® of B®. Since B^ C Bg, by replacing B® by Bg p| i3® we 
may assume that i?® C Bg. Further, by replacing ij® by 

assume that {B® : s G is regular. Let 

Cg = i3®\yi?®'". 



Since B® = 1J„ B® " C B® ", every subset of Cg is in B. Let C = IJ^ Cg. 

Claim: B^\C CB. 

Assuming the claim, we complete the proof as follows. Since B^\B C C 
and since every subset of C is in B, it follows that B^ \ B G B. As B = 
B^ \ {B^ \ B), it belongs to B. 

Proof of the claim. Let x G B^ \ C . Since x ^ C, x ^ C^- Since 
X G S®, there is a(0) G N such that x G B°‘'^^\ Suppose n > 0 and 
a(0), 0(1 ), . . . , a{n — 1) have been defined such that x G B®, where s = 
(0(0), a(l), . . . , a(n — 1)). Since x ^ Cg, there is a(n) G N such that x G 
B“ Since c Bq|„ for all n, we conclude that x G B. ■ 



3.6 Borel Pointclasses 

We shall call a collection of pointsets — subsets of metrizable spaces — a 
pointclass; e.g., the pointclasses of Borel sets, closed sets, open sets. Let 
A be a metrizable space. For ordinals a, 1 < a < Wi, we define the following 
pointclasses by transfinite induction: 

S'i’(A) = {UCX:U open}, 

= {F C X : F closed}; 

for 1 < a < wi, 

SO(A) = (U n°(A)),, 

0<a 

and 

n°(A) = (U s°(a))5. 

/3<a 

Finally, for every 1 < a < wi, 

A°(A) = S°(A)f|nO(A). 
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Note that A5(X) is the family of all clopen subsets of X] is the 

set of all Fct subsets of X-, and Il 2 (X) is the set of all Gs sets in X. Sets 
in S 3 (X) are also called Gsa sets; those in Il 3 (X) are called sets; etc. 
The families (X), 11° (X) and A° (X) are called additive, multiplica- 
tive, and ambiguous classes respectively. If there is no ambiguity, or if 
a statement is true for all X, we sometimes write S°, 11°, and A° in- 
stead of S° (X), n° (X), and A° (X). A set A G S° is called an additive 
class a set. Multiplicative class a sets and ambiguous class a sets are 
similarly defined. 

We record below a few elementary facts. 

(i) Additive classes are closed under countable unions, and multiplicative 

ones under countable intersections. 

(ii) All the additive, multiplicative, and ambiguous classes are closed under 

finite unions and finite intersections. 

(iii) For all 1 < a < wi, 

(equivalently, H° = ^S°). 

(iv) For a > 1, A° is an algebra. 

Proposition 3.6.1 (i) For every 1 < a < Wi, 

V° TT° C A° 

Thus we have the following diagram, in which any pointclass is con- 
tained in every pointclass to the right of it: 

vo vo vo 

2^1 2j2 ^3 ’ ’ ' 

A° A° A° ••• 

n° n° n° 

(The Hierarchy of Borel Sets) 

(ii) For a > 1, S° = (A°)o- and 11° = (A°)^. For zero-dimensional 

separable metric spaces, this is also true for a = 1. 

(iii) Let a < u)i be a limit ordinal and («„) a sequence of ordinals such 
that a = supa„. Then 

= (ljn°j. 

n 

and 

n° =(|Js°j,. 
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(iv) For any metric space X, 

Bx= \J Kix) = U n°(x). 

oc<C.(^l oc<CuJi 

Proof. Since every closed (open) set in a metrizable space is a Gs set 
(respectively an F„ set), (i) is true for a = 1. A simple transfinite induction 
argument completes the proof of (i) for all a. 

(ii) Let a > 1. By (i), A° A II'). Therefore, (A°)^- 3 Since 

C and is closed under countable unions, (A°)cr C . Thus, 

(A°)cr = . Similarly, we show that (A° )^ = 11° . 

Let X be zero-dimensional and a = 1. Then Aj is a base for X. If, 
moreover, X is second countable, then (A°)o- = S?, the family of all open 
sets. The remaining part of (ii) is seen easily now. 

(iii) follows from (i) and (ii). 

(iv) By induction on a, we see that for every 1 < a < wi, S°(A) and 
n^(^) are contained in Bx- To prove the other inclusions, set 

B= \J S°(A). 

a<o;i 

Then 

(a) B contains all open sets. 

(b) If B G S° , G n° C So, B is closed under complementation. 

(c) Let (Bn) be a sequence in B. Choose 1 < a„ < wi such that i?„ G 

Let a = supa„ -I- 1. Then [J^Bn G So, B is closed under 

countable unions. 

From (a) - (c), we get that B C Bx- Thus, Bx = Ua<a;i (^)- 
Similarly we show that Bx = Ua<wi n° (A"). ■ 

In 3.6.8, we shall show that for any uncountable Polish space X, the 
inclusion in (i) is strict. 

Corollary 3.6.2 Let X be an infinite separable metric space. 

(i) Show that for every a, |S° (A)| = |II° (A)| = c. 

(ii) Show that \Bx \ = c. 

Proposition 3.6.3 Every set of additive class a > 2 is a countable disjoint 
union of multiplicative class < a sets. 

Proof. Let A be a set of additive class a > 2. Write A = [J A„, where 
An is of multiplicative class less than a. Let B„ = (Ui<n^*)‘^- Then B„ 
is of additive class < a. Write B„ = Uk^k’ where the~Bjj’s are pairwise 
disjoint ambiguous class < a sets. This is possible since a > 2. We have 

A = AoU(^inso)U(^2n5i)u--- 



and the result follows. 
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Exercise 3.6.4 (i) Let X, Y be metrizable spaces and / : X — Y 
continuous. Show that if A C F is in (y)(II° (F)), then is 

in (X)(n° (X)); i.e., the pointclasses and 11° are closed under 
continuous preimages. 

(ii) Let F be a subspace of F, 1 < a < wi, and Fq the pointclass of 

additive or multiplicative class a sets. Show that 

r„(F) = r„(X)|F = {Af]Y: A G F„(X)}. 

(iii) Let 1 < a < and Fq, the pointclass of additive or multiplicative or 
ambiguous class a sets. Suppose A & T ^{X x Y) and x € X. Show 
that Ax G Fq(F). 

(iv) Let a > 1, X a metrizable space, and E G S° (X). Show that there is a 
sequence (E„) of pairwise disjoint A° (X) sets such that E = 1J„ E„. 
This is true for a = 1 if A is a zero-dimensional separable metric 
space. 

Let X and F be metrizable spaces, / : X — >■ F a map, and 1 < a < wi. 
We say that / is Borel measurable of class a, or simply of class a, if 
f~^{U) G S° for every open set U. Thus class 1 functions are precisely 
the continuous functions. A characteristic function xa, A C A, is of class 
a if and only if A is of ambiguous class a. Every class a function is clearly 
Borel measurable. Let F be separable and B a subbase for X. Then / is of 
class a if and only if is of additive class a for every U € B. This in 

particular implies that if F is separable and / Borel measurable, then / is 
of class a for some a. To see this, fix a countable base (C/„) for F. Choose 
a„ such that G and take a = sup„ a„. 

Exercise 3.6.5 (i) Let 1 < a, f3 < u>i, f : X — F of class a, and 
g : Y — >• Z of class [3. Show that 50 / is of class a + (3', where (3' = jS 
if f3 is infinite and is the immediate predecessor of f3 otherwise. 

(ii) Let (/„) be a sequence of functions of class a converging to / pointwise. 

Show that / is of class a + 1- Also show that if the convergence is 
uniform, then / is of class a itself. 

(iii) Let Aq, Ai, A 2 , . . . be second countable metrizable spaces. Show that 
f--x^ n.eN Xi is of class a if and only if each tt^ o / is of class a. 

We now show that for every uncountable Polish space A and for every 
a < wi, S°(A) yf F[°(A). We shall use universal sets — a very useful 
notion — to prove our result. 

Theorem 3.6.6 Let 1 < a < Wi and F^ the pointclass of FE° or S° 
sets. For every second countable metrizable space Y, there exists a U G 
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rc(N^ X Y) such that 

A e r,(r) ^ (3x g n^){A = c/,). 

We call such a set U universal for rc(F). 

Proof. We proceed by induction on a. 

Let (Vn) be a countable base for the topology of Y with at least one Vn 
empty. Define U C x F by 

(X, y) &U y G U Kr(n) • 

n 

Evidently, A is open in Y if and only ii A = Ux for some x. It remains 
to show that U is open. Let {xo,yo) G U. Then there is an n such that 
yo G Ko(n)- Then 



(a;o,yo) G {a; G N” : x{n) = a;o(^^)} x Kro(n) ^ U. 

Thus U is open. 

Let W = where U C x T is universal for open sets. Clearly, W 
is universal for closed sets. The result for a = 1 is proved. 

Suppose a > 1 and the result has been proved for all (3 < a. 

Case 1: a is a limit ordinal 

Fix a sequence of countable ordinals (on), 1 < On < <a, such that a = 
supa„. Let Un be universal for multiplicative class a„, n G N. For a; G 
and n G N, define G by 

Xn{ra) = a;(2”(2m + 1) — 1). (*) 

For each n, x — is a continuous function. Define U C x F by 

(x,y) G U (3n)((x„,?/) G [/„). 

It is routine to check that U is universal for (F). 

Case 2: a = /? + 1, a successor ordinal 

Fix a universal IlJj set P C x F. Define U C x F by 

{x,y) G U {3n){{xn,y) G P), 

where Xn is as defined in (*). Clearly, U is universal for (F). 

Having defined a universal set U C x F, note that U‘^ is universal 
for n°(F). ■ 

Theorem 3.6.7 Let 1 < a < wi and Tq the pointclass of additive or 
multiplicative class a sets. Then for every uncountable Polish space X, 
there is a U G Ta{X x X) universal for ro,(X). 
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Proof. Since X is uncountable Polish, it has a subset, say Y, homeomor- 
phic to N^. By 3.6.6, there is U CY x X universal for rc(X). By 3.6.4(iii), 
V n(^ ^ = U for some V € Ta{X x X). The set V is universal for 

Pa(X). ■ 

Corollary 3.6.8 Let X be any uncountable Polish space and 1 < a < uji. 
Then there exists an additive class a set that is not of multiplicative class 
a. 



Proof. Let U C X x X he universal for S°(X). Take 
A = {x € X : [x,x) € [/}. 

Since is closed under continuous preimages, A is of additive class a. 
We claim that A is not of multiplicative class a. To the contrary, suppose 
A is of multiplicative class a. Choose xq € X such that A^ = Uxg- Then 

xo € A‘^ (xo, xo) e U xq G a. 

This is a contradiction. ■ 

This corollary shows that for every uncountable Polish space X and for 
any a, (X) yf Is this true for all uncountable separable metric 

spaces X? For an answer to this question see [83]. The above argument also 
shows that there does not exist a Borel set U Q X x X universal for Borel 
subsets of X for any Polish space X. In fact, we can draw a fairly general 
conclusion. 

Proposition 3.6.9 Let a pointclass A be closed under complementation 
and continuous preimages. Then for no Polish space X is there a set in 
A(X X X) universal for A(X). 

Proof. Suppose there is a Polish space X and a C/ G A{X x X) universal 
for A(X). Take 

A = {x € X : (x,x) € U}. 

Since A is closed under continuous preimages, xl G A. As A is closed 
under complementation, A^ G A. Let A° = Uxg for some xq G X. Then 

Xo G A° (xo, Xo) G U Xq G a. 

This is a contradiction. ■ 

Theorem 3.6.10 (Reduction theorem for additive classes) Let X be a 
metrizable space and 1 < a < wi. Suppose (A„) is a sequence of addi- 
tive class a sets in X. Then there exist Bn C A„ such that 

(a) The Bn ’s are pairwise disjoint sets of additive class a, and 

(b) U„^n = U„S„. 
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(See Figure 3.1.) Consequently the B^’s are of ambiguous class a if 
A„ is so. 

The result is also true for a = 1 if X is zero-dimensional and second 
countable. 

Proof. Write 

An — Cjim: (*) 

m 



where the Cnm's are of ambiguous class a. If a > 1, this is always possible. 
If a = 1, it is possible if X is zero-dimensional and second countable (3.6.1). 
Enumerate {Cnm : G N} in a single sequence, say {Di). Let 

Ei = Di\\^ Dj. 

j<i 



Take 



: Ei C AnSz(\/m < n){Ei Am)}. 




Theorem 3.6.11 (Separation theorem for multiplicative classes) Let X be 
metrizable and 1 < a < uj\. Then for every sequence (An) of multiplicative 
class a sets with P| A„ = 0, there exist ambiguous class a sets B„ A A„ 
with Pi Bn = 0. 

In particular, if A and B are two disjoint subsets of X of multiplicative 
class a, then there is an ambiguous class a set C such that 

ACC Sz Bp|C = 0. 

(See Figure 3.2.) This is also true for a = 1 if X is zero-dimensional 
and second countable. 
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Figure 3.2. Separation 



Proof. By 3.6.10, there exist pairwise disjoint additive class a sets C 
such that 1J„ C„ = Un^n = Obviously, the C„’s are of ambiguous 
class a. Take Bn = C^- ■ 

The next example shows that the separation theorem does not hold for 
additive classes. Consequently, the reduction theorem does not hold for 
multiplicative classes. 

Example 3.6.12 (a) Fix a homeomorphism a — > {ao^ai) from onto 
pjN ^ ^ countable ordinal and U C x a universal 

set. Define 

Ui = {{a,/3) : (ai,P) €U}, z = 0 or 1. 

It easy quite easy to check that Uq, Ui are additive class 7 sets such that 
for every pair (^Oj ^1) of additive class 7 sets, there exists an a G such 
that {Ui)a = Ai, z = 0 or 1. Such a pair of sets Uq, Ui will be called a 
universal pair for additive class 7. 

(b) By 3.6.10, there exist pairwise disjoint additive class 7 sets Vq C Uq 
and Vi C Ui such that Vq IJ ^1 = We claim that Vq, Vi cannot 

be separated by an ambiguous class 7 set. Suppose not. Let W be an 
ambiguous class 7 set such that 

VoQW and Wf]Vi = 0. 

We claim that IT is a universal A° set, which contradicts 3.6.9. To prove 
our claim, take any Aq G A°(N^). Let Ai = Aq. Then there exists an 
a G N” such that {Ui)a = Ai, z = 0 or 1. Plainly, Aq = Wa- 

The next proposition is a very useful one. A sequence (A„) of sets is 
called convergent if liminf„ A„ = limsup„ A„ = B, say. In this case we 
say that (A„) converges to B and write lim A„ = B. Note that the following 
two statements are equivalent: 

(i) (An) is convergent. 

(ii) For every x G X, x G A„ for infinitely many rz if and only if a: G A„ 

for all but finitely many zz. 
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Proposition 3.6.13 Let X he metrizahle and 2 < a < toi. Suppose A G 
A°(X). Then there is a sequence (A„) of ambiguous class < a sets such 
that A = lim An ■ 

The result is also true for a = 2, provided that X is separable and zero 
dimensional. 

Proof. We write 

A=[]Cn = P\Dn, 

n n 

where the Cn’s are multiplicative class < a sets, the D„’s are additive 
class < a sets, C„ C C„+i, and Dn+i C £)„. By 3.6.11, there is a set An 
of ambiguous class < a such that 

CnQAnQ Dn. 

Then A = lim An as we now show. Let x G lim sup Thus, x G An for 

infinitely many n. Then x G for infinitely many n and hence for all n. 
Therefore, 

lim sup C A. (1) 

Now let X G A. Then x G C„ for all but finitely many n. Since (7„ C A„ 
for all n, 

A C lim inf An- (2) 

The result follows from (1) and (2). ■ 

We prove the next result for future applications. 

Proposition 3.6.14 Let 2 < a < uji and X an uncountable Polish space. 
There exists a sequence An in 11° (X) with lim sup = 0 such that there 
does not exist Bn 2 An in S°(X) with lim sup = 0. 

Proof. Take A G \ n°_|_i(X). Such a set exists by 3.6.8. By 

3.6.3, we can find disjoint sets An G 11° (X) with union A. Quite trivially, 
limsupGl„ = 0. Suppose there exist A An in S°(X) with lim sup = 
0. We shall get a contradiction. 

By 3.6.11, there is a set C„ G A° (X) such that C C„ C _B„. Note 
that limsupCn = 0. As the sets A„ are in A°_,_^(X), by 3.6.13 there are 
sets An G A° (X) such that A„ = lim^ A^f. Now define 

Dk = {A\ fi Cl) \j{Ai n u • • • n 

Then Dk G A°(X). It is now fairly easy to check that limsupllfc Q A C 
liminf Dk, so A = limDk. This implies that A G A°_|_]^(X), and we have 
arrived at a contradiction. ■ 

The above observation is due to A. Maitra, C. A. Rogers, and J. E. Jayne. 
We close this chapter with another very useful result on Borel functions 
of class a. In particular, it gives us an analogue of the Lebesgue - Hausdorff 
theorem (3.1.36) for class a functions. 
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Theorem 3.6.15 Suppose X, Y are metrizable spaces with Y second 
countable and 2 < a < uji. Then for every Borel function f : X — > Y 
of class a, there is a sequence {fn) of Borel maps from X to Y of class 
< a such that fn^f pointwise. 

We need some lemmas to prove this result. In what follows, X, Y are 
metrizable and d is a compatible metric on Y . 

Lemma 3.6.16 Suppose Y is totally bounded. Then every f : X — > Y of 
class a, a > 1, is the limit of a uniformly convergent sequence of class a 
functions fn ■ X — > Y of finite range. 

Proof. Take any e > 0. We shall obtain a function g : X — i Y of class 
a such that the range of g is finite and d{g{x),f{x)) < e for all x. Let 
{di) J/ 2 , ■ • ■ , Vn} be an e-net in Y. Set 

A = f-\B{y,,e)). 

The sets Ai,A 2 , . . . ,An are of additive class a with union X. By 3.6.10, 
there are pairwise disjoint ambiguous class a sets Bi, B 2 ,. . ., Bn such that 

BlCAi,B2CA2,...,BnCAn 

and 

\Jb, = \Ja = X. 

Define g : X — 1 Y by 

g{x) =yi\ix & B^. 

Then d{f{x),g{x)) < e for all x. ■ 

Lemma 3.6.17 Let f : X — > Y be of class a > 2 with range contained 
in a finite set E = {yi,y 2 , . . . ,yn}- Then f is the limit of a sequence of 
functions of class < a with values in E. 

Proof. Let Ai = f~^{yi), i = 1,2, ...,n. Then Ai, A 2 , . . ., are 
pairwise disjoint, ambiguous class a sets with union X. By 3.6.13, for each 
i there is a sequence (Aim) of sets of ambiguous class < a such that Ai = 
limmAim. Fix m. Let 

B^ = A 2 ™ \ Aim, ...,Blf = Anm\\J A^m 

j<n 

and 

Bff+i=X\\jA,m. 

j<n 

Evidently, the sets S™, B™, . . ., are pairwise disjoint and of am- 

biguous class less than a with union X. So there is a function fm ■ X — >■ Y 
of class < a satisfying 

fm{x) = yi, if a; G B™, 1 < i < n. 
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We claim that fm{xo) fi^o) for all Xq £ X. Assume that Xq £ So, 
f(xo) = Vi- Since xq ^ limsup^ for all j ^ i, there is an integer M 
such that xq ^ Ajm for m > M and j ^ i. Since xq £ liminf^ Aim, we can 
further assume that xq G Aim for all rn > M. Thus, fm(xo) = yi for all 
TO > M. Hence, fm^f pointwise. ■ 

Proof of 3.6.15. Let c? be a totally bounded compatible metric on Y. 
Such a metric exists by 2.1.32 and 2.3.12. By 3.6.16, there is a sequence 
(ffm) of class a functions, with range finite, converging to / uniformly. 
Without any loss of generality, we assume that for all x and all to, 

d{gm{x),gm+i{x)) < 2“™. 

By induction on to, we define a sequence (gmn) of functions of class < a of 
finite range such that for all to and all k, 

limgmn{x) = gm{x) and d{gm+i,k{x),gm,k{x)) < 2“™. (*) 

n 

By 3.6.17, there is a sequence (gon) of functions of class < a, each with 
range finite, converging pointwise to go. Suppose that for some to a sequence 
{gmn) of class < a functions of finite range converging pointwise to gm has 
been defined. We define {gm+i,n) such that (*) is satisfied. By 3.6.17, there 
is a sequence (/i„) of functions of class < a with finite range converging 
pointwise to gm+i- Define 

Unix) = digmnix) , hn{x)) , X £ X. 

The map u„ is of class < a taking finitely many values. The set 
A„ = {x G X : Unix) < 2-^} 



is of ambiguous class < a. Define by 

/ \ / ^n(^) if X € Ajij 

gm+i,n[x) - I otherwise. 

It is easily seen that (*) is satisfied. Define fm'X — 
fmix) = gmmix), X£X. 



r by 



We show that ifm) converges to / pointwise. Take any xq G X. Fix e > 0. 
Let TO be such that 2“™+^ < e/3 and d(/(x), gm(x)) < e/3 for all x. Choose 
M > m such that digmiixo) , g-mixo)) < e/3 for all i > M. For i > M, we 
have the following. 



difiixo),fixo)) 



= dig,iixo),fixo)) 

< diguixo),gi-i,iixo)) H h d(ffm+i.*(a^o) 5 9mi (a;o)) 

+digmiixo),gmixo)) + digmixo), fixo)) 

< (2-* + --. + 2-™) + e/3 + e/3 

< e. 



Our result is proved. 




4 

Analytic and Coanalytic Sets 



In this chapter we present the theory of analytic and coanalytic sets. The 
theory of analytic and coanalytic sets is of fundamental importance to the 
theory of Borel sets and Borel functions. It gives the theory of Borel sets 
its power. Thus the results proved in this chapter are the central results of 
these notes. 



4.1 Projective Sets 

Let B C X X Y. For notational convenience, we denote the projection 
of i? to V by i.e., 

^ B = {x & X {x,y) & B for some y &Y}. 

The coprojection of B is defined by 

V^i? = {x £ X : {x,y) £ B for all y €Y}. 

Clearly, 

M^B = {3^ By. 

For any pointclass F and any Polish space F, we set 

3^r = {3^ B : B G F(V x F), V a Polish space}; 

i.e., 3^r is the family of sets of the form 3^ B where B is in F(V x F), X 
Polish. The pointclass V^F is similarly defined. 
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Let X he a, Polish space. From now on, a Borel subset of a Polish 
space will be called a standard Borel set. A subset A of X is called 
analytic if it is the projection of a Borel subset B of X xX. The pointclass 
of analytic sets is denoted by Sj. A subset C of X is called coanalytic if 
X \ C is analytic. 

Note that a subset A of X is coanalytic if and only if it is the coprojection 
of a Borel subset of X x X. 

n} will denote the pointclass of coanalytic sets. Thus 11 j = -■S j. Finally, 
we define 

Ai = nif|s}. 

Let X be a Polish space, C = B x X . Then 

B = = V^C. (*) 

Thus every standard Borel set is analytic as well as coanalytic; i.e., they are 
A} sets. The converse of this fact is also true; i.e., every Aj set is Borel 
(4.4.3). This is one of the most remarkable results on Borel sets. It was 
proved by Souslin[lll] and marked the beginning of descriptive set theory 
as an independent subject. 

Proposition 4.1.1 Let X be a Polish space and A C X. The following 
statements are equivalent. 

(i) A is analytic. 

(ii) There is a Polish space Y and a Borel set B C X xY whose projection 

is A. 

(iii) There is a continuous map f : X whose range is A. 

(iv) There is a closed subset C of X x whose projection is A. 

(v) For every uncountable Polish space Y there is a Gs set B in X x Y 

whose projection is A. 

Proof, (i) trivially implies (ii). 

Let X be a Polish space and B a Borel subset of X x X such that 
ttx{B) = A, where ttx : X x X — >■ X is the projection map. By 3.3.17, 
there is a continuous map g from onto B. Take / = ttx o g. Since the 
range of / is A, (ii) implies (iii). 

Since the graph of a continuous map / : X is a closed subset of 

X X with projection A, (iii) implies (iv). 

By 2.6.5, every uncountable Polish space X contains a homeomorph of 
N^, which is necessarily a Gs set in X. Therefore, (iv) implies (v). 

(i) trivially follows from (v). ■ 
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Proposition 4.1.2 (i) The pointclass S} is closed under countable 
unions, countable intersections and Borel preimages. Consequently, 
n} is closed under these operations. 

(ii) The pointclass S} is closed under projection 3^ , and 11} is closed 
under coprojection for all Polish Y. 

Proof. We first prove (i). 

Closure under Borel preimages: Let X and Z be Polish spaces, 
A C X analytic, and / : Z — X a Borel map. Choose a Borel subset B 
of X X X whose projection is A. Let 

C = {{z,x) G Z X X : (f{z),x) € B}. 

The set C is Borel, and ttx{C) = f~^{A). So f~^{A) is analytic. 

Closure under countable unions and countable intersections: 

Let At), A), A 2 , ... be analytic subsets of X. By 4.1.1, there are Borel 
subsets Bq, B), B 2 , . . . of X x whose projections are Aq,Ai,A 2 ,... re- 
spectively. Take 

C = {(x. Of) G X X N” : (x, a*) G Bq(o)} 

and 

D = {(x, a) G X X : (x, fi{a)) G B) for every i}, 

where a*{i) = a{i + 1) and (/o, /i, / 2 , • ■ •) : (N^)^ is a continuous 

surjection. Note that the map a — 1 a* is also continuous. Hence, the sets 
C and D are Borel with projections IJ^ A) and A) respectively. We have 
shown that S} is closed under countable unions and countable intersections. 
The closure properties of 11} follow. 

(ii) is trivially seen from the identity (*) and the fact that the product 
of two Polish spaces is Polish. ■ 

Exercise 4.1.3 Let B C Xhe analytic (in particular Borel) and / : B — ^ 
Y a Borel map. Show that f{B) is analytic. 

Is there an analytic set that is not Borel? Recall that in Chapter 3 we 
used universal sets to show that for any uncountable Polish space X and 
for any 1 < a < wi, S°(X) yf II}} (X). We follow the same ideas to show 
that there are analytic sets that are not Borel. 

Theorem 4.1.4 For every Polish space X, there is an analytic set U C 
X X such that A C X is analytic if and only if A = Ua for some a; 
i.e., U is universal for S}(X). 

Proof. Let C C x {X x N^) be a universal closed set. The existence 
of such a set is shown in 3.6.6. Let 



U = {{a,x) G N” X X : {a,x, (3) G C for some /?}. 
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As U = 3^ C, it follows that U £ Til. Let A C X he T\. Choose a closed 
set C X X whose projection is A (4.1.1). Let a £ be such that 
F = Ca- Then A=U^. ■ 

Theorem 4.1.5 Let X be an uncountable Polish space. 

(i) There is an analytic set U C X x X such that for every analytic set 

A C X, there is an x £ X with A= U^- 

(ii) There is a subset of X that is analytic but not Borel. 

Proof, (i) Since X is uncountable Polish, it contains a homeomorph of 
N'*^, say Y (2.6.5). The set T is a set in X (2.2.7). Take U CY x X as 
in 4.1.4. 

(ii) Let 

A = {x £ X : (x,x) £ U}. 

Since is closed under continuous preimages, A £ T\. We claim that A is 
not coanalytic and hence not Borel. Suppose not. Then analytic. Take 
an xq £ X such that A^ = Then 

xo £ A 4=^ (xq, xq) £ U 4=^ xq £ A‘^. 

We have arrived at a contradiction. ■ 

Remark 4.1.6 From the Borel isomorphism and the above theorem we 
see that every uncountable standard Borel set contains an analytic set that 
is not Borel. 

Just as we defined analytic and coanalytic sets from Borel sets, we can 
continue with sets that are projections of coanalytic sets, complements of 
these sets, and so on. More precisely, for each n > 1, we define pointclasses 
n)j, and by induction on n as follows: Let X be any Polish space. 
We have already defined Sj(Al), Il}(Jf), and Aj(Al). Let n be any positive 
integer. We take 



si+i(x) = 3^ni{XxX), 

ni+i(x) = -si+i(x), 

and 

Ai+i(x) = si+i(w)f|ni+i(w). 
Sets thus obtained are called projective sets. 
Proposition 4.1.7 Let n be a positive integer. 



(i) The pointclasses T]^ and 11)^ are closed under countable unions, count- 
able intersections and Borel preimages. 
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(ii) is a a-algehra. 

(iii) The pointclass is closed under projections 3^ , and 11^ is closed 
under coprojections V^, Y Polish. 

Proof. Clearly, (ii) follows from (i). So, we prove (i) and (iii) only. We 
proceed by induction on n. Let n > 1 and and have all the 

closure properties stated in (i) and (iii). The arguments contained in the 
proof of 4.1.2 show that also has the stated closure properties. Since 
n), = the remaining part of the result follows. ■ 

Exercise 4.1.8 Let B j- X he and / : B — > Y a Borel map. Show 
that f{B) G El. 

Proposition 4.1.9 For every n> 1, 

si|Jni c Ai+i. 

Thus we have the following diagram, in which any pointclass is contained 
in every pointclass to the right of it: 

S} El El ••• 



A 



1 

1 






A 



1 

3 



ni ni ni 

( The Hierarchy of Projective Sets ) 

Proof. We prove the result by induction on n. Let X be a Polish space 
and A C X analytic. As A} C n(, it follows that E( C E^. Since E( is 
closed under continuous preimages, the set C = A x A is analytic. Since 

A = V^C, 

A is in n^. Hence A G A^. The rest of the result now follows fairly easily 
by induction. ■ 

Lemma 4.1.10 Let n > 1, F either E), or III , and X a Polish space. 
There is aU Q x X inF such that A C X is in F if and only if A = Ua 
for some a; i.e., U is universal for P(A). 

Proof. The result is proved by induction. Suppose U C x A is 

universal for E}(A). Then [7° is universal for 11} (A). Let C C x (A x 

N^^) be universal for Il)j(A x N^^). As in 4.1.4, we see that 3^^ C is universal 
for Ei_(_;^(A), and its complement is universal for ni_,_^(A). ■ 

Theorem 4.1.11 Let X he an uncountable Polish space and n > 1. 
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(i) There is a set U € x X) such that for every A G S^(X), there 

is an X with A = Ux- 

(ii) There is a subset of X that is in but not in 11^ (X). 

Proof. The result is proved in exactly the same way as 4.1.5. ■ 

Exercise 4.1.12 Show that for any Polish space X and for any n > 1, 
there is no set U G x X) that is universal for A^(X). 

We shall not be much interested in higher projective classes, as they are 
not of much importance to the theory of Borel sets. Further, regularity 
properties of projective sets, e.g., questions regarding their cardinalities, 
measurability, etc., cannot be established without further set-theoretic as- 
sumptions. This is beyond the scope of these notes. 

The next result gives a very useful connection between the Souslin oper- 
ation and analytic sets. 

Theorem 4.1.13 Let X be a Polish space, d a compatible complete metric 
on X, and A C X. The following statements are equivalent. 

(i) A is analytic. 

(ii) There is a regular system {P’s : s G of closed subsets of X such 

that for every a G diameter(Fo,|„) — i 0 and A = Al({Fs}). 

(iii) There is a system {Fg : s G of closed subsets of X such that 

A = A{{Fg}). 

Proof, (ii) implies (iii) is obvious. 

(iii) (i): Let {Fg} be a system of closed sets in X such that 



i.e.. 

Let 

As 



X G A 4=^ 3aVn(x G Eq,|„). 
C={(x,a) gXxN": Vn(x G F„,„)}. 

^=n u (^sxs(s)), 

n {s:|5|=n} 



C is closed. Since A is the projection of C, it is analytic. 

(i) (ii): Let A C A be analytic. By 4.1.1, there is a continuous map 

/ : X whose range is A. Take 



Fg= cl(/(S(s))). 
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Clearly, the system of closed sets {Fg : s G is regular. Since / is 

continuous, diameter(Fc,|„) converges to 0 as n — 1 oo. 

Let X = f{a) G A. Then for all n, x € Thus A C ^({fs}). 

To show the reverse inclusion, take any x G ^({Fg}). Let 

X G F„|„ = cl(/(S(a|n))) 

for all n. Choose a„ G S(a|n) such that d{x, /(on)) < 2“”. So, /(an) — >■ x. 
Since a„ — 1 a and / is continuous, f{an) — >■ /(a). Hence, x & A, and the 
result follows. ■ 

Theorem 4.1.14 The pointclass S} is closed under the Souslin operation. 

Proof. By 1.13.1, the Souslin operation is idempotent; i.e., for any family 
T of sets A{A{T)) = A{T). Since S) = A{T), where T is the family of 
closed sets, the result follows. ■ 

Remark 4.1.15 Since there are analytic sets that are not coanalytic, II) 
is not closed under the Souslin operation. 

Exercise 4.1.16 Let X be an uncountable Polish space and n>2. Show 
that and A), are closed under the Souslin operation. 

Remark 4.1.17 For every Polish space X, there is a pair of analytic sets 
Uq,Ui C X X such that for any pair Aq,Ai of analytic subsets of X 
there is an a satisfying Ai = {Ui)a, t = 0, 1. To show the existence of such 
a pair, fix an analytic set U C x X universal for analytic subsets of X. 
Let /(a) = (ao, ai) be a homeomorphism from onto x Take 

Ui = {(a, a;) G N” x X : (ai,x) G U}. 

Since and are also homeomorphic, we can say more. There exists 

a sequence C/q, Ci, C/ 2 , . . . of analytic subsets of N” x A such that for any 
sequence Aq, A\, A 2 T ■ ■ of analytic subsets of X, there is an a G with 
{Ui)a = Ai for all i. 

Exercise 4.1.18 Let X be an uncountable Polish space. 

(i) Show that there is a sequence (C/„) of analytic subsets oi X y. X such 

that for every sequence (H„) of analytic subsets of X there is an 
X G X with A„ = {Un)x for all n. 

(ii) Show that there is a set C/ G X X)) universal for xl(ni[(/f)). 

Exercise 4.1.19 Show that for any uncountable Polish space X, 
cr(Si[(/f)) is not closed under the Souslin operation. 

In 2.2.13, we proved that a subset of x is closed if and only if it 
is the body of a tree T on N x N. This gives us the following connection 
between trees and coanalytic sets, which will be used often in the sequel. 
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Proposition 4.1.20 Let A C N^. The following statements are equivalent. 

(i) A is coanalytic. 

(ii) There is a tree T on N x N such that 

a G A 4=^ T[a] is well-founded 

4=^ T[cx\ is well-ordered with respect to <kb ■ 

Proof. Let A C be a coanalytic set. Then is analytic. Let C be a 
closed set in x such that 7 Ti(C) = where tti : x is 

the projection onto the first coordinate space. The existence of such a set 
follows from 4.1.1. By 2.2.13, there is a tree T on N x N such that [T] = C. 
Now note that 



a G A'^ 4=^ 3/3((a,/3) e [T]) 

^ 3/3(/3 G [T(a)]) 

4=^ T[a] is not well-founded 

Thus (ii) follows from (i). 

(ii) (i): Let A C satisfy (ii). Then is the projection of [T], and 
so A is coanalytic. ■ 

We close this section by giving a beautiful application of the Borel iso- 
morphism theorem. 

Example 4.1.21 Let g : R x R — > R be a Borel function. Define 

f (x) = sup g{x,y), x G X. 
y 

Assume that f{x) < oo for all x. The function / need not be Borel. To see 
this, take an analytic set A C R that is not Borel. Suppose B C R x R is 
a Borel set whose projection is A. Take g = xb- 

It is interesting to note that we can characterize functions / : R — R 
of the form f{x) = supy g{x,y), g Borel. Call a function / : R — R an 
A-function if {x : f{x) > t} is analytic for every real number t. 

Let f{x) = supy g{x,y), g : R x R — >• R Borel. (Assume f{x) < oo.) 
Then for every real t, 

f{x) > t 4=^ {3y G R){g{x,y) > t). 

So, / is an A-function. Further, / dominates a Borel function. (A function 
u : E — >■ R is said to dominate v : E — >■ R if u(e) < u{e) for all e G E.) 
We show that the converse is true. 

Proposition 4.1.22 (H. Sarbadhikari [99]) For every A-function f : 
R — > R dominating a Borel function there is a Borel (/ : R x R — > R 
such that f{x) = supyg{x,y). 
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Proof. Let v : ffi. — K be a Borel function such that v{x) < f{x) for all 
X. For n G Z, let 



Bn = {a; G M : n < v(x) < n + 1}. 

Fix an enumeration : m G N} of the set of all rational numbers. Let 

A = {(x,y) : f(x) > y}. 



Since 

^ 2/) G X ® : /(a;) > > 2/} 

m 

and / is an A-function, A is analytic. By 4.1.1, there is a Borel set B C 
(K X R) X R whose projection is A. Define h : R^ — > R by 

7 / \ f 2/ if (a;, 2/j -z) C B, 

Hx,y,z) = ^^ if X G & (x,y,z) G R3\B. 

The function h is Borel, and 

f{x) = sup h{x,y,z). 

(y,A 

Let u : R — >■ R^ be a Borel isomorphism. Such a map exists by the Borel 
isomorphism theorem. Define g by 

g{x,y) = h{x,u{y)). 



Remark 4.1.23 Later (4.11.6) we shall give an example of an A-function 
/ : R — ^ R that does not dominate a Borel function. 



4.2 E} and 11} Complete Sets 

In this section we present a commonly used method to show that a set is 
analytic or coanalytic but not Borel. Most often if a set is, say, S}, then it 
has a suitable description to show that it is so. However, showing that it is 
not Borel (say) is generally hard. 

Let A be a Polish space and A C X. We say that A is S (-complete if A 
is analytic and for every Polish space Y and every analytic B QY, there is 
a Borel map / : Y — ^ X such that f~^{A) = B. Since there are analytic 
sets that are not Borel, and since the class of Borel sets is closed under 
Borel preimages, no S(-complete set is Borel. This gives us a technique 
to show that an analytic set is non-Borel: We simply show that the set 
under consideration is S(-complete. It may appear that we have made the 
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problem more difficult. This is not the case. It has been shown that the 
statement “every analytic non-Borel set is S}-complete” is consistent with 
ZFC. Further, whether it is possible to prove the existence of such a set in 
ZFC is still open. 

Let X,Y he Polish spaces and A C X , B C Y . We say that A is Borel 
reducible to B if there is a Borel map / : X — >■ Y such that f~^{B) = A. 
Note that if an analytic set A is Borel reducible to B and A is a Sj-complete 
set, then B is Sj-complete. We define IlJ-complete sets analogously. All 
the above remarks clearly hold for Il}-complete sets. 

We now give a few illustrations of our method. 

Example 4.2.1 We identify a tree T on N with its characteristic function 
XT G 2^"^". So, we put 

Tr = {T G 2^ : T is a tree on N}. 

Note that for any T G 2^"^", 

T GTr ^ (Vs G N<")(Vt G N<")(s GT s^tGT). 

Hence, Tr is a, Gs set in 2^"^ , where 2’**^ is equipped with the product of 
discrete topologies on 2 = {0, 1}, and hence is a Polish space. Let 

WF = {T G Tr : T is well-founded}. 

We show that IFF is Il}-complete. 

Observe that 



T G WF ^TGTr k V/33n(T(/3|n) = 0). 

Therefore, WF = V^ E, where 

E = {(T,/3) G 2"“"'' X N" : F G Tr & 3n(T(/3|n) = 0)}. 

It is quite easy to see that the set E is Borel. Hence, IFF is coanalytic. 

Now take any coanalytic set C in By 4.1.20, there is a tree T on 
N X N such that 

a G C 4=^ T[a] is well-founded. 

Define / : — > Tr by 

f(a) = T[a], 

the section of T at a. The map / is continuous: Take any s G and 
note that 

f(a)(s) = 1 4=^ T(a||s|,s) = 1. 

Thus TTg o / is continuous for all s, and so / is continuous. 

As C = f~^(WF), by the Borel isomorphism theorem it follows that 
IFF is n}-complete. 
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Example 4.2.2 We identify binary relations on N with points of 2^^^. As 
before, we equip 2^^^ with the product of discrete topologies on 2 = {0, 1}. 
Let 

LO = {a € 2^^^ : a is a linear order}. 

It is easy to check that LO is Borel. Define 

WO = {a G 2^^^ : a is a well-order}. 

Arguing as in 4.2.1, we see that WO is coanalytic. We now show that 
WO is n}-complete. It is sufficient to show that there is a continuous map 
R-.Tr — ^ 2"xN such that WF = R~^{WO). 

Fix a bijection u : N — To each T € Tr, associate a binary 
relation R{T) on N as follows: 

k R{T) I ^ {u{k),u{l) Sz k<l) 

V(u(fc) G T & u{l) ^T) 

\/{u{k),u{l) G T & u{k) <kb u{l)) 

It is easy to check that T — >■ R{T) is a continuous map from Tr to 
Since a tree T on N is well-founded if and only if is a well-order 
on T (1.10.10.), WF = i?-i(WO). 

Exercise 4.2.3 Let 

iV = {a G : a{i) > 0 for infinitely many i}. 

Show the following 

(i) N is Polish. 

(ii) The set 

IF* = {KgK{N^) 

is S}-complete. 

Exercise 4.2.4 Show that the set 

{K G K{R) : K CQ} 

is n}-complete, where K(R) is the space of all compact subsets of M 
equipped with the Vietoris topology. 

Proposition 4.2.5 Let X be an uncountable Polish space. Then 
Lf{X) = {K G K{X) : K is uncountable} 



is Hi-complete. 
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Proof. We first show that U{X) G S}. Let P{X) denote the set of all 
nonempty perfect subsets of X. Then P{X) is Borel in K{X). To see this, 
take a countable base (14) for X. We have 

K is perfect 4=4> ^n{K p| 14 0 

^ 30(Vfc,V) C 14 
kVk^Vi = %kK^Vu,K(^Vi^%)). 

So, 

p(x) = f|KU U 

n {k,l)es„ 

where 

An = {KGK(X):Kf]Vny^9} 

and 

S„ = {{k,l) : Vk CV„ k Vi CVn k Vkf]Vi = 0 }. 

Hence, P{X) is Borel. Let K G K{X). By 2.6.3, 

K is uncountable 4=^ {3P G K{X)){P G P{X) k P C K). 

By 2.4.11, the set 

{{K,L) G K{X) X K{X) -K CL} 
is closed. Hence, U{X) G S}. 

It remains to show that U{X) is S(-complete. Since every uncountable 
Polish space contains a Gs set homeomorphic to N^, it is sufficient to prove 
the result for X = Let N be as in 4.2.3. Define / : — > AT(N^) by 

/(a) = {/3 G : /3 < a pointwise}. 

Then / is continuous. Further, 

a G N 4=^ /(a) is uncountable. 

Now consider the map g : Ar(iG(N^)) — iG(N^) defined by 

g{IC) = \JlC, ICgK{K{N^)). 

The map g is continuous (2.4.11). Define 

h{K)=g{f{K)), KgK{N^). 

The map h is continuous, and 

IF* = h~^{{K G K(N^) : K is uncountable}). 



The result follows from 4.2.3. 
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Corollary 4.2.6 Let X be an uneountable Polish space. Then 



{K G K{X) : K is countable} 

is H\-complete. 

Proposition 4.2.7 (Mazurkiewicz) The set DIFF of everywhere differ- 
entiable functions f : [0,1] — > M is H\-complete. In particular, it is a 
coanalytic, non-Borel subset ofC[0,l]. 

Proof. We know that the map (/, x) — f{x) is continuous on C[0, 1] x 
X. From this it easily follows that DIFF is II];. We now show that WF 
is Borel reducible to DIFF. This will complete the proof. 

Let s — >■ (s) be a bijection from onto N. For each s G define 
an open interval Jg C [0, 1] and a nonempty closed interval Kg satisfying 
the following conditions. 



(i) Kg and Jg are concentric. 

(ii) |iF.|<2-<*>(|J,|-|iF,|). 

(iii) Jg~nf= where is the left half of Kg. 

(iv) Jg~ri n Js~m = 0, if n yf m. 



Let K^^^ denote the right half of Kg. So the K^^^’s are pairwise disjoint. 
Also, for every a G N”, C\kJa\k = C\k^a\k = a sigleton. For 

any tree T on N, set 

Gt = U n 

aG[T] k 



Clearly, 

T G WF ^Gt = %. (*) 

Further, 

GT=un<i=n u 

aG[T] k k sgTp|N'= 

For each closed interval I = [a, b] C [0, 1], let (pi : [0, 1] — [0, |/|] be a 
function in DIFF that is positive precisely on (a,b), and = b — a. 

Let T be a tree on N and x G [0, 1]. Define 



sGT 



Since 0 < ip ^r){x) < [A'i^^j <2 Ft is a continuous function. 

T — Ft is a continuous map from Tr to C[0, 1]: Let S and T be two 
trees on N such that 



Tf\G G Tr : (s) < N} = sfH. G Tr : (s) < N}. 




140 



4. Analytic and Coanalytic Sets 



Then, for any x G [0, 1], 

\Ft{x) - Fs{x)\ < < 2"^. 

{s)>N 

Hence, T — Ft is continuous. 

Our proof will be complete if we show that 



T G WF 4=^ Ft G DIFF. 



By (*) it is sufficient to show that for every x G [0, 1], 

X ^ Gt Ft is not differentiable at x. 

Let X G Gt- Choose a G [T] such that x G for every k. Let 

Ik = and let Ck be the midpoint of K^^k- ^i^ce x ^ for any s, 

Ft{x) = 0. Also FT{ck + lk/4:) = 0. So 

hand, I I = > 2 Ck,Ck + Ik ^ x, it follows that 

f is not differentiable at x. 

Now assume that x ^ Gt- Then there exists a positive integer N such 
that for no s G T with (s) > N, x G Jg- Let s G T with (s) > N. Then for 
any h ^ 0, 

V^(R)G+h)-T iR) G) 

I ^ s 2_J 

I h 



For any n> N, set 

F^{x) = Y 

s^T,{s)<n 



V„(H) G+h) 

^ s 

\Kj^\ 

■ Si"' 






ip^iR){x). 



We have 



Ft{x + h) - Ft{x) F^(x + /r)- Fip(x) 



< 2 “ 



Since F^ is differentiable at x, it follows that 



lim sup 
h—¥0 



Ft(x + h) - Ft(x) _ Ft(x + h) - Ft(x) ^ ^-n+i 

h h — ^0 h 



Letting n — >■ oo, we see that Ft is differentiable at x. 
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In this section we show that analytic sets have nice structural properties; 
e.g., they are measurable with respect to all finite measures, they have the 
Baire property, and they satisfy the continuum hypothesis. We also discuss 
the possible cardinalities of coanalytic sets. These are very useful facts, and 
subsequently we give several applications of these. 

In 3.5.22, we proved that if {X, B, fj,) is a complete cr-finite measure space, 
then B is closed under the Souslin operation. We also proved that the cr- 
algebra of sets with the Baire property is closed under the Souslin operation. 
Using these and 4.1.14, we get the following two theorems. 

Theorem 4.3.1 Let fj, be a a-finite measure on (X,Bx), X Polish. Then 
every analytic subset of X is ii-measurable. 

Theorem 4.3.2 Every analytic subset of a Polish space has the Baire 
property . 

Exercise 4.3.3 Let X be an uncountable Polish space and B either the 
cr-algebra of subsets of X having the Baire property or the completion 
Bx^ , where n is a continuous probability on Bx- Show that no cr-algebra 
A satisfying 

<TA'TB 

is countably generated. 

As mentioned earlier, we shall give several applications of these results in 
the sequel. At present we use it to give a solution to a problem of Ulam[121] . 
Recall that in Chapter 3 we considered the following problem: Is 



We showed that under CH the answer to this question is yes. In the same 
spirit, Ulam[121] asked the following question: Is 

ct(S1(R)) (g) a(S}(K)) = a(S}(R x R))? 

The answer to this question is no. 

Theorem 4.3.4 (B. V. Rao[95]) Let X be an uncountable Polish space 
and U C X X X universal analytic. Then 

U^V{X)^B, 



where B is as in 4-3.3. 

Proof. Suppose U £ P(X)(^B. We shall get a contradiction. From 
3.1.7, there are Cq,Ci,C 2 , . ■ . C X and L>o, L>i, L> 2 , ■ ■ ■ in B such that 
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U G X Di : i £ N}). Let Y be an uncountable Borel subset of X 

such that each Dif]Y is Borel. In particular, every section {U p|(^ ^ '^))x, 
a: G X, is Borel. Let E be an analytic non-Borel set contained in Y . Since 
U is universal, 

E=U,, = {Uf]{XxY)),, 

for some xq G X. We have arrived at a contradiction. ■ 

Next we show that analytic sets satisfy the continuum hypothesis. 

Theorem 4.3.5 Every uncountable analytic set contains a homeomorph 
of the Cantor set and hence is of cardinality c. 

Proof. Let X he a Polish space and / : 1 X a continuous map 

whose range is uncountable. We first show that there is a Cantor scheme 
{Es : s G 2''^} of closed subsets of such that whenever |s| = |t| and 
s^t, f{E,)r[f{Et)=9. 

Since the range of / is uncountable, we get an uncountable Z C such 
that f\Z is one-to-one. By the Cantor - Bendixson theorem (2.6.2), we can 
further assume that Z is dense-in-itself. Take a compatible complete metric 
d < 1 on N”. We define a system {Ug : s G 2<^} of nonempty open subsets 
of satisfying the following conditions: 

(i) diameter({7s) < 2“l®l; 

(ii) Usf]Z^^; 

(hi) cl{Us~e) CUs, e = 0, 1; and 

(iv) whenever |s| = \t\ and s yf t, f{cl{Us))f]f{cl{Ut)) = 0. In particular, 
cl{Ug)f] cl(C/i) = 0. 

We define such a system by induction on |s|. Take Ue = X. Suppose Ug 
has been defined for some s. Since Z is dense-in-itself and Ug open, Ugf]Z 
has at least two distinct points, say xg, xi. Then f(xo) yf f{xi)- Let Wg 
and Wi be disjoint open sets containing f{xg) and /(xi) respectively. Since 
/ is continuous, there are open sets Ug-g and Ug~i satisfying the following 
conditions: 

(a) Xg G Ug-g C cl{Ug~g) CUg, e = 0 or 1; 

(b) diameter([/s'e) < ^pjqrr; and 

(c) ficl{Ug-g)) CWg,e = 0oT 1. 

(d) In particular, f{cl{Ug-g))f]f{cl{Ug-i)) = 0. 

Put Eg = cl(17s). Let C = AldP),}). Then C is homeomorphic to the 

Cantor set, and f\C, being one-to-one and continuous, is an embedding. ■ 
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Remark 4.3.6 The above proof shows more: Let X , Y be Polish spaces 
and f : X — > Y a continuous map with range uncountable. Then there is 
a homeomorph of the Cantor set C C X such that f\C is one-to-one. 

We now give some consequences of 4.3.5 (and 4.3.6). 

Proposition 4.3.7 Let X be a Polish space and A C X. The following 
statements are equivalent. 

(i) A is analytic. 

(ii) There is a closed set C C X x such that 

A = {x G X : Cx is uncountable} . 

(iii) There is a Polish space Y and an analytic set B C X x Y such that 

A = {x G X : Bx is uncountable} . 

Proof. (i) (ii): Let / : — >■ X be a continuous map with range A 

and 7Ti : x — >■ the projection map. Note that tti is continuous 

and 7r)"^(a) uncountable for all a. Since x is homeomorphic to 
this shows that there is a continuous map h : — >■ such that h~^{a) 

is uncountable for all a. Take C = graph(/ o h). 

(iii) is a special case of (ii). 

(iii) (i): By (4.3.6), we have the following: Let P, Q be Polish spaces 
and / : P — > Q a continuous map. The range of / is uncountable if and 
only if there is a countable dense-in-itself subset Z oi P such that /|.^ is 
one-to-one. 

Note also that the set 

D = {{xn) G (N^)” : {xn : n G N} is dense-in-itself} 
is a Gs set in (N^)^. 

Now let X, Y and B be as in (iii). Let / : — >■ X xY he & continuous 

map with range B. By (a), 

Bx is uncountable 4=^ (3(2„) G D){'ii'ij{i ^ j f{zi) yf f(zj)), 

k'ik{TTx{f{zk)) = x)), 

where ttx : X x Y — >■ X is the projection map. The result follows from 
(b). ■ 

We know that if X is a separable metric space, Y a metrizable space, 
and / : X — >• Y a continuous map, then f{X) is separable. Using 4.3.5, 
we now show that this result is true even for Borel / when X is analytic. 
The beautiful proof given below is due to S. Simpson. 
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Theorem 4.3.8 (S. Simpson [79]) Let X be an analytic subset of a Polish 
space, Y a metrizable space, and f : X — > Y a Borel map. Then f{X) is 
separable. 

Proof. Without any loss of generality, we assume that X is Polish and 
Y = f{X). Suppose Y is not separable. Then there is an uncountable 
closed discrete subspace Z of Y. As |A| = c, |T| < c, and hence \Z\ < c. 
Let X' = f~^{Z). Note that X' is Borel. Now take any A C R of the same 
cardinality as Z that does not contain any uncountable closed set. We have 
proved the existence of such a set in 3.2.8. Let g be any one-to-one map 
from Z onto A. Since Z is discrete, g is continuous. Clearly, g o f is Borel. 
As A = g{f{X')), A is an uncountable analytic set not containing a perfect 
set. This contradicts 4.3.5. ■ 

Corollary 4.3.9 Every Borel homomorphism ip : G — > H from a com- 
pletely metrizable group G to a metrizable group H is continuous. 

Proof. Let (g„) be a sequence in G converging to g. Replacing G by the 
closed subgroup generated by {(?„ : n € N}, we assume that G is Polish. 
By 4.3.8, p{G) is separable. The result follows from 3.5.9. ■ 

As another application of 4.3.8, we give a partial answer to a question 
raised by A. H. Stone [120]: Let X, Y be metrizable spaces and / : X — >■ Y 
a Borel map. Is there an ordinal a < uji such that / is of class a? The 
answer to this question is clearly yes if Y is second countable. By 4.3.8, Y 
is separable if X is analytic. So, Stone’s question has a positive answer if 
X is analytic. This problem is open even for coanalytic A! 

Finally, we apply 4.3.5 to give a partial solution to a well-known problem 
in set theory. A set A of reals has strong measure zero if for every 
sequence (a„) of positive real numbers, there exists a sequence (/„) of open 
intervals such that |/„| < a„ and A C [J^ 

Proposition 4.3.10 (i) Every countable set of reals has strong measure 
zero. 

(ii) Every strong measure zero set is of (Lebesgue) measure zero. 

(iii) The family of all strong measure zero sets forms a a-ideal. 

Proof, (i) and (ii) are immediate consequences of the definition. We 
prove (iii) now. Let (A„) be a sequence of strong measure zero sets. Take 
any sequence (a„) of positive real numbers. Choose pairwise disjoint infinite 
subsets Iq, Ii, I 2 , . ■ . ofN whose union is N. For each n choose open intervals 
In, such that [/” | < and A„ C Ume/„ Note that 

U-4-S U U c. 

n n^Nm^/n 



The proof of (iii) is clearly seen now. 
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Here is another simple but useful fact about strong measure zero sets. 

Proposition 4.3.11 Let A C [0, 1] he a strong measure zero set and / : 
[0, 1] — > M a continuous map. Then the set f{A) has strong measure zero. 

Proof. Let (a„) be any sequence of positive real numbers. We have to 
show that there exist open intervals n G N, such that | J„| < a„ and 
f{A) C J„. Since / is uniformly continuous, for each n there is a positive 
real number such that whenever X C [0,1] is of diameter at most 6„, 
the diameter of f{X) is at most a„. Since A has strong measure zero, there 
are open intervals n G N, such that |/„| < bn and A C Take 

Jn = /(/„). ■ 

Here are some interesting questions on strong measure zero sets. Is there 
an uncountable set of reals that is not a strong measure zero set? Do all 
measure zero sets have strong measure zero? We consider the second ques- 
tion first. 

Example 4.3.12 It is easy to see that there is no sequence (/„) of open 
intervals such that the length of is at most and (/„) cover the 

Cantor ternary set C. Hence, C is not a strong measure zero set. It follows 
that not all measure zero sets have strong measure zero. 

From 4.3.12 and 4.3.11 we get the following interesting result. 

Proposition 4.3.13 No set of reals containing a perfect set has strong 
measure zero. 

The Borel conjecture [20]: No uncountable set of reals is a strong 
measure zero set. ■ 

From 4.3.13 and 4.3.5, we now have the following. 

Proposition 4.3.14 No uncountable analytic H C K. has strong measure 
zero. 

Thus, no analytic set can be a counterexample to the Borel conjecture. It 
has been shown that the Borel conjecture is independent of ZFC. The proof 
of this is obviously beyond the scope of this book. We refer the interested 
reader to [9]. Here, under the continuum hypothesis, we give an example 
of an uncountable strong measure zero set. 

Exercise 4.3.15 (i) Show that there is a set A of reals of cardinality c 
such that HfjC is countable for every closed, nowhere dense set. 
(Such a set A is called a Lusin set.) 

(ii) Show that every Lusin set is a strong measure zero set. 

Does CH hold for coanalytic sets? This cannot be decided in ZFC. 
However, in ZFC we can say something about the cardinalities of coanalytic 
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sets — a coanalytic set is either countable or is of cardinality Hi or c. We 
prove these facts now. 

Let T be a well-founded tree on N. Recall the definition of the rank 
function pT '■ T — > ON given in Chapter 1: 

Pt(u) = sup{pT(f ) + 1 '■ u ^ v,v G T}, u GT. 

(We take sup(0) = 0.) Note that pt{u) = 0 if u is terminal in T. 

We extend this notion for ill-founded trees too. Let T be an ill-founded 
tree and s G N''^. Define 

r 0 if s ^ T, 

Pt(s) = < PtA^) if s G T Tg is well-founded, 

[ wi otherwise. 

Note that T is well-founded if and only if pr(e) < toi- 
Lemma 4.3.16 Let T he a tree on N x N and ^ < wi. For every s G 

= {a G N" : pth(s) < ^ 

is Borel. 

Proof. We prove the result by induction on Note that 
= {a G N" : W((a|(|s| + 1), sN) ^ T)}. 

So, is Borel (in fact closed) for all s. Since for any countable ordinal 

C>o, 

c*! = n u 

i ri<i 

the proof is easily completed by transfinite induction. ■ 



Theorem 4.3.17 Every coanalytic set is a union o/Hi Borel sets. 

Proof. Let X be Polish and C Q X coanalytic. By the Borel isomor- 
phism theorem (3.3.13), without any loss of generality we may assume that 
X = N^. By 4.1.20, there is a tree T on N x N such that 

a G C 4=^ r[o;] is well-founded. 

So, 

a G C 4=^ PT[a](e) < oji- 

Therefore, 

C= U Cl 

where the C*! are as in 4.3.16. ■ 

The sets Clf < LO\, defined in the above proof are called the con- 
stituents of C. Since CH holds for Borel sets, we now have the following 
result. 
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Theorem 4.3.18 A coanalytic set is either countable or of cardinality Hi 

or c. 

The following question remains: Does CH hold for coanalytic sets? An- 
other related question is, Is there an uncountable coanalytic set that does 
not contain a perfect set (equivalently, an uncountable Borel set)? G6del[45] 
showed that in the universe L of constructible sets, which is a model of 
ZFC, there is an uncountable coanalytic set that does not contain a perfect 
set. (See also [49], p. 529.) On the other hand, under “analytic determi- 
nacy” ([53], p. 206) every uncountable coanalytic set contains a perfect 
set. Hence under this hypothesis every uncountable coanalytic set is of car- 
dinality c. “Analytic determinacy” can be proved from the existence of 
large cardinals. Thus, the statement “there is an uncountable coanalytic 
set not containing a perfect set” cannot be decided in ZFC. Any further 
discussion on this topic is beyond the scope of these notes. 



4.4 The First Separation Theorem 

The separartion theorems and the dual results — the reduction theorems — 
are among the most important results on analytic and coanalytic sets, with 
far-reaching consequences on Borel sets. 

Theorem 4.4.1 (The first separation theorem for analytic sets) Let A 
and B he disjoint analytic subsets of a Polish space X. Then there is a 
Borel set C such that 



AQC and bP\C = %. (*) 

(If (*) is satisfied, we say that C separates A from B.) 

The proof of this theorem is based on the following combinatorial lemma. 

Lemma 4.4.2 Suppose E = [J^ cannot he separated from F = [j^ Fm 
by a Borel set. Then there exist m, n such that En cannot he separated 
from Fm by a Borel set. 

Proof. Suppose for every m, n there is a Borel set Cmn such that 

Fn C Cmn and Fm n Cmn — 0- 

It is fairly easy to check that the Borel set 

C=\Jf]Cmn 



separates E from F. 
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Proof of 4.4.1. Let A and B be two disjoint analytic subsets of X. 
Suppose there is no Borel set C such that 

ACC and Bf]C = 0. 

We shall get a contradiction. Let / : N’** — > A and g : — > B be 

continuous surjections. We shall get a,/3 G such that /(S(a|n)) cannot 
be separated from g{T,{f3\n)) by a Borel set for any n G N. 

We first complete the proof assuming that a, (D satisfying the above 
properties have been defined. Since A and B are disjoint, /(a) yf giP)- Since 
/ and g are continuous, there exist disjoint open sets U and V containing 
/(a) and g(/3) respectively. By the continuity of / and g, there exists an n G 
N such that /(S(a|n)) C U and g(S(/3|n)) C V. In particular, /(S(a|n)) 
is separated from (/(S(/3|n)) by a Borel set. This is a contradiction. 
Definition of a, /3: We proceed by induction. 

Since A = lJ/(S(n)) and B = [J g(S(m)), by 4.4.2 there exist o;(0) 
and P(0) such that /(S(a(0))) cannot be separated from g(S(/3(0))) by a 
Borel set. Suppose a(0), a(l), . . . , a(/c) and /3(0), /3(1), . . . , /3(fc) satisfying 
the above conditions have been defined. Since 

/(S(a(0), a(l), . . . , a(k))) = |J /(S(a(0), a(l), . . . , a(k),n)) 

n 

and 

g(S(/3(0), /3(1), . . . , p{k))) = U 5(S(/3(0), /3(1), . . . , P{k),m)), 

m 

by 4.4.2 again we get a{k + 1) and P{k + 1) with the desired properties. ■ 

Theorem 4.4.3 (Souslin) A subset A of a Polish space X is Borel if and 
only if it is both analytic and coanalytic; i.e., A}(X) = Bx- 

Proof. The “only if” part is trivial. Suppose both A and A'^ are analytic. 
Since A is the only set separating A from A‘^, the “if part” immediately 
follows from 4.4.1. ■ 

Proposition 4.4.4 Suppose Aq,Ai, . . . are pairwise disjoint analytic sub- 
sets of a Polish space X. Then there exist pairwise disjoint Borel sets 
Bq, Bi,. . . such that Bn A A„ for all n. 

Proof. By 4.4.1, for each n there is a Borel set C„ such that 
An C Cn and Cn Q [J Am=0. 

m^n 

Bn = Cnf] fl (A\C,„). 

m^n g 



Take 




4.4 The First Separation Theorem 149 



Theorem 4.4.5 Let E C X x X be an analytic equivalence relation on 
a Polish space X. Suppose A and B are disjoint analytic subsets of X. 
Assume that B is invariant with respect to E (i.e., B is a union of E- 
equivalence classes). Then there is an E-invariant Borel set C separating 
A from B. 

Proof. First we note the following. Let D be an analytic subset of X 
and D* the smallest invariant set containing D. Since 

D* =ttx{eP\{DxX)), 

where ttx '■ X x X — >■ X is the projection to the second coordinate space, 
D* is analytic. 

We show that there is a sequence (T„) of invariant analytic sets and a 
sequence (i?„) of Borel sets such that 

(i) A C To, 

(ii) An c Bn c An+ 1 , and 

(hi) sns„ = 0. 

Take Aq = A*. Since B is invariant, Aq(^B = %. By 4.4.1, let Bq be a 
Borel set containing Aq and disjoint from B. Suppose Tj, Bi, 0 < i < n, 
satisfying (i), (ii), and iii) have been defined. Put T„+i = B*. Since B is 
invariant, T„+i p| i? = 0. By 4.4.1, let i?„+i be a Borel set containing T„+i 
and disjoint from B. 

Having defined (T„), (H„), let C = Clearly, C is a Borel set 

containing A and disjoint from B. Since C = IJ,^ T„, it is also invariant. ■ 

Exercise 4.4.6 (Preiss [92]) Fix a positive integer Let CB{i) be the 
smallest family of subsets of satisfying the following conditions. 

(a) CB{i) contains all open (closed) convex subsets of R^. 

(b) CB{£) is closed under countable intersection. 

(c) For every nondecreasing sequence (B„) in CB{£), (Jn ^ CB{£). 

Let A and B be any two subsets of R^. Say that A is separated from B 
by a set in CB{£) if T C C C for some C G CB{1). 

(i) Suppose A = "4m C Am+i, and B = Assume that 

A is not separated from i? by a set in CB{£). Show that there exist 
integers m and n such that Am is not separated from by a set in 
CB{e). 

In the rest of this exercise we assume that A and B are analytic. 
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(ii) Let / : A and g : B be continuous surjections. Suppose 

A is not separated from i? by a set in CB{t). Show that there exist 
a,j3 G such that for every k, /(S*(a|fc)) is not separated from 
g{'S{P\k)) by a set in CB{£), where S*(a|fc) = {7 G : Vz < 
fc(7(z) < a(z))}. 

(iii) Now assume that A is convex and disjoint from B. Show that A is 
separated from B by a set in CB{€). 

(Hint: The convex hull of any compact set in K.^ is compact.) 

(iv) Show that CB{£) equals the set of all convex Borel subsets of 

4.5 One-to-One Borel Functions 

In this section we give some consequences of the results proved in the last 
section. 

Proposition 4.5.1 Let A be an analytic subset of a Polish space, Y a 
Polish space, and f : A — > Y a one-to-one Borel map. Then f : A — > 
f{A) is a Borel isomorphism. 

Proof. Let H C H be Borel in A. We need to show that f{B) is Borel in 
f{A). As both B and C = A\B are analytic and / Borel, f{B) and /(C) 
are analytic. Since / is one-to-one, these two sets are disjoint. So, by 4.4.1, 
there is a Borel set D CY such that f{B) C D and /(C) fj I? = 0. Since 
f{B) = Df] f{A), the result follows. ■ 

Theorem 4.5.2 Let X, Y be Polish spaces, A C X analytic, and f : A — >■ 
Y any map. The following statements are equivalent 

(i) / is Borel measurable. 

(ii) graph(/) is Borel in Ax Y. 

(iii) graph(/) is analytic. 

Proof. We only need to show that (iii) implies (i). The other implications 
are quite easy to see. Let U be an open set in T. As 

/-!([/) = 7Tx(graph(/) P|(A x [/)), 

where ttx : X x Y — > X is the projection map, it is analytic. Similarly, 
f~^{U'^) is analytic. By 4.4.1, there is a Borel set H C A such that 

/-!([/) C B and Bp|,rFC/") = 0. 

Since f~^{U) = Hfj A, it is Borel in A, and the result follows. ■ 
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Exercise 4.5.3 Let X be a separable Banach space and Xi a Borel sub- 
space of X. Suppose there is a Borel subspace X2 of X such that 

(i) Xin^2 = {0}, and 

(ii) every x G X can be expressed in the form xi +X 2 , where X\ G Xi and 

X2 G X2- 

Show that Xi is closed in X. 

(Hint: Using 4.5.2 show that the map x — x\ is Borel measurable. 
Now argue as in 3.5.9 and conclude that the map x — > x\ is, in fact, 
continuous.) 

Solovay [110] gave an example of a coanalytic set C C and a non-Borel 
measurable function / : C x K — >■ 2^ whose graph is Borel in C x R x 2^. 
This example is based on a coding of Borel subsets of K that we describe 
now in some detail. 



Solovay’s Coding of Borel Sets 

Let (vi) be an enumeration of the rationals and let J be the pairing 
function on N x N defined by 

J{m,n) = 2"^{2n+ 1). 

We define the coding recursively as follows: 

1 . a G codes [ri,rj] if a(0) = 0 (mod 3), a(l) = i, and a(2) = j. 

2 . Suppose at G codes C R, z = 0, 1, 2, . . .; then a G codes [J^ Bi 

if a(0) = 1 (mod 3) and a{J{m,n)) = am{n). 

3. Suppose /3 G codes B, a(0) = 2 (mod 3), and o;(n-|- 1) = /3(n). Then 

a codes 

4. a codes BCR only as required by 1 - 3. 

Note the following. 

a. Every a G codes at most one subset of R. 

b. Every Borel subset of R is coded by some a G N^. (One shows this 

by showing that the class of all sets having a code contains all [r^, rj] 
and is closed under countable unions and complementation.) 

c. If a subset of R is coded by a, it is Borel. (This is true because the 

class of all a G that code a Borel set H C R is closed under 1 - 
3.) 
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Next, we define a function <j) : x N — 1 with the property that 

if a codes a Borel set B, then •) recovers the Borel sets from which 
B is constructed. For this definition, we fix an enumeration (s„), without 
repetitions, of such that Sn A Sm n < m. So sq is the empty 
sequence. The definition of d>(a,n) will proceed by induction on n. 

Set 

$(a, 0 )=a, aeN^. 

Let n > 0 and suppose that <I)(q;, m) has been defined for all a G N” and 
all m < n. Since n > 0, s„ is of positive length. Let m < n and u be such 
that Sn = Sm "u. Now define for z G N 

( 0 if d)(a, m)(0) = 0 (mod 3), 

d)(a,n)(z) = < d)(a, m)(J(zz, z)) if d)(a, m)(0) = 1 (mod 3), 

[ d)(a, m)(z + 1) if d)(a, to)( 0) = 2 (mod 3). 

It is easy to see that the graph of is Borel. Hence, d) is Borel measurable 
by 4.5.2. Also, by induction on rz, we see that if a codes a Borel set, then 
for all rz, ^(a,n) codes a Borel set. 

For (3 G define P G such that for every rz G N, 

^0(n) = (/3(0)./3(l),---./3(n- 1)). 

Plainly, the map P — > P is continuous. Now define a coanalytic set 

C = {a G N" : (V/3)(3rz)4>(a,^(rz)) = 0}. 

It is easily seen that C is closed under 1-3. Hence, if a G codes a 
Borel set, then a G C. Conversely, if a fails to code a Borel set, then by 
induction, one can construct a function P : N — >■ N such that for all rz, 
4)(a, /3(rz)) fails to code a Borel set. But then, for all rz, 4)(a, /3(rz)) yf 0. 

We now proceed to give an example of a function with domain coanalytic 
whose graph is Borel and that is not Borel measurable. 

Let : N X N — >• N be the function satisfying = s„ ' z. Let 

if C K. X 2^ be defined as follows: 

(a,x,j) G E 4=^ (Vrz)[{<I)(a, rz)(0) = 0(mod 3) 

^ { 7 (rz) = 1 4=^ (3t)(3j)(4>(a,rz)(l) = z 
&4>(a,rz)(2) = jkx G [ri,rj\)}\ 

&(Vrz)[{4)(a, rz)(0) = l(mod 3) 

^ { 7 (rz) = 1 4=^ ( 3 i)( 7 (v 3 (rz,z)) = 1 )}] 
&(Vrz)[{<I)(a, rz)(0) = 2(mod 3) 

^ { 7 (rz) = 1 4=^ 0 )) = 0 )}]. 

Since 4) is Borel, E is Borel. Further, for every a G C and every a: G M, 
there is a unique 7 G 2^ such that (a, x, 7 ) G E. Thus if (^(C x K. x 2^) is 
the graph of a function / : C x M — > 2^, say, that is Borel in C x R x 2^. 
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We show that / is not Borel measurable. Towards a contradiction, assume 
that / is Borel measurable on C x R. Consider the set 

F = {(a, a;) G C X M : /(a, x)(0) = 0}. 

According to the observations made in preceeding paragraphs, the condi- 
tion “a G C and f{a, a;)(0) = 0” states that x does not belong to the Borel 
set coded by a. Since / is Borel measurable, F is Borel in C x R, so there 
must exist a Borel subset D of x R such that F = £>(^((7 x R). Fix a 
Borel isomorphism h from R onto N^. Let 

B = {x G R : (h{x),x) G D}. 

Plainly, F is a Borel subset of R. So, there is a* G C such that a* codes 
B. Set X* = h~^{a*). Then 

X* e B 4=^ {a*,x*)eD 

4=^ \a*,x*) G F 

^ f{a*,x*m = 0 
4=^ X* ^ the Borel set coded by a* 

^ X* ^B, 



a contradiction. 

Theorem 4.5.4 Let X, Y he Polish spaces, A a Borel subset of X , and 
f : A — > Y a one-to-one Borel map. Then f{A) is Borel. 

Proof. Replacing X hy X x Y, Ahy graph(/), and / by Try |graph(/), 
without any loss of generality, we assume that / is continuous. Since every 
Borel set is a one-to-one continuous image of a closed subset of (3.3.17), 
we further assume that X = and that A is a closed set. 

For every s G we get a Borel subset Bg of Y such that for every 

s,tGN<", 

(i) f{Y{s)f]A)CBgCclif(Yis)f]A)), 

(ii) s y t Bg C Bt, and 

(iii) whenever s yf t and |s| = |t|, Bgf]Bt = 0. 

We first complete the proof assuming that such a system {Bg : s G 
of Borel sets exists. Let 

D=n u 

'n |s|=n 

Then D is Borel. We show that 



f{A) = D. 
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Let a G A. Then f{a) £ for all n. Thus, f(A) C L>. For the reverse 
inclusion, let y £ D. By (ii) and (iii), there is an a such that y G 
for every n. Since Bq|„ C cl{f{T,{a\n) n^))> an a„ G S(a|n) p| A 

such that d{y, /(on)) < 2“”. Clearly, o;„ — i a. As A is closed, a £ A. Since 
/ is continuous, /(a) = lim„ /(on) = y- Hence, y G f{A). 

It remains to show that a system of Borel sets {Bg : s £ satisfying 

(i) - (iii) exists. We proceed by induction on the length of s. 

Take Be = cl(/(A)). Suppose Bg has been defined. Since f\A is one- 
to-one, /(S(s ' 0) Pi ^)) /(51(s " 1) n "4)) " 2) Pi A), . . . are pairwise 
disjoint. Further, they are analytic. By 4.4.4, there exist pairwise disjoint 
Borel sets D /(S(s'n) P A). Take 

Bg~n = f| f|cl(/(S(s'n) f| A)). 



Corollary 4.5.5 Let X be a standard Borel space and Y a metrizable 
space. Suppose there is a one-to-one Borel map / from X onto Y. Then Y 
is standard Borel and f a Borel isomorphism. 

Proof. By 4.3.8, Y is separable. The result follows from 4.5.4. 

Exercise 4.5.6 Let T and T' be two Polish topologies on X such that 
T' C cr(T). Show that cr(T) = 

Theorem 4.5.7 (Blackwell - Mackey theorem, [13]) Let X be an analytic 
subset of a Polish space and A a countably generated sub a-algebra of the 
Borel a-algebra Bx- Let B C X be a Borel set that is a union of atoms of 
A. Then B £ A. 

Proof. Let : n G N} be a countable generator of A. Consider the 
map / : X — > 2^ defined by 



= x£X. 

Then A = f~^{B 2 t>). In particular, / : X — 2^ is Borel measurable. So, 
f{B) and f{B‘^) are disjoint analytic subsets of 2^. By 4.4.1, there is a Borel 
set C containing f{B) and disjoint from f{B^). Clearly, B = f~^{C), and 
so it belongs to A. ■ 

Remark 4.5.8 The condition that A is countably generated cannot be 
dropped from the above result. To see this, let A be the countable - co- 
countable cr-algebra on M. By 3.1.16, A is not countably generated. As any 
Borel set is a union of atoms of A, the above theorem does not hold for A. 

Remark 4.5.9 In the next chapter we shall show that 4.5.7 is not true for 
coanalytic X. 
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Corollary 4.5.10 Let X be an analytic subset of a Polish space and Ai, 
A 2 two countably generated sub a-algebras of Bx with the same set of 
atoms. Then Ai = A 2 - In particular, if A is a countably generated sub 
a -algebra containing all the singletons, then A = Bx- 

4.6 The Generalized First Separation Theorem 

Theorem 4.6.1 (The generalized first separation theorem, Novikov [90]) 
Let (An) be a sequence of analytic subsets of a Polish space X such that 
Pi An = 0. Then there exist Borel sets Bn P An such that P = 0. 

(If (An) satisfies the conclusion of this result, we call it Borel separated.) 
As in the proof of the first separation theorem, the proof of this result is 
also based on a combinatorial lemma. 

Lemma 4.6.2 Let {En) be a sequence of subsets of X, k € N, and Ei = 
Un t < A:. Suppose (En) is not Borel separated. Then there exist 

no,ni, . . . ,Uk such that the sequence E^na^Ein^, ... , Ekn^i Ek+ 2 , ■ ■ ■ 

is not Borel separated. 

Proof. We prove the result by induction on k. 

Initial step: fc = 0. Suppose the result is not true. Hence, for every n, 
there is a sequence of Borel sets such that 

(h Hi = 0, 

(ii) Bon A Eon, and 

(iii) Bin A Ei for all i. 

Let 

= U„ Bin if A = 0, 

= n„ Bin if A > 0. 

Then Bi A Ei, the Efs are Borel and [)Bi = 0. This contradicts the 
hypothesis that (A„) is not Borel separated, and we have proved the result 
for fc = 0. 

Inductive step. Suppose k > 0 and the result is true for all integers less 
than k. By the induction hypothesis, there are integers no, ni, . . . , Uk-i such 
that EonojEini,. ■ ■ ,Ek-ink-i,Ek,Ek+i , ... is not Borel separated. By the 
initial step, there is an n^ such that , . . . , Afc+ 2 , . . . 

is not Borel separated. ■ 

Proof of 4.6.1. (Mokobodzki [86]) Let (A„) be a sequence of analytic 
sets that is not Borel separated and such that P„ A„ = 0. For each n, fix a 
continuous surjection /„ : N” — A„. We get a sequence ao,ai,. . . in 
such that for every fc > 0 the sequence 



/o(S(ao|fc)), /i(S(ai|(fc - 1))), . . . , fk-i{T,{ak-i\l)),Ak,Ak+i,. . . 
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is not Borel separated. 

To see that such a sequence exists we proceed by induction. Write 
"^0 = Un/o(^(’^))- By 4.6.2, there exists ao(0) G N such that 

the sequence /o(S(ao(0)))) A 2 , . . . is not Borel separated. Write 

/o(S(ao(0))) = U,„/o(S(ao(0)m)) and Ai = U„/i(S(n)). Ap- 

ply 4.6.2 again to get ao(l))ai(0) G N such that the sequence 
/o(S(o;o(0)tto(l))), /i(S(<ai(0))), A 2 , A 3 , . . . is not Borel separated. Pro- 
ceeding similarly we get the sequence ag, ai, a 2 , ■ ■ ■ satisfying the desired 
conditions. 

Since there exist i < j such that fi{ai) ^ fj{ctj)- Since fi 

and fj are continuous, there exist disjoint open sets Ui, Uj in X such that 
fi{ai) G Ui and G Uj. Using the continuity of fi and fj again, we get 

a large enough k such that /i(S(ai|fc — t)) C Ui and fj(Jl{aj\k — j)) C Uj. 
Thus the sequence (B„) of Borel sets, where 

R = / if = * or j, 

” \ at otherwise, 

separates /o(S(ao|fc)), /i(S(ai|(fc-l))), . . . , /fc_i(S(afc_i | 1 )), A^,, A^+i, . . ., 
which is a contradiction. ■ 

Corollary 4.6.3 Let (A„) he a sequence of analytic subsets of a Polish 
space X such that limsupA„ = 0. Then there exist Borel sets Bn A A„ 
such that limsupBn = 0. 

Remark 4.6.4 Later in this chapter we shall show that 4.6.3 is not true 
for coanalytic A„’s. 

Theorem 4.6.5 (Weak reduction principle for coanalytic sets) Let 
Co, Cl, C 2 , . . . he a sequence of coanalytic subsets of a Polish space such 
that y C„ is Borel. Then there exist pairwise disjoint Borel sets B„ C C„ 
such that U Bn = U C„ . 

Proof. Let A„ = A \ C„, where X = y^ C„. Then (A„) is a sequence of 
analytic sets such that A„ = 0. By 4.6.1, there exist Borel sets A A„ 
such that fj„ Dn = 0. Take 

Bn = B'n \ U B'n,, 

m<.n 

where B'^ = X \ Dn. ■ 

Exercise 4.6.6 Let E be an analytic equivalence relation on a Polish 
space X. Suppose Ag, Ai, A 2 , . . . are invariant analytic subsets of X such 
that fj An = 0. Show that there exist invariant Borel sets U A„ with 
fin = 0. Conclude that if Cq, Ci, C 2 , . . . is a sequence of invariant coan- 
alytic sets whose union is Borel, then there exist pairwise disjoint invariant 
Borel sets Bn C C„ with y = y C„. 

(Hint: Use 4.4.5 and 4.6.1.) 
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Throughout this section, X and Y are fixed Polish spaces and (Vn) a count- 
able base for Y. 

Theorem 4.7.1 (Saint Raymond[97]) Let Aq and Ai be disjoint analytic 
subsets of X X Y with the sections x € X, closed in Y. Then there 

is a sequence {Bn) of Borel subsets of X such that 



A, C U(B„ X Vn) and Aq nu(^" X Vn) = 0. 



(*) 



Proof. By 4.4.1, there is a Borel set containing Ai and disjoint from Aq. 
So, without any loss of generality, we assume that A\ is Borel. For each n, 
let 

Cn = {x€X-.VnV {Ao)%}. 

Then (7„ is coanalytic and 



(7lo)" = U(C„ X Vn). 

n 

Note that ((C„ x Vn) H ^i) is a sequence of coanalytic sets whose union is 
Borel. Hence, by 4.6.5, there exist Borel sets C (C„ x such 

that 

\jDn = U( 7 li f|(C„ X Vn)) = Ai. 

n 

By 4.4.1, there exist Borel sets such that 



7Tx{Dn) VBnC C„, 



where ttx : X xY — > X is the projection map. It is now fairly easy to see 
that (Bn) satisfies (*). ■ 

As a direct consequence of 4.7.1, we get the following structure theorem 
for Borel sets with open sections. 

Theorem 4.7.2 (Kunugui, Novikov) Suppose B Q X x Y is any Borel 
set with sections B^ open, x € X. Then there is a sequence {Bn) of Borel 
subsets of X such that 

B = \J{Bn X Vn). 

Proof. Apply 4.7.1 to Aq = and Ai = B. ■ 

Corollary 4.7.3 Let Aq and Ai be disjoint analytic subsets of X xY with 
sections {Aq)^ and {A\)x closed for all x € X. Then there exist disjoint 
Borel sets Bq and B\ with closed sections such that Aq C Bq and A\ Q B\. 
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Corollary 4.7.4 Suppose B Q X x Y is a Borel set with the sections B^ 
closed. Then there is a Polish topology T finer than the given topology on 
X generating the same Borel a-algebra such that B is closed relative to the 
product topology on X x Y, X being equipped with the new topology T ■ 

Proof. By 4.7.2, write 



= X Vn), 

n 

the Bn’s Borel. By 3.2.5, take a finer Polish topology T on X generating 
the same Borel a-algebra such that is T-open. ■ 



Exercise 4.7.5 Let Aq and A\ be disjoint analytic subsets of X xY with 
sections (^o)a: compact. Show that there exists a Borel set Bq in X x Y 
with compact sections separating Aq from Ai. 



Exercise 4.7.6 [102] Let X, Y be Polish and Aq,Ai C X x Y disjoint 
analytic. Assume that the sections {Aq)^, {Ai)x are closed. Show that there 
exists a Borel map u: XxY — [0, 1] such that y — 1 u{x, y) is continuous 
for all X and 



u{x) 



0 if a; G Aq, 

1 ii X & A\. 



In the next section we shall show that 4.7.6 does not hold for Aq, Ai 
coanalytic. 



Exercise 4.7.7 [102] Let X, Y be Polish, B C X x Y Borel with sections 
closed, and / : B — ^ [0, 1] a Borel map such that y — 1 f{x, y) is continu- 
ous for all X. Show that there is a finer Polish topology T on X generating 
the same Borel cr-algebra such that when X is equipped with the topology 
T, B is closed and / continuous. Conclude that there is a Borel extension 
F : X xY — ^ [0, 1] of / such that y — 1 F{x, y) is continuous for all x. 

Generalize this with the range space [0, 1] replaced by any compact con- 
vex subset of M" . 



Remark 4.7.8 We can generalize the concluding part of 4.7.7 for analytic 
B. This is done by imitating the usual proof of the Tietze extension theorem 
for normal spaces and using 4.7.6 repeatedly. We invite the reader to carry 
out the exercise. (See [102].) 

We give below an example showing that 4.7.7 does not hold for coanalytic 

B. 

Example 4.7.9 (H. Sarbadhikari) Let A C [0, 1] be an analytic non-Borel 
set and E C [0, 1] x N” a closed set whose projection is A. Set B = 
if U(([0, 1] \ A) X and / : B — > [0, 1] the characteristic function of E. 
We claim that there is no Borel extension F : [0, 1] x — >■ [0, 1] of / such 
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that y — >■ F{x,y) is continuous. Suppose not. Consider C = 1]). 

Then C is a Borel set with sections Cx open and whose projection is A. 
Hence A is Borel. (See the paragraph below.) We have arrived at a contra- 
diction. 

We have seen that the projection of a Borel set need not be Borel. We 
give below some conditions on the sections of a Borel set under which its 
projection is Borel. 

Let B C X xY he a, Borel set. Assume that the sections Bx are open in Y. 
Then nx{B) is Borel. To see this, take a countable dense set {r„ : n G N} 
in Y. Note that 

X G 4=^ 3n(x,r„) G B, 

i.e., ttx{B) = U„{a; G X : (a;,r„) G B}. Hence, it is Borel. 

We have also seen that ttx{B) is Borel if the Borel set B C X x Y 
satisfies any one of the following conditions: 

(i) For every x G ttx{B), the section Bx contains exactly one point (4.5.4). 

(ii) For every x G ttx{B), Bx is nonmeager (3.5.18). 

(iii) For every x G ttx{B), P{x,Bx) > 0, where P is any transition prob- 
ability on X X Y (3.4.24). 

Exercise 4.7.10 Let A be a Polish space and B C X x M” a Borel set 
with convex sections. Show that ttx{B) is Borel. 

Theorem 4.7.11 (Novikov) Let X and Y be Polish spaces and B a Borel 
subset of X X Y with sections Bx compact. Then ttx{B) is Borel in X. 

Proof. (Srivastava) Since every Polish space is homeomorphic to a Gs 
subset of the Hilbert cube H, without any loss of generality, we assume that 
F is a compact metric space. Note that the sections Bx are closed in Y. 
By 4.7.4, there is a finer Polish topology on X generating the same Borel 
cr-algebra and making B closed in A x F. Hence, by 2.3.24, ttx{B) is closed 
in A, A being equipped with the new topology. But the Borel structure of 
A is the same with respect to both the topologies. The result follows. ■ 
Using 4.7.2, we give another elementary proof of this important result. 
Alternative Proof of 4.7.11. (Srivastava) As above, we assume that F 
is compact. By 4.7.2, write 

(AxF)\H = |J(H„xU„), 

n 

the Bn’s Borel, the F„’s open. Now note that 

X\nx{B)= U f| H„. 

{FCN:F is finite & U„eF Y=Y} 
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Corollary 4.7.12 Let X, Y he Polish spaces with Y a-compact (equiva- 
lently, locally compact). Then the projection of every Borel set B in X xY 
with x-sections closed in Y is Borel. 

Proof. Write Y = Y„, Yn compact. Then 

t^x{B) = (^ 7Tx (BflCYxy^)). 



Now apply 4.7.11. 



4.8 Polish Groups 

The theory of Borel sets is very useful in analysis (see [4], [54], [72], [73], 
[124], etc.). In this section we present some very basic results on Polish 
groups that are often used in analysis. Some more applications are given 
in the next chapter. 

Theorem 4.8.1 Let (G, •) he a Polish group and H a closed subgroup. 
Suppose E = {{x,y) : x ■ y~^ € E}; i.e., E is the equivalence relation 
induced hy the right cosets. Then the a-algehra of invariant Borel sets is 
countably generated. 

Proof. Let {[/„ : n G N} be a countable base for the topology of G. Put 

Bn= y-Un. 

V&H 



So, the Bn's are Borel (in fact, open). We show that {B„ : n G N} generates 
B. 

Let Hi and H 2 be two distinct cosets. Since H is closed. Hi and H 2 
are closed. Since they are disjoint, there is a basic open set t/„ such that 
Unf]Hi yf 0 and U„f]H2 = 0. Then Hi C and p| iJ 2 = 0. It follows 
that the right cosets are precisely the atoms of cr({i3„ : n G N}). The result 
now follows from 4.5.7. ■ 

In the next chapter we shall give a proof of 4.8.1 without using the theory 
of analytic sets. 

It is interesting to note that the converse of 4.8.1 is also true. 

Theorem 4.8.2 (MillerfS)]) Let G be a Polish group and H a Borel sub- 
group. Suppose the a-algehra of invariant Borel sets is countably generated. 
Then H is closed. 

We need a few preliminary results to prove the above theorem. 
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Proposition 4.8.3 Let X he a Polish space and G a group of homeomor- 
phisms of X such that for every pair U , V of nonempty open sets there is 
a g G G with g{U){^V ^ 0. Suppose A is a G-invariant Borel set; i.e., 
g{A) = A for all g G G. Then either A or A‘^ is meager in X. 

Proof. Suppose neither A nor is meager in X. Then there exist 
nonempty open sets [/, V such that A and A^ are comeager in U and V 
respectively. By our hypothesis, there is a, g G G such that g{U)f]V 0. 
Let W = g{U){^V . It follows that W is meager. This contradicts the Baire 
category theorem. ■ 

Let X G X. The set 



G^ = {g G G ■. g ■ X = x} 

is called the stabilizer of x. Clearly, Gx is a subgroup of G. 

Theorem 4.8.4 (Miller[84]) Let (G, •) be a Polish group, X a second 
countable T\ space, and {g,x) — > g ■ x an action of G on X. Suppose 
that for a given x, the map g — > g ■ x is Borel. Then the stabilizer Gx is 
closed. 

Proof. Let H = cl(Ga,). It is fairly easy to see that we can replace G 
by H. Hence, without loss of generality we assume that Gx is dense in G. 

Since X is second countable and T\, Gx is Borel. Therefore, by 3.5.13, 
we shall be done if we show that Gx is nonmeager. Suppose not. We shall 
get a contradiction. Take a countable base (C/„) for X. Let f{g) = g- x. As 
f is Borel, /“^(C/„) = H„, say, is Borel. For every h G Gx, A„ ■ h = A„. 
Since X is Ti, for any two g, h we have 

g ■ X = h ■ X 4=^ Vn(g G 4=^ h G A„). 

Hence, for any g G G 



gGx — (^{^In : g G A„}. 

Applying 4.8.3 to the group of homeomorphisms of G induced by right mul- 
tiplication by elements of Gx, we see that A„ is either meager or comeager. 
Since Gx is meager, there exists n such that g G A„ and A„ is meager. 
Hence, 

G = |J{A„ : An meager}. 

This contradicts the Baire category theorem, and our result is proved. ■ 

Remark 4.8.5 A close examination of the proof of 4.8.4 shows that it 
holds when X is a countably generated measurable space with singletons 
as atoms. 
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Proof of 4.8.2. Let X = G/H, the set of right cosets, and q : G — >■ 
G/H the quotient map. Equip G/H with the largest a-algebra making q 
Borel measurable. By our hypothesis, AT is a countably generated measur- 
able space with singletons as atoms. Consider the action {g,g'H) — g-g'H 
of G on X. Let x = H. Then the stabilizer 

Go: = {g & G ■. g ■ X = x} = H . 

Since g — g ■ x is Borel, the result follows from 4.8.5. ■ 

Theorem 4.8.6 Let G he a Polish group, X a Polish space, and a{g,x) = 
g ■ X an action of G on X. Assume that g ■ x is continuous in x for all g 
and Borel in g for all x. Then the action is continuous. 

Proof. By 3.1.30, the action a : G x X — > X is Borel. Let (E„) be 
a countable base for X. Put C„ = a“^(P„). Then Cn is Borel with open 
sections. By 4.7.2, write 



Gn — ^ ^ 

m 

the Brim’s. Borel, the Wnm’s open. By 3.5.1, Bnm has the Baire property. Let 
Inm be a meager set in G such that Bnm^Inm is open. Put I = IJnm ^nm- 
Then I is meager in G and a|(G\I) x X is continuous. 

Now take a sequence {gk, Xk) in G x AT converging to {g, x), say. We need 
to show that gk ■ Xk ^ g ■ x. Let 

k 

Since G is a topological group, J is meager in G. By the Baire category 
theorem, G ^ J. Take any h G G\J. Then h ■ g,h ■ gk £ G\I. As gk ^ g, 
h- gk h ■ g. Since a|(G \ I) x X is continuous, {h ■ gk) • Xfc — 1 {h ■ g) ■ x. 
Since the action is continuous in the second variable, 

9k-Xk = h~^ ■ {{h ■ gk) ■ Xk) h~^ ■ {{h ■ g) ■ x) = g ■ x. 



Exercise 4.8.7 Generalise 4.8.6 for completely metrizable groups G and 
completely metrizable X that are not necessarily separable. 

It is worth noting that in the above proof we used only the following: G 
has a Polish topology such that the multiplication is separately continuous 
in each variable. Now observe the following result. 

Lemma 4.8.8 If (G, •) is a group with a Polish topology such that the 
group operation {g, h) — > g ■ h is Borel, then g — > g~^ is continuous. 
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Proof. Since {g, h) — g ■ h is Borel, the graph 

{{g,h) : g-h = e} 

of g — >■ g~^ is Borel. Hence, by 4.5.2, g — >■ g~^ is Borel measurable. An 
imitation of the proof of 3.5.9 shows that g — g~^ is continuous. ■ 
From these observations we get the following result. 

Proposition 4.8.9 If (G, •) is a group with a Polish topology such that 
the group operation is separately continuous in each variable, then G is a 
topological group. 

Proof. In view of 4.8.8, we have only to show that the group operation 
is jointly continuous. This we get immediately by applying 4.8.6 to A = G 
and action g ■ x the group operation. ■ 

This result is substantially generalized as follows. 

Theorem 4.8.10 (S. Solecki and S. M. Srivastava[109j) Let (G, •) be a 
group with a Polish topology such that h — > g • h is continuous for every 
g € G, and g — > g ■ h Borel for all h. Then G is a topological group. 

Proof. By 4.8.9, we only have to show that the group operation g ■ h 
is jointly continuous. A close examination of the proof of 4.8.6 shows that 
this follows from the following result. ■ 

Lemma 4.8.11 Let G satisfy the hypothesis of our theorem. Then for ev- 
ery meager set I and every g, 

Ig = {h- g :h€ 1} 



is meager. 

Proof. 

Claim. If I is meager in G, so is I~^ = {h G G : h~^ G I}. 

Assuming the claim, we prove the lemma as follows. Let I be meager in 
G and g G G. By the claim, I~^ is meager. Since the group operation is 
continuous in the second varible, J = g~^ ■ I~^ is meager. As I ■ g = J~^, 
it is meager by our claim. 

Proof of the claim. Let I be meager. Since every meager set is con- 
tained in a meager iG, without any loss of generality we assume that / is 
Borel. By 3.1.30, the group operation {g, h) — > g ■ h is a, Borel map. Since 
the graph of g — >■ g~^ is Borel, g — >■ g~^ is Borel measurable (4.5.2). 
Hence, {g, h) — >■ g~^ ■ h is Borel measurable. Let 

I = {{h,g) ■. g~^ -hG I}. 

Since I is a Borel set, it has the Baire property. Now, for every g G G, 
is = {hGG-.g-^ -hGl}=g- 1. 
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Hence, by our hypothesis, is meager for every g. Therefore, by the Kura- 
towski - Ulam theorem (3.5.16), the set {h : Ih is meager} is comeager and 
hence nonempty by the Baire category theorem. In particular, there exists 
h G G such that Ih = h - 1~^ is meager. It follows that = h~^{hl~^) is 
meager. ■ 

Remark 4.8.12 S. Solecki and S. M. Srivastava have shown that 4.8.10 
can be generalized as follows: Let (G, •) be a group with a topology that is 
metrizable, separable, and Baire. Suppose the multiplication g ■ h is con- 
tinuous in h for all g and Baire measurable in g for all h. Then G is a 
topological group. (See [109] for details and applications of this result.) 

The following example shows that 4.8.10 is not necessarily true if the 
group operation g-h is Borel but not continuous in any one of the variables. 

Example 4.8.13 Consider the additive group (R, +) of real numbers. Let 
(K, T) be the topological sum (R \ {0}, usual topology) 0{O| So, T is 
generated by the usual open sets and {0}. Clearly, T is a Polish topology on 
R inducing the usual Borel cr-algebra. In particular, the addition (x, y) — > 
x-\-y is Borel. If (R, T) were a topological group it would be discrete, which 
is not the case. 

The next example shows that we cannot drop the condition of measura- 
bility of the group operation g ■ h in one of the variables from 4.8.10. Note 
that if G were, moreover, abelian, the result is trivially true in this general- 
ity. Also, in Solovay’smodel of ZF every set has the Baire property. So, we 
cannot refute this statement without AC. The next example shows that 
under AC, the measurability condition in one of the variables cannot be 
dropped. 

Example 4.8.14 (G. Hjorth) Under AC, there is a discontinuous group 
isomorphism (p : R — R. Take G to be R x R with the product topology 
and the group operation defined by 

(U s) • (p, q) = {r-\- s-\-q), 

i.e., the group is a semidirect product of two copies of R with respect to 
the homomorphism (p : R — > Aut(R) naturally induced by (p, p{s){p) = 



4.9 Reduction Theorems 

In Section 2, we showed that a subset G of a Polish space X is coanalytic if 
and only if there is a Borel map / : X — ^ Tr such that x G G 4=^ f{x) is 
well-founded. Then, to each x we assigned an ordinal a < Ui, namely the 
rank of the tree f{x), and used it to compute the possible cardinalities of 
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coanalytic sets. This assignment satisfies some definability conditions that 
are of fundamental importance. 

A norm on a set S' is a map ip : S — 1 ON. (Recall that ON denotes 
the class of all ordinal numbers (Chapter 1)). Let (/? be a norm on S. Let 
<tp he the binary relation on S defined by 

x<^y p{x) < p(y). 

Then <^p is (i) reflexive, (ii) transitive, (iii) connected; i.e., for every x,y G 
S, at least one of x y or y <^p x holds, and (iv) there is no sequence 
(x„) of elements in S such that Xn+i <ip Xn for all n, where 

X <ip y (fi{x) < ip{y) 4 =^ X y k, ^y x. 

A binary relation satisfying i) - iv) is called a prewellordering on S. 

Let A be a Polish space and A C A coanalytic. A norm (/? on A is called 

n ^ s ^ 

an( -norm if there are binary relations II ( and on A such 

that for y G A, 

X G A k ip{x) < (p{y) 4 =^ X <ip ^ y 4 =^ x <ip ^ y. 

The following is the main result of this section. 

Theorem 4.9.1 (Moschovakis) Every II) set A in a Polish space A ad- 
mits a Yl\-norm ip : A — > uji. 

Its proof is given later in the section. 

The following two lemmas are very useful. We give only sketches of their 
proofs as they are straghtforward verifications. 

Lemma 4.9.2 Let X he a Polish space and A C A coanalytic. A norm 
p: A — ^ ON is a n( -norm if and only if there are binary relations , 
and <ip^ on A, both in S}, such that for every y G A, 

X G A k p{x) < p{y) 4 =^ X <ip^ y 



and 

X G A k p{x) < p(y) 4 =^ X <tp^ y. 

s ^ 

Proof. We prove the “only if” part first. Let <cp ^ and witness that 
p \s & nj-norm on A. Define by 



X <u 



y X k X y. 



To prove the converse, assume that and are given as above. 



Define 



x<^^ y 



X G A k ^y <tp ^ X. 
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Let AQX and be a norm on A. Define <* and <* on X by 
x&Ak{y^Aov{y&Ak y}{x) < y>{y))) 

and 

X <*^y x&Ak{y^Aov{y&Ak ip(x) < (p(y))). 

Lemma 4.9.3 Let X he a Polish space, AQ X coanalytic, and tp a norm 
on A. Then p is a Yl\-norm if and only if both <* , <* are coanalytic. 

Proof. We first prove the “only if” part. Let (p be a Il}-norm on A and 
and witness this. For x, y in X, note that 

X y X G A k [x y or -ly <cp^ x] 

and ^ 

X <*^y 4 =^ X G A Sz -'y x. 

Thus <* and <* are in IlJ. 

Conversely, assume that <* and <* are in II}. Take <<^ ^ to be <* itself 
and define by 

a; <v' y <l x). 

■ 

Example 4.9.4 Let X = 2^^^ and A = WO. For x £ WO, Let |x| < Wi 
be the order type of x. 

For X G 2^^^, define 

m <x n 4=^ x{m, n) = 1 & x{n, m) = 0 . 

For X, y in set 

X y 3z G N^VmVn[m < 3 , n 4=^ z(m) <y z(n)] 

and 

X y 4=^ 3k3z G N^VmVn[z(m) <y k 

h{m <x n 4=^ z{m) <y z{n))]. 

Thus, X <1 y if and only if there is an order-preserving map from x to 
y, and x <| |^ y if and only if there is an order-preserving map from x into 

1 yi 1 

an initial segment of y. The sets <| |^ and <| |^ are clearly S}. Further, for 
y G WO, 
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and 

X y 4=^ X G WO & |x| < \y\. 

Therefore, by 4.9.2, | • | is a 11} -norm on WO, which we shall call the 

canonical norm on WO. 

Exercise 4.9.5 Let X = 2^"^ and A = WF. Show that T — pT, the 
rank of T, is a Il}-norm on WF. 

Example 4.9.6 Let X be a Polish space and C the set of all nonempty 
countable compact subsets of X. In 2.5.13, for each iL G C we defined p{K) 
to be the first ordinal a such that the a th Cantor - Bendixson derivative 
of K is empty. We show that K — >■ p{K) is a Il}-norm on C, where 
C C K{X), K{X) being equipped with the Vietoris topology. 

For any a G 2^^^, let 

D{a) = {m G N : a{m,m) = 1}, 

LO* = {a G LO : a{0,m) = 1 for every m G D{a)}, 

and 

WO* = {a G WO : a(0,m) = 1 for every m G D(a)}. 

Thus, LO* is the set of all a that encode linear orders on subsets of N for 
which 0 is the least element. This is Borel. Similarly, WO* is the set of 
all a that encode well-orders on subsets of N having 0 as the first element. 
WO* is a coanalytic set. Using the fact that WO is not analytic, one shows 
easily that WO* is not analytic. 

Now define two analytic sets R,SC LO* x K{X) by 

R{a, K) ^ aeLO* k [3f G K{Xf{f{0) = K 
&Vm G D{a)[f{m) ^ 0 

&{m ^0 — Vn(n <* m — )> /(m) C /(n)')}])], 

and 

S{a, K) ^ a G LO* & [3/ G K{X)^{f{Q) = K 
kXm G D{a)[f{m) yf 0 
&(m 0 — ^ /(m) = n„<* m /(«)')] 

^r\meD{c)fi'n^y = 0)]> 

where n <* m 4=^ a{n, m) = 1 & a(jn, n) = 0. 

Using 3.3.9 it is fairly easy to see that R and S are analytic. Further, if 
a G lUO* and K G K{X) is countable, then 

R{a,K) 4=^ p{K) > |a| -k 1 

and 

S{a, K) 4=^ p{K) = |a| -|- 1. 

Now take a Borel map a — >■ a' from LO* to LO* such that 
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(i) a £ WO* 4=^ a' £ WO*, and 

(ii) \a'\ = |a| + 1 for a € WO*. 

Define analytic binary relations <p, <p on K{X) by 

K <p L 4=^ 3a{R{a, L) & S{a, K)) 

and 

K <pL^ 3a{R{a', L) & S{a, K)). 

It is straightforward to verify that for any nonempty countable compact 
set L, 

K is nonempty countable compact & p{K) < p{L) K L 

and 

K is nonempty countable compact & p{K) < p{L) 4=^ K <p L. 

Hence, by 4.9.2, p is a Il}-norm on C. 

Proof of 4.9.1. By 4.2.2, there exists a Borel measurable function / : 
X — > 2^^^^ such that 



X £ A 4=^ f{x) G WO. 

Define a norm (p : A — >■ ON by 

(f{x) = \f{x)\, X £ A, 

where | • | is the canonical IlJ-norm on WO defined in 4.9.4. It is easy to 
check that (p is a Il}-norm on A. ■ 

Remark 4.9.7 Let tp : A — uji be a IlJ-norm on A and y £ A. Then 
{x £ A : (p(x) < tp(i/)} is A} and so by Souslin’s theorem (4.4.3), Borel. 
Thus every coanalytic set is a union of Hi Borel sets. This is a result we 
obtained earlier. The present proof is essentially the same as the one given 
earlier. 

Theorem 4.9.8 (Boundedness theorem for H\-norms) Suppose A is a II) 
set in a Polish space X and tp a norm on A as defined in 4-9-1- Then for 
every S) set B C A, sup{ip(a;) : x G B} < oji. 

Hence, A is Borel if and only z/sup{(p(x) : x £ A} < ui. 

Proof. Suppose sup{(p(y) ■. y £ B} = u\. Take any II) set C that is not 
S}. Fix a Borel function g such that 
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Then, 

x€C 4=^ 3y{y € B k, \g{x)\ < ^{y)) 

4=^ 3y{y e B k g{x) f{y)), 

where / is as in 4.9.1. This contradicts the fact that C is not S}. Hence, 

sup{v3(a:) : x G B} < Wi. 

If A is Borel, then taking B to be A, we see that sup{(^(x) : x £ A} < coi. 
On the other hand, if sup{(^(a;) \ x £ A\ < uji, then H is a union of 
countably many Borel sets of the form {x £ A: <^{x) = ^}, ^ < wi. So A is 
Borel. ■ 

Remark 4.9.9 This result gives an alternative proof of the first separation 
theorem for analytic sets (4.4.1). 

The Borel isomorphism theorem says that any two uncountable Borel 
sets are isomorphic. Are any two analytic non-Borel sets isomorphic? Are 
any two coanalytic non-Borel sets isomorphic? We discuss these questions 
now. 

Exercise 4.9.10 Let X and Y be uncountable Polish spaces. Suppose U C 
X X X and V C Y xY are universal analytic. Show that U and V are Borel 
isomorphic. 

Example 4.9.11 (A. Maitra and C. Ryll-Nardzewski[76]) Let X, Y be 
uncountable Polish spaces. Let U C A x A be universal analytic and C QY 
an uncountable coanalytic set not containing a perfect set. We mentioned 
earlier that Godel’s axiom of constructibility implies the existence of such a 
set. The set C does not contain any uncountable Borel set. Take A = Y\C. 
Then U and A are not Borel isomorphic. Here is a proof. Suppose they are 
Borel isomorphic. Take a Borel isomorphism / : U — >■ A. By 3.3.5, there 
exist Borel sets Bi A U, B 2 ^ A and a Borel isomorphism g : Bi — >■ B 2 
extending /. Let (p be a 11} norm on {7° as defined in 4.9.8. It is easy 
to verify that for uncountably many ^ < uji, {{x,y) G : ip{x,y) = 
is uncountable. By 4.9.8, sup{(/?(a:, j/) : (x,y) G Bf} < uji. Therefore, 
Bi\U contains an uncountable Borel set. It follows that C contains an 
uncountable Borel set, which is not the case. Hence, U and A are not Borel 
isomorphic. 

Exercise 4.9.12 Show that the statement “any two analytic non-Borel 
sets are isomorphic” is equivalent to “any two coanalytic non-Borel sets 
are isomorphic.” 

Remark 4.9.13 J. Steel has shown that under “analytic determinacy” 
any two analytic non-Borel sets are isomorphic. Hence, the statement “any 
two analytic non-Borel sets are isomorphic” cannot be decided in ZFC. 
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Theorem 4.9.14 (The reduction principle for coanalytic sets) (Kura- 
towski) Let (T„) he sequence ofH\ sets in a Polish space X. Then there is 
a sequence (T*) ofH\ sets such that they are pairwise disjoint, A* C An, 
and 1J„ An = Un ■ 

Proof. Consider A C X x N given by 

(x, n) G A 4=^ X G An- 

Clearly, A is 11} with projection IJ,^ Let be a n}-norm on A. Define 
A* C X X N by 

(x,n) G A* 4=^ (x,n) G A &: Vm[(a:,n) <* {x,m)\ 

& Vm[(a;,n) <* {x,m) or n < m]. 

Thus, for each x in the projecton of A we first look at the set of integers 
n with (x,n) G A such that ip{x,n) is the minimum. Then we choose the 
least among these integers. Note that A* is II}, A* C A, and for every 
x G An there is exactly one n such that (x,n) G A*. Let 

Al = {x: (x,n) G A*}. 

Clearly, A* is II}. It is easy to check that the A*’s are pairwise disjoint 

and ■ 

Corollary 4.9.15 Let X he Polish and Aq, Ai coanalytic subsets of X. 
Then there exist pairwise disjoint coanalytic sets Aq, A* contained in Aq, 
Ai respectively such that Aq[JAI = Aq\J Ai. 

Proof. In the above theorem, take An = 0 for n > I. 

Remark 4.9.16 Let B = An be Borel. As 

A*n = B\[jAt, 

i^n 

it is S}. So each A* is Borel by Souslin’s theorem (4.4.3). This gives an 
alternative proof of 4.6.1. 

The following examples show that analytic sets do not satisfy the re- 
duction principle and the separation theorems are not true for coanalytic 
sets. 

Example 4.9.17 Let Uq, Ui be a universal pair of analytic subsets of 
pjN ^ j^N (4 X Suppose there exist pairwise disjoint analytic sets Vq C 
Co, Vi C Ui such that Vo U = Cq IJ Ci. By the first separation theorem 
for analytic sets, (4.4.1), there is a Borel set B containing Vq and disjoint 
from Vi- We claim that B is universal Borel, which contradicts 3.6.9. To 
prove our claim, take any Borel E C N^. Since Uq, Ui is a universal pair of 
analytic sets, there is an a such that E = (Uo)a and E^ = (Ui)a- Plainly, 
E = Ba- 
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Exercise 4.9.18 Let Cq, Ci be a universal pair of coanalytic subsets of 
pjN ^ gy reduction principle for coanalytic sets, there exist disjoint 
coanalytic sets Dq, Di such that Hi C Ci, i = 0 or 1 and Hq IJ Hi = 
Co yCi. Show that there is no Borel set B containing Dq and disjoint 
from Hi. 

Using the above idea, we also get a very useful parametrization of Borel 
sets. 

Theorem 4.9.19 Let X he a Polish space. Then there exist sets C G 
nj(N’^) and V G Il}(N^ x X), U G x X) such that for every 

a G C , Ua = Va and 



A}(X) = {Ua-.aG C}. 

In particular, there are a coanalytic set and an analytic set contained in 
X that are universal for A}(X). 

Proof. Let Wq, Wi be coanalytic subsets of x X such that for every 
pair (Co, Cl) of sets in n((X) there is an a with Ci = {Wi)a, i = 0 or 1. 
By the reduction principle for coanalytic sets, (4.9.15), there are pairwise 
disjoint coanalytic sets U C lUi, i = 0 or 1, such that Vo IJ Ui = Wo (J Wi. 
Define 

C= {a: Vx((a, x) G Vq |J Vi)}. 

So, C is coanalytic. Take V = Vo and U = Vf. X routine argument shows 
that C, U , and V have the desired properties. So, we have proved the first 
part of the result. 

To see the second part, note that V{^{CxX) is a coanalytic set universal 
for Aj(X), and its complement is an analytic set universal for Ai(X). ■ 

Exercise 4.9.20 Show that in 4.9.19 we cannot replace C G 11} by C G 

S}. 

The next example shows that 4.7.6 cannot be generalized for coanalytic 
sets Ao, Ai. 

Example 4.9.21 Let Co and Ci be disjoint coanalytic subsets of / = [0, 1] 
that are not Borel separated; i.e., there is no Borel set containing Co and 
disjoint from Ci. Let 



^ = ax{0})|J(CoX [0,3/4]) 

and 

Gli = (/x{l})|J(CiX [1/4,1]). 

Clearly, Ao, Ai are disjoint coanalytic sets with sections closed. Suppose 
there is a Borel map u : I x I — >■ I such that w|H is the characteristic 
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function of Ai, where B = Aq[J Ai. Then, the set 
E = {x G I : u{x,l/‘2) = 0} 
is Borel and separates Co from Ci. 



4.10 Choquet Capacitability Theorem 

In this section we introduce the notion of a capacity, and prove the Cho- 
quet capacitability theorem. The notion of a capacity was introduced by 
Choquet [30]. It lies in the heart of the theory of analytic sets [33]. It is 
used particularly in stochastic process and potential theory [34], [38]. 

A capacity on a Polish space A is a set-map / : P(A) — i [0, oo] 
satisfying the following conditions. 

(i) / is ’’monotone”; i.e., AC B I{A) < I{B). 

(ii) Ao C Ai C A 2 C • • • lim/(A„) = /(A), where A = (We 

express this by saying that “/ is going up”.) 

(iii) I{K) < 00 for every compact K C X. 

(iv) For every compact K and every t > 0, I{K) < t implies that there is 
an open set U A K such that I{U) < t. (We express this by saying 
that “/ is right-continuous over compacta”.) 

Example 4.10.1 Let /x be a finite Borel measure on a Polish space X and 
fi* the associated outer measure. Thus, for any A C A, 

fj,*{A) = inf{^(B) : B A A,B Borel}. 

It is easy to check that fi* is a capacity on A. 

Example 4.10.2 (Separation capacity) Let A be a polish space. Define 
/ : P(A X A) ^ {0, 1} by 

/M) = I if 7ri(A)n7r2(A) = 0, 

^ 1 1 otherwise, 

where tti and 7T2 are the two projection maps on A x A. For A C A x A, 
set 

R[A] = 7Ti(A) X 7T2(A); 

i. e., i?[A] is the smallest rectangle containing A. Clearly, /(A) = 0 if and 
only if R[A] is disjoint from the diagonal in A x A. It is easy to verify that 
/ is a capacity on A x A. Later in this section, using this capacity we shall 
give a rather beautiful proof of the first separation theorem for analytic 
sets. Because of this, I is called the separation capacity on A x A. 
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Example 4.10.3 Let X and Y be Polish spaces and / : X — > Y a 
continuous map. Suppose that I is a capacity on Y . Define 

If{A) = I{f{A)), ACX. 

It easy to see that // is a capacity on X. 

We can generalize 4.10.1 as follows. 

Proposition 4.10.4 Let I be a capacity on a Polish space X and that 
I* : V{X) — > [0, oo] he defined by 

I*{A) = M{I{B) : BD A,B Borel}. 

Then I* is a capacity on X. 

Proof. Clearly, I* is monotone. Further, I* and / coincide on Borel sets. 
As / is a capacity, it follows that I*{K) < oo for every compact K and 
that I* is right-continuous over compacta. 

To show that I* is going up, take any nondecreasing sequence (A„) of 
subsets of X. Set A = Note that for every CCA, there is a 

Borel D A C such that I*{C) = I{D). Hence, for every n there is a Borel 
Bn 2 An such that I(B„) = /*(A„). Replacing by r\ni>n^rn, we may 
assume that (i?„) is nondecreasing. Set B = i?„. Clearly, 

I{B)>r{A)>I*{An) = I{Bn) 

for every n. Since I is going up, lim/(i?„) = I{B). It follows that 
lim/*(A„) = 7*A). ■ 

Exercise 4.10.5 Let / be a capacity on a Polish space X. Suppose (AT„) 
is a nonincreasing sequence of compact subsets of X decreasing to, say, K. 
Show that I{Kn) converges to I{K). 

Example 4.10.6 Consider / : P(N^) — {0, 1} defined by 

T( A\ — f ® if A is contained in a Ka set, 

^ [1 otherwise. 

Then / satisfies the conditions (i), (ii), and (iii) of the definition of a ca- 
pacity. Further, if (7f„) is a nonincreasing sequence of compact sets with 
intersection, say, K, then I{Kn) — >■ I{K). But since no open set in is 
contained in a K„, I is not right-continuous over compacta. 

Exercise 4.10.7 Suppose A is a compact metric space and I : V{X) — >■ 
[0, oo] satisfies the conditions (i), (ii), and (iii) of the definition of a capacity. 
Further, assume that whenever (A„) is a nonincreasing sequence of compact 
sets with intersection K, I{Kn) — >■ I{K). Show that I is a capacity. 
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We now introduce the key notion of this section. Let X be a Polish space, 
I a capacity on X, and A C X. We say that A is /-capacitable if 

I{A) = sup{/(AT) : K Q A compact}. 

The set A is called universally capacitable if it is /-capacitable with 
respect to all capacities I on X. 

Exercise 4.10.8 Let X and Y be Polish spaces and / : X — >■ Y a contin- 
uous map. Assume that A C A is universally capacitable. Show that f{A) 
is universally capacitable. 

Remark 4.10.9 This is almost the only known stability property of the 
class of universally capacitable sets. For instance, later in this section we 
shall show that the complement of a universally capacitable set need not 
be universally capacitable. 

Proposition 4.10.10 Let I be a capacity on a Polish space X and A C X 
universally capacitable. Then 

/(A) = /*(A), 

where I* is as defined in 4- 10.4- 

Proof. By 4.10.4, I* is a capacity. Now note the following. 

I* (A) = sup{J*(/f) : K C A compact} (as A is /* — capacitable) 

= snp{I{K) : K C A compact} 

= /(A) (as A is / — capacitable) 



Proposition 4.10.11 N” is universally capacitable. 

Proof. For any s = (no,ni, . . . ,nk-i) G set 

S*(s) = {a G N" : (Vt < fc)(a(i) < n,)}. 

Take any capacity I on and a real number t such that /(N^) > t. To 
prove our result, we shall show that there is a compact set K such that 
I{K) > t. 

Since the sequence (S*(n)) increases to N^, there is a natural number no 
such that /(S*(no)) > t. Again, since (S*(non)) increases to S*(no), there 
is a natural number ni such that /(S*(noni)) > t. Proceeding similarly, 
we get a sequence no, ni, U 2 , ... of natural numbers such that 

/(S*(noni . ..Uk-i)) > t 

for every k. Now consider 

AT = {a G : a{i) < ni for every i}. 
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Clearly, K is compact. We claim that I{K) > t. Suppose not. Since I is 
right-continuous over compacta, there is an open set U ^ K such that 
I{U) < t. It is not very hard to show that U 3 S*(noni . . . nk-i)) for some 
k. Since I is monotone, we have arrived at a contradiction. ■ 

Theorem 4.10.12 (Choquet capacitability theorem [30], [107]) Every an- 
alytic subset of a Polish space is universally capacitable. 

Proof. Let X be a Polish space and A Q X analytic. Let / be any 
capacity on X. Suppose I {A) > t. Let / : — >■ X be a continuous map 

with range A. By 4.10.11, there is a compact K C such that If{K) > t. 
Plainly I{f{K)) > t, and our result is proved. ■ 

The next result will show that the notion of a capacity is quite relevant 
to the theory of analytic sets. 

Proposition 4.10.13 Let X be a Polish space and I the separation ca- 
pacity on X X X as defined in 4.10.2. Assume that a rectangle A\ x A 2 be 
universally capacitable. If I{Ai x A 2 ) = 0, then there is a Borel rectangle 
B = Bi X B 2 containing A\ x A 2 of I -capacity 0. 

Proof of 4.10.13. Set Cq = A 1 XA 2 . By 4.10.10, there is a Borel Ci A Cq 
such that /(Cl) = 0. Set C 2 = R[Ci]. (Recall that R[A] denotes the smallest 
rectangle containing A.) Clearly /(C 2 ) = 0. Since C 2 is analytic, by 4.10.12, 
it is universally capacitable. By 4.10.10, there is a Borel C 3 A C 2 such that 
/(C3) = 0. Set C4 = RlCs]. Proceeding similarly, we get a nondecreasing 
sequence (C„) of subsets oi X x X such that C„ is a rectangle for even n 
and Cn’s are Borel for odd n. Further I{Cn) = 0 for all n. Take B = C„. 

■ 

Here are a few applications of the above result. By 4.10.12 and 4.10.13, 
we immediately get an alternative proof of the first separation theorem 
for analytic sets. To see another application, let Ai and A 2 be two disjoint 
coanalytic subsets of an uncountable Polish space that cannot be separated 
by disjoint Borel sets(4.9.18). By 4.10.13, the coanalytic set Ai x A 2 is not 
universally capacitable. Thus, the complement of a universally capacitable 
set need not be universally capacitable. 



4.11 The Second Separation Theorem 

In this section we prove yet another separation theorem for analytic sets. 
In the next section we apply it and show that every count able-to-one Borel 
map is bimeasurable. 

Theorem 4.11.1 (Second separation theorem for analytic sets) (Kura- 
towski) Let X be a Polish space and A, B two analytic subsets. There 
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exist disjoint coanalytic sets C and D such that 

A\B CC and B\ACD. 

Proof. By 4.1.20, there exist Borel maps / : X — > LO, g : X — > LO 
such that f~^{WO) = and g~^{WO) = B°. 

For a, (3 in LO, define 

a ^ (3 4=^ 3/ € N”(/|£)(q;) is one-to-one 

&VmVn(a(m, n) = 1 4=^ (3{f{m),f{n)) = 1)). 

(Recall that for any a G n G D{a) 4=^ a(n,n) = 1.) So ^ is an 
analytic subset of x N^. 

Let 

C = B^f]{x G X : fix) ^ g(x)r 

and 

D = A<^f]{xGX:gix)^fix)r. 

Clearly, C and D are coanalytic. We claim that C and D are disjoint. 
Suppose not. Take any x G Cp|i3. Then both f{x) and g{x) are in WO. 
Therefore, either |/(a:)| < | 5 (a:)| or | 5 (a:)| < |/(a;)|. Since x G Cf^D, this 
is impossible. 

Finally, we show that A \ B C C. Let x G A \ B. Then, of course, 
X G As fix) ^ WO and gix) G WO, there is no order-preserving one- 
to-one map from Difix)) into Digix)). So, x G C. Similarly it follows that 
B\ACD. m 

Exercise 4.11.2 Let A, B be analytic subsets of a Polish space X and 
f,g : X — >• LO Borel maps such that f~^iWO) = A^ and g~^iWO) = 
Define (3a ■ X — >• wi -I- 1 by 



Define (3b '■ X 



(3Aix) = 



|/(a;)| if a; G AC 
u>i otherwise. 



-I- 1 analogously. Show that 
{x G X : PAix) < (dsix)} G S 



1 

1 - 



Corollary 4.11.3 Suppose X is a Polish space and (A„) a sequence of 
analytic subsets of X. Then there exists a sequence (C„) of pairwise disjoint 
coanalytic sets such that 
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Proof. By the second separation theorem, for each n there exist pairwise 
disjoint coanalytic sets C'„ and D'^ such that 

An\\J A^CC'„ and |J \ C D'„. 

m^n m^n 



Take 

Cn = C'^f] n 

m^n 



Proposition 4.11.4 Suppose X is a Polish space and (An) a sequence 
of analytic subsets of X. Then there exists a sequence (C„) of coanalytic 
subsets of X such that 



An \ lim sup Am CCn (1) 

and 

limsupC'„ = 0. (2) 

Proof. For each n, set /3„ = /3 a„> where is as defined in 4.11.2. Let 
Qnm X . "S: 

Qnm is analytic by 4.11.2. Take 

Cn = [limsup{Q„m}]‘'. 

m 

Then (7„ is coanalytic and 

X ^ Cn 3?7 C N (?7 infinite, & x € Q Qnm)- (*) 

m^rj 

Proof of (1): Let x £ A„ \ limsupAm. Then /3„(x) = Wi. Let p be any 
infinite subset of N. Find m £ r] such that x ^ Am- Then (3m{x) < wi = 
Pn{x). So, X ^ Qnm- By (*) X £ C„. 

Proof of (2): Suppose lim sup C„ yf 0. Take any x G lim sup Cn. Choose 
an infinite subset ry of N such that x £ Cn for all n £ rj. Choose no £ rj 
such that Pno(x) = min{/3„(x) : n £ rj}. So, x ^ Cng by (*). This is a 
contradiction. Hence, lim sup C„ = 0. ■ 

Remark 4.11.5 (J. Jayne, A. Maitra, and C. A. Rogers) The generalized 
first separation principle (4.6.1) does not hold for coanalytic sets. This 
follows from the fact that the following statement does not hold in general. 

(Q) Whenever (Cn) is a sequence of coanalytic subsets of an uncountable 
Polish space X such that lim sup Cn = 0, there exist Borel sets Bn in X 
such that Cn C and limsupi?„ = 0- 
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Assume (Q). Find a sequence (C/„) of analytic subsets of X x X univer- 
sal for sequences of analytic subsets of X (4.1.18). Apply 4.11.4 to these 
analytic sets C/„. We will get coanalytic subsets Cn of X x X such that 

Un \ limsupt/^ C Cn, 



and 



limsupCn = 0. 



By (Q), there exist Borel sets in A x A such that Cn C for all n and 
limsupBn = 0. Choose 2 < a < Ui such that every Bi is of additive class 
a. To establish our claim we now show that 3.6.14 is false for a. Towards 
proving this, let (Bn) be a sequence of multiplicative class a sets in A such 
that limsupAj = 0. Choose a € such that Ei = (Ui)a- for each i. Then 



(limsup [/i)cr = limsup([/i)cr = limsupAj = 0. 



So, 



Vi(E, = (Ui), C (Ci), C (B,),) 



and 



limsup(i?i)cr = 0. 

Since the sets (Bi)„ are of additive class a, we have shown that 3.6.14 does 
not hold. Thus (Q) is false. 



Exercise 4.11.6 Show that there is an A-function / : R — >■ R. that does 
not dominate a Borel function. 



4.12 Countable-to-One Borel Functions 

Theorem 4.12.1 Let X be a Borel subset of a Polish space, Y Polish, and 
/ : A — Borel. Then 

Zf = {y gY : f~^(y) is a singleton} 



is coanalytic. 

Proof. We first prove the result in case A is a closed subset of and 
/ continuous. 

For s € let 

A, = /(S(s) f| A) and B, = /(A \ S(s)). 

Then 

= Un^s“n) 

Es " n A Bg , 
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— U{t:|s| = |t| & s/t} 

Note that {Ag \ Bg : |s| = fc} is a pairwise disjoint family for any k. 
Further, {Ag \ Bg '■ s G is a regular system. Also, as / is continuous, 

for any a G X, 

{/(a)} = f]^a\k = 

k k 

Now, 

= UJ{/(«)}\/(^\W)] 

= Uairifc fix n S(a|ft)) \ fiUkiX \ ^ia\k)))] 

~ Ua nfe(^a|fe \ ^a|fc)- 

By 4.11.3, for each k there is a family {Cg : |s| = k} of pairwise disjoint 
coanalytic sets such that 

Ag\BgC Cg. 

Replacing Cg by C't, we assume that {Cg : s G is regular. Let 

Cg* = Cgf^ (cl(A,)\R,). 

Then 

Ag\Bg CCg* C cl(Ag)\Bg. (*) 

Further, for any s and any m, 

= [d(Ag-^)\Bg-^]nCg~m 

C [cl(Ag)\Bg]nCg 
= Cg* 

This shows that {C* : s G is regular and 

(|s| = |t| &syft)^C:f|C* = 0. 

By (*), 

oc k oc k 

For every a G we have 

nfc(<^U^a|fc) \ = Hfc n fife 

= V\kAa\kC\C\k^a\k 

rifc(^a|fe \ 'Balfc) 
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Hence, 

z/ = uric:i.- 

a k 

By 1.12.3, 

unQt=n u c:. 

ct k k |s|=fc 

and the result in the special case follows. 

For the general case, note that by 3.3.15 and 2.6.9, graph(/) is a one- 
to-one continuous image of a closed subset D of N”. Now apply the above 
case to X = D and / = tty ° 5, where g : D — > graph(/) is a continuous 
bijection and Try : X x F is the projection onto Y . ■ 

Corollary 4.12.2 Let X , Y he Polish spaces and B G X x Y a Borel set. 
Then the set 

Z = {x € X : Bx is a singleton} 

is coanalytic. 

Theorem 4.12.3 (Lusin[71]) If X , Y are Polish and B a Borel subset of 
X xY such that for every x € X the section B^ is countable, then ttx{B) 
is Borel. 

Proof. Let E C be a closed set and/ : E — > X x Y a, one-to-one 
continuous map from E onto B. Consider g = ttjco/. For every x G ttx{B), 
g~^{x) is a countable closed subset of E. Hence, by the Baire category 
theorem, g~^{x) has an isolated point. Let gs = (/|S(s), s G As 

^x{B) = \JZ,^, 

S 

it is coanalytic by 4.12.1. The result follows from Souslin’s theorem. ■ 
In the next chapter we shall present the result of Lusin in its full general- 
ity: Every analytic subset of the product of two Polish spaces X and Y with 
the sections countable can he covered by countably many Borel graphs. 

Theorem 4.12.4 Suppose X, Y are Polish spaces and f : X — > Y is a 
countable-to-one Borel map. Then f{B) is Borel for every Borel set B in 

X. 

Proof. The result follows from 4.12.3 and the identity 
f{B) = 7Ty(graph(/) P|(H x T)). 



It is interesting to note that the converse of the above theorem is also 
true. 
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Theorem 4.12.5 (Purves [93]) Let X he a standard Borel space, Y Polish, 
and f : X — > Y a himeasurahle map. Then 

{y &Y ■. is uncountable} 



is countable. 

We need a lemma. 

Lemma 4.12.6 Let X be a standard Borel space, Y Polish, and A Q X x 
Y analytic with 7rjf(2l) uncountable. Suppose that for every x € 7Tx(A), 
the section is perfect. Then there is a C C ttx{A) homeomorphic to 
the Cantor set and a one-to-one Borel map / : C x 2^ — 1 A such that 
TTx{f{x,oi)) = X for every x and every a. 

Granting the Lemma, the proof is completed as follows. 

Proof of 4.12.5. Assume that f~^{y) is uncountable for uncountably 
many y. We shall show that there is a Borel B C X such that f{B) is not 
Borel. 

Case 1: / is continuous. 

Fix a countable base (C/„) for the topology of X. Let G = graph(/). For 
each n, let 

En = {y G Y : C/„ Pi is countable} 

and 

A = G\|J(C/„ X A„). 

n 

By 4.3.7, En is coanalytic. Hence, A is analytic. Further, 7Ty(A) is un- 
countable and A^ is perfect for every y G tty{A). By 4.12.6, there is a 
homeomorph of the Cantor set C contained in Try (A) and a one-to-one 
Borel map g : 2^ x C — 1 A such that 7TY(g(a,y)) = y. Let G be a Borel 
subset of 2” X G such that ttc{D) is not Borel and let B = TTx{g{D)). Since 
TTx o g Is one-to-one, B is Borel by 4.5.4. Since f{B) = ttc{D), the result 
follows in this case. 

The general case follows from case 1 by replacing X by graph(/) and / 
by 7Ty|graph(/). ■ 

Proof of 4.12.6. 

Fix a compatible complete metric on Y and a countable base (G„) for 
the topology of Y. For each s G 2<^, we define a map ng{x) : ttjc (A) — i N 
satifying the following conditions. 

(i) X — ns(x) is cr(S})-measurable, 

(ii) diameter([/„^(a;)) < 

(hi) Un,(x) n 0 for all x G 7 Tx(A), 
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(iv) cl(J7„^.^(^)) C Un,(x), e = 0 or 1, and 

(v) cl(C/„^_j,(^))n cl(J7„,.j(^)) = 0. 

Such a system of functions is defined by induction on |s|. This is a fairly 
routine exercise, which we leave for the reader. Now fix a continuous proba- 
bility measure P an X such that P(7 Tx( 41)) = 1. Since every set in cr(Si[) is 
P-measurable and since ttx{A) is uncountable, there is a homeomorph C of 
the Cantor set contained in 7rx{A) such that ng\C is Borel measurable for 
all s G Take x G C and a G 2^. Note that ^"c|fc(x) i® ^ singleton, 
say {y}. Put f{x,a) = (x,y). The map / has the desired properties. ■ 

The above proof is due to R. D. Mauldin [81]. 




5 



Selection and Uniformization 
Theorems 



In this chapter we present some measurable selection theorems. Selection 
theorems are needed in several branches of mathematics such as probability 
theory, stochastic processes, ergodic theory, mathematical statistics ([17], 
[34], [89], [18], etc.), functional analysis, harmonic analysis, representation 
theory of groups and C*-algebras ([4], [6], [7], [35], [36], [37], [40], [50], 
[54], [72], [73], [124], etc.), game theory, gambling, dynamic programming, 
control theory, mathematical economics ([55], [78], etc.). Care has been 
taken to present the results in such a way that they are readily applicable 
in a variety of situtations. It is impossible to present a satisfactory account 
of applications in a book of this size. We shall be content with giving some 
applications that do not require much background beyond what has been 
developed in this book. From time to time we give some references, where 
interested readers will find more applications. 

The axiom of choice states that every family {Ai : t S /} of nonempty 
sets admits a choice function. For most purposes this is of no use. For 
instance, if X and Y are topological spaces and / : X — >■ Y a continuous 
map, one might want a continuous map s : Y — > X such that / o s is 
the identity map. This is not always possible: For the map f{t) = e** from 
K onto no such continuous s exists. (Why?) Conditions under which a 
continuous selection exists are very stringent and not often met. Interested 
readers can consult [82] for some very useful continuous selection theorems. 
On the other hand, measurable selections exist under fairly mild conditions. 
Note that the map / : K — >■ 5”^ defined above admits a Borel selection S. 
In what follows, we systematically present most of the major measurable 
selection theorems. 
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5.1 Preliminaries 

A multifunction G : X — F is a map with domain X and whose values 
are nonempty subsets of Y. For A C F, we put 

G~\A) = {xex : G(a;)p|Ay^ 0}. 



The set 

{{x,y) € X xY :y € G(x)} 

will be called the graph of the multifunction G. It will be denoted by 
gr(G). We have 

G-i(A) = 7Tx(gr(G)f|(Ax A)). 

A selection of a multifunction G : X — i T is a point map s : X — ^ Y 
such that s(x) G G(x) for every x G X. 

Let A be a class of subsets of X. We shall consider only the cases where 
A is a a-algehra or X a Polish space and A one of the additive class 
S°(X). Let y be a Polish space. A multifunction G : X — i Y is called 
A-measurable (strongly A-measurable) if G~^{U) G A for every open 
(closed) set U in Y. In particular, a point map g : X — i Y is A-measurable 
if g~^{U) G A for all open U in Y. We shall drop the prefix A from these 
notions if there is no scope for confusion. 

Remark 5.1.1 Suppose X is a measurable space, Y a Polish space and 
F{Y) the space of all nonempty closed sets in Y with the Effros Borel 
structure. Then a closed-valued multifunction G : X — > Y is measurable 
if and only if G : X — F{Y) is measurable as a point map. 

A multifunction G : X — Y is called lower-semicontinuous (upper- 
semicontinuous) if G~^{U) is open (closed) for every open (closed) set 
U CY. Let X, Y be topological spaces and g : Y — X a continuous open 
(closed) onto map. Then G{x) = g~^{x) is lower semicontinuous (upper 
semicontinuous) . 

Lemma 5.1.2 Suppose Y is metrizable, G : X — > Y strongly A- 
measurable, and A closed under countable unions. Then G is A-measurable. 

Proof. Let U be open in Y. Since Y is metrizable, U is an F^ set in Y. 
Let C/ = G„, G„ closed. Then 

g-\u)^\Jg~\g„). 

n 



Since G is strongly A-measurable and A closed under countable unions, 
G-1(C/)gA. ■ 
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Exercise 5.1.3 Let X and Y be Polish spaces and A = Bx- Give an 
example of a closed-valued, .4-measurable multifunction G : X — >■ Y that 
is not strongly .4-measurable. 

Lemma 5.1.4 Suppose (^,.4) is a measurable space, Y a Polish space, 
and G : X — > Y a closed-valued measurable multifunction. Then gr(G) G 

A^By. 

Proof. Let (C/„) be a countable base for Y. Note that 

y G{x) ^ 3n[G{x) f| [/„ = 0 & y G C/„], 

Therefore, 

(X X y) \ gr(G) = lJ[(G-i(t/„))^ X C/„], 

n 

and the result follows. ■ 

Exercise 5.1.5 Show that the converse of 5.1.4 is not true in general. 

Exercise 5.1.6 Let X and Y be Polish spaces and A a sub cr-algebra of 
Bx- Show that every compact- valued multifunction G : X — > Y whose 
graph is in x4 0 By is x4-measurable. 

The problem of selection occurs in several forms. Let B C X x Y. A set 
C C B is called a uniformization of B if for every x G X, the section Gx 
contains at most one point and ttx{G) = ttx{B). In other words, G Q B 
is a uniformization of B if it is the graph of a function / : t:x{B) — > Y. 
Such a map / will be called a section of B. 

One of the most basic problems we shall address is the following: When 
does a Borel set in the product of two Polish spaces admit a Borel uni- 
formization? Let X, Y be Polish and B C X x Y Borel. Suppose B admits 
a Borel uniformization G. Then ttx\C is a one-to-one continuous map with 
range ttx{B). Hence, by 4.5.1, ttx{B) is Borel. Blackwell([16]) showed that 
this condition is not sufficient. 

Example 5.1.7 (Blackwell [16]) Let Gi, G 2 be two disjoint coanalytic sub- 
sets of [0, 1] that cannot be separated by Borel sets. The existence of such 
sets has been shown in (4.9.17). Let Bi be a closed subset of [0, 1] x S(i) 
whose projection is [0,1] \ Gj, i = 1 or 2. Take B = B 1 IJB 2 . Then B 
is a closed subset of [0,1] x whose projection is [0,1]. Suppose there 
exists a Borel section / : [0, 1] — > of B. Then /“^(S(2)) is a Borel set 
containing G\ and disjoint from G 2 . But no such Borel set exists. Thus B 
does not admit a Borel uniformization. 

Exercise 5.1.8 Show that a Borel set B C X x Y admits a Borel uni- 
formization if and only if ttx{B) is Borel and B admits a Borel section. 
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Two questions now arise: (i) Under what conditions does a Borel set 
admit a Borel uniformization? (ii) Can we uniformize any Borel set by a 
set that is nice in some way? An answer to the second question was given 
by Von Neumann. We shall present Von Neumann’s theorem in Section 5. 
In subsequent sections, we shall discuss the first problem in detail. 

A partition II of a set A is a family of pairwise disjoint nonempty sub- 
sets of X whose union is X. There is an obvious one-to-one correspondence 
between partitions of X and equivalence relations on X. We shall go back 
anf forth between the two notions without any explicit mention. Let II be 
a partition of X and Ac X. We put 

A* = |J{PGn: Ap|Pyf0}. 

Therefore, A* is the smallest invariant set containing A, called the satu- 
ration of A. 

Let A be a Polish space and A a family of subsets of A. A partition 
n is called A-measurable if the saturation of every open set is in A. Let 
n be a partition of a Polish space A. We call II closed, Borel, etc. if it 
is closed, Borel, etc. in A x A. It is said to be lower-semicontinuous 
(upper-semicontinuous) if the saturation of every open (closed) set is 
open (closed). 

A cross section of II is a subset S' of A such that S p| A is a singleton 
for every A G II. A section of II is a map / : A — A such that for any 
X, y in A, 

(a) X n f{x), and 

(b) a; f{x) = f{y). 

To each section / we canonically associate a cross section 
S = {x G X : x = f{x)} 



of n. 

Proposition 5.1.9 Suppose X is a Polish space and II a Borel equivalence 
relation on X. Then the following statements are equivalent. 

(i) n has a Borel section. 

(ii) n admits a Borel cross section. 

Proof. If / is a Borel section of II, then the corresponding cross section 
is clearly Borel. On the other hand, let S be a Borel cross section of II. Let 
f{x) be the unique point of S equivalent to x. It is clearly a section of II. 
Note that 



y = fix) 



X n y Sz y G S. 
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Therefore, as II and S are Borel, the graph of / is Borel. Hence, / is Borel 
measurable by 4.5.2. ■ 

A partition II is called countably separated if there is a Polish space 
Y (or equivalently, a standard Borel space Y) and a Borel map / : X — >■ Y 
such that 

xUx' f{x) = f{x'). 

Exercise 5.1.10 Let II be a partition of a Polish space X. Show that the 
following statements are equivalent. 

(i) n is countably separated. 

(ii) There is a Polish space Y and a sequence of Borel maps /„ : X — >■ Y 

such that 

Vx,y{x n y Vn(/„(a;) = /„(y))). 

(iii) There is a sequence (i?„) of invariant Borel subsets of X such that 

Vx, y{x n y Vn(x G y G H„)); 



that is, 

AxP\n-|J(H„xB^). 

n 

Proposition 5.1.11 Every closed equivalence relation on a Polish space 
X is countably separated. 

Proof. Take any countable base (C/„) for the topology of X. For every 
X, y in X such that {x,y) ^ II, there exist basic open sets C/„ and Um 
containing x and y respectively with [/„ x Um U (A x E) \II. In particular, 
U* is disjoint from Um- Since U* is the projection onto the first coordinate 
axis of 7Tx(np|(A X C/„)), which is Borel, U* is analytic. Thus U* is an 
invariant analytic set disjoint from Um- Hence, by 4.4.5, there exists an 
invariant Borel set containing U* and disjoint from Um- It is now fairly 
easy to see that 

AxP\n = |J(H„xH^). 

n 

The result follows from 5.1.10. ■ 

Proposition 5.1.12 Every Borel measurable partition of a Polish space 
into Gs sets is countably separated. 

Proof. Let A be a Polish space and n a Borel measurable partition 
of A into Gs sets. Take Y = F{X), the Effros Borel space of A. Then 
Y is standard Borel (3.3.10). For x £ X, let [a;] be the equivalence class 
containing x and p(x) = cl([x]). For any open U C X, 

{x G A : p(a:) Pi [/ yf 0} = U* , 
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which is Borel, since II is measurable. Therefore, p : X — > Y is Borel 
measurable (5.1.1). We now show that: 

x = y^^p{x)=p{y). (*) 

Clearly, x = y p{x) = p{y). Suppose x ^ y but p{x) = p{y). Then [x] 
and [y] are two disjoint dense Gs sets in p{x). This contradicts the Baire 
category theorem, and we have proved (*). Thus, p : X — > Y witnesses 
the fact that II is countably separated. ■ 

Remark 5.1.13 In the above proposition, let ([/„) be a countable base for 
the topology of X. Let a; ^ j/. By (*), there exists a basic open set C/„ that 
intersects precisely one of p{x), p{y), and so it intersects precisely one of 
[x], [y]. It follows that U* contains exactly one of x, y. Conversely, assume 
that X = y. Since the U*’s are invariant, we have Vn(a; G U* y £ [/*). 
Thus, we see that for x, y in X, 

x = y Vn(x G U* y G U*). 

We shall use this observation later in proving some cross section theorems. 

Let n be a partition of a Polish space X and let X/Yi denote the set of all 
Il-equi valence classes. Suppose q : X — >• X/YL is the canonical quotient 
map. X/Yi equipped with the largest cr-algebra making q measurable is 
called the quotient Borel space. So the quotient a-algebra consists of 
all subsets E of X/Yi such that q~^{E) is Borel in X. The quotient of a 
standard Borel space by an equivalence relation need not be isomorphic to 
the Borel a-algebra of a metric space. However, we have the following. 

Exercise 5.1.14 Show that if 11 is a countably separated partition of a 
Polish space X, then the quotient Borel space X/Yi is Borel isomorphic to 
an analytic set in a Polish space. 

Exercise 5.1.15 (i) Give an example of a countably separated partition 
of a Polish space that does not admit a Borel cross section. 

(ii) Give an example of a closed equivalence relation on a Polish space X 
that does not admit a Borel cross section. 

Lemma 5.1.16 Let Yi he a Borel partition of a Polish space X. The fol- 
lowing statements are equivalent. 

(i) n is countably separated. 

(ii) The a-algehra B* of II -invariant Borel sets is countably generated. 

Proof, (i) implies (ii): Let II be countably separated. Take a Polish 
space Y and / : X — >■ Y a Borel map such that 

xUx' f{x) = fix'). 
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We show that B* = which will then show that II satisfies (ii). 

Clearly, B* 3 To prove the reverse inclusion, let B C X be an 

invariant Borel set. Then f{B) and are disjoint analytic subsets of 

Y. By the first separation principle for analytic sets (4.4.1), there is a Borel 
set C such that 

f{B) C C and C'p|/(B‘=) = 0. 

Therefore, B = G f~^{BY)- Hence, (i) implies (ii). 

(ii) implies (i): Let B* be countably generated. Take any countable 
generator (H„) of B* . Note that the atoms of B* are precisely the II- 
equi valence classes. Therefore, for any x, x' in X, 

X x' 'in{x G An x' G H„). 

From this and 5.1.10, it follows that (ii) implies (i). ■ 



5.2 Kuratowski and Ryll-Nardzewski’s Theorem 

In this section we present a fairly general measurable selection theorem for 
closed- valued multifunctions and give some applications. The result is due 
to Kuratowski and Ryll-Nardzewski[63]. Because of its general nature, it 
can be used in a variety of situations. 

In 5.2.1 - 5.2.3, Y is a Polish space, d < 1 a compatible complete metric 
onY, X a nonempty set, and C an algebra of subsets of X. 

Theorem 5.2.1 (Kuratowski and Ryll-Nardzewski [63]) Every 
measurable, closed-valued multifunction F : X — > Y admits an La- 
measurable selection. 

To prove this, we need two lemmas. The first lemma is a straightforward 
generalization of the reduction principle for additive Borel classes (3.6.10). 
The second one generalizes the fact that the uniform limit of a sequence of 
class a functions is of class a (3.6.5 (ii)). 

Lemma 5.2.2 Suppose A„ G Co-. Then there exist Bn C such that the 
Bn ’s are pairwise disjoint elements of Co- and (J„ A„ = 1J„ B„. 

Proof. Write 

An — Cnm 5 

m 

Cnm G L. Enumerate {Cnm : n,m G N} in a single sequence, say {Df). Set 

Ei = Di\\^ Dj. 

j<i 
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Clearly, Ei G C. Take 

Bn = y]{Ei ■■ Ei C < n){Ei g Am)}- 



Lemma 5.2.3 Suppose f„ : X — > Y is a sequence of La-measurable func- 
tions converging uniformly to f : X — > Y. Then f is La -measurable. 

Proof. Replacing (/„) by a subsequence if necessary, we assume that 

'ix'in{d{f{x), fn{x)) < l/(n+ 1)). 

Let f be a closed set in Y and 

Fn = cl({y G Y : d{y,F) < l/(n+ 1)}). 

Then 

f{x) G E 'infn{x) G F„; 

i.e., f~^{F) = fn^{Fn) G Ls, and our result is proved. ■ 

Proof of 5.2.1. Inductively we define a sequence («„) of /icr-ineasurable 
maps from X to y such that for every x G X and every n G N, 

(i) d{sn{x),F{x)) < 2“", and 

(ii) (x) , (x)) ^ 2 

To define (s„) we take a countable dense set (r„) in Y. Define Sq = ^o- 
Let n > 0. Suppose that for every m < n, Sm satisfying conditions (i) and 
(ii) have been defined. Let 

Ek = {x G X : d{sn-i{x),rk) < 2“”+^ & d{rk,F{x)) < 2“”}. 

So, 

Ek = sf^_,{B{rk, 2-"+!)) f| F-\B{rk, 2-")), 

where B{y,r) denotes the open ball in Y with center y and radius r. It 
follows that Ek G La- 

Further, IJ^ Ek = X. To see this, take any x G X. As d(s„_i(x), F{x)) < 
2“”+^, there is a y in F{X) such that d(y, s„_i(x)) < 2“"+^. Since (r^) is 
dense, there exists an I such that d{ri,y) < 2“” and d(n, s„_i(x)) < 2“”+^. 
Then x G Ei. 

By 5.2.2, there exist pairwise disjoint sets Dk C Ek in La such that 
Ufc Ek = [}kEk = X. Define 

s„(x) = Vk if X G Dk- 

It is easy to check that the sequence (s„) thus defined satisfies conditions 
(i) and (ii). 
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By (ii), (s„) converges uniformly on X, say to s. By 5.2.3, s is /im- 
measurable. Since, d{s{x), F{x)) = lim d{sn{x),F{x)) = 0 and F{x) is 
closed, s(a;) G F{x). ■ 

Corollary 5.2.4 Let X he a Polish space and F{X) the space of nonempty 
closed subsets of X with Effros Borel structure. Then there is a measurable 
s : F{X) — > X such that s{F) G F for all F G F{X). 

Proof. Apply 5.2.1 to the multifunction G : F{X) — >■ X, where G{F) = 
F, with £ the Effros Borel cr-algebra on F{X). ■ 

Corollary 5.2.5 Let {T,T) he a measurable space and Y a separable met- 
ric space. Then every T -measurable, compact-valued multifunction F : 
T — > Y admits a T-measurable selection. 

Proof. Let X be the completion of Y . Then F as a multifunction from 
T to A is closed- valued and T-measurable. Apply 5.2.1 now. ■ 

Corollary 5.2.6 Suppose Y is a compact metric space, X a metric space, 
and f : Y — > X a continuous onto map. Then there is a Borel map 
s : X — > Y of class 2 such that f o s is the identity map on X. 

Proof. Let F{x) = f~^{x), x G X, and C = A°. For any closed set G 
in Y, 

F-\G) = ^x(graph(/) f|(A x C)). 

Therefore, by 2.3.24, F~^{G) is closed. Hence, F is £m-measurable. Now 
apply 5.2.1. ■ 

Proposition 5.2.7 (A. Maitra and B. V. Rao[77j) Let T he a nonempty 
set, L an algebra on T, and X a Polish space. Suppose F : T — > X is a 
closed-valued £„ -measurable multifunction. Then there is a sequence (f„) 
of La -measurable selections of F such that 

Fft) = cl({/„(t) : n G N}), t G T. 

Proof. Fix a countable base {[/„ : n G N} for the topology of X and fix 
also an £m-nieasurable selection / for F. For each n, T„ = F~^{Un) G La. 
Write T„ = Um Define T„™ : T„^ — )> A by 

Fjim {t)= cl(T(f)f| Dn ) 5 t G Tim • 

By 5.2.1, there is an £m| Tim-measurable selection hnm for Fnm- Define 

f /i\ J hnmi^t^ if t G Tyiai, 

TmHj - I Otherwise. 

Then each fnm is /3m-measurable. Further, 



F{t) = c\{fnm{t) : n, m G N}, t G T. 
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In the literature, results of the above type, showing the existence of a 
dense sequence of measurable selections, are called Castaing’s theorems 
[27]. The technique of A. Maitra and B. V. Rao given above can be used to 
prove such results in various other situations. Finally, we have the following 
result. 

Theorem 5.2.8 (SrivastavafllS]) LetT, C, X, and F he as in 5.2.7. Then 
there is a map f : T x — >■ X sueh that 

(i) for every a G t — >■ f{t,a) is Ca-Tneasurahle, and 

(ii) for every t GT, f{t, •) is a eontinuous map from onto F{t). 

We shall only sketch a proof of this theorem. Readers are invited to work 
out the details. 

Exercise 5.2.9 Let T, C, X, and F be as above. Suppose s : T — X is 
an Tcr-ineasurable selection for F and e > 0. Show that the multifunction 
G : T — >• X defined by 

G{t) = cl{F{t)f]B{s{t),e)), tGT, 



is Tcr-measurable. 

Proof of 5.2.8 Fix a complete compatible metric d on X. Applying 5.2.9 
and 5.2.7 repeatedly, for each s G we get an To-nieasurable selection 
fs : T — >■ X for F satisfying the following condition: For every s G N''^ 
and every tGT, {fs~n{t) : n G N} is dense in F(t) P| R(/s(t), l/2“l^l)). 
Note that for every a G and every tGT, the sequence (/a|„(t)) is 
Cauchy and hence convergent. Take f : T x — >■ X defined by 

f{t,a)=limfa\n{t). ■ 

In the hypothesis of the selection theorem of Kuratowski and Ryll- 
Nardzewski (5.2.1), further assume that F is strongly T^-measurable. Then 
F is £o--nieasurable (5.1.2). Therefore, F admits an £cr-measurable selec- 
tion. The next theorem, due to S. Bhattacharya and S. M. Srivastava[12], 
shows that in this case we can say more. We shall use this finer selection 
theorem to prove a beautiful invariance property of Borel pointclasses. 

Theorem 5.2.10 (S. Bhattacharya and S. M. Srivastava [12]) Let F : 
X — > Y be closed-valued and strongly -measurable. Suppose Z is a 
separable metric space and g : Y — > Z a Borel map of class 2. Then there 
is an Ccr -measurable selection f of F such that g o f is La- -measurable. 

Proof. Let ([/„) be a countable base for the topology of Z. Write 
9~^{Un) = the Hnm's closed. Also, take a countable base (IF„) 

for Y and write IF„ = IJ^ Cnm, the C„m’s closed. Let B be the smallest 
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family of subsets of Y closed under finite intersections, containing each 
H„m and each Cnm- Let T' be the topology on Y with B a base. Note that 
T' is finer than T, the original topology of Y. By Observations 1 and 2 
of Section 2, Chapter 3, we see that T' is a Polish topology on Y. Note 
that with Y equipped with the topology T', g is continuous and F 
measurable. By 5.2.1, there is an £o.-nieasurable selection / of F. This / 
works. ■ 

Theorem 5.2.11 Let X, Y he compact metric spaces, f : X — > Y a 
continuous onto map. Suppose A CY and 1 < a < wi. Then 

rHA)eK{x)^AGn‘i{Y). 

To prove this we need a lemma. 

Lemma 5.2.12 Let X, Y, and f be as in 5.2.11. Suppose 1 < a < oji, Z 
is a separable metric space, and g : X — > Z is a Borel map of class a. 
Then there is a class 2 map s : Y — > X such that g o s is of class a and 
f{s{y)) = y for all y. 

Proof. Let F{y) = f~^{y), y G Y. Then F : Y — > X is an upper- 
semicontinuous closed- valued multifunction. By 5.2.1 there is a selection 
s of F that is Borel of class 2. This s works if either a = 1 (i.e., if g is 
continuous) or if a > loq (in this case o s is of class 1 -I- a = a). So, we 
need to prove the result for 2 < a < ojq only. We prove this by induction 
on a. 

For a = 2 we get this by 5.2.10. Let n > 2, and the result is true for 
a = n. Let g : X — >• Z be of class n+l. By 3.6.15, there is a sequence (g„) 
of Borel measurable functions from X to Z of class n converging pointwise 
to g. By 3.6.5, h = (gn) ■ X — >• Z^ is of class n. So, by the induction 
hypothesis, there is a selection s of F of class 2 such that ft, o s is of class 
n. In particular, each o s is of class n. As (/„ o s — >■ g o s pointwise, g o s 
is of class {n + 1) by 3.6.5. ■ 

Proof of 5.2.11 We need to prove the “only if” part of the result only. 
Let f~^{A) G (A). There is a sequence (A„) of ambiguous class a sets 
such that f~^(A) = P|„ A„. Define g : X — >• 2^ by 

g{x) = iXAo (x) , XAi (x) , xa 2 (a:) , . . .) . 

The map g is of class a. By 5.2.12, there is a class 2 map s : Y — X such 
that (/ o s is of class a and f{s{y)) = y. As 

A= (gos)-\l), 

where 1 is the constant sequence 1, it is of multiplicative class a. ■ 

For a more general version of this theorem see [12]. 
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5.3 Dubins - Savage Selection Theorems 

In this section we present a selection theorem due to Schal[103], [104] that 
is very useful in dynamic programming, gambling, discrete-time stochastic 
control, etc. 

Theorem 5.3.1 (Schdl) Suppose {T,T) is a measurable space and let Y 
be a separable metric space. Suppose G : T — > Y is a T-measurable 
compact-valued multifunction. Let v be a real-valued function on gr(G), 
the graph of G, that is the pointwise limit of a nonincreasing sequence (u„) 
of T <^BY\gr{G) -measurable functions on gr(G) such that for each n and 
each t £ T, Vn{t , .) is continuous on G{f). Let 

v*{f) = sup{u(t, y) : y G G(t)}, t G T. 

Then there is a T-measurable selection g : T — > Y for G such that 

v*{t) = v{t,g{t)) 



for every t € T. 

In the dynamic programming literature, theorems of the above type are 
called Dubins - Savage selection theorems. Theorem 5.3.1 is the culmina- 
tion of many attempts to improve on the original result of Dubins and 
Savage [39]. For applications and discussions on this selection theorem see 
[74], [104]. 

Proof of 5.3.1. (Burgess and Maitra[24]) Without any loss of generality 
we assume that Y is Polish. Fix a complete metric d on T compatible with 
its topology. By 5.2.7, we get T-measurable selections : T — >• T of G 
such that 

G(t) = cl({g„(t) : n G N}), t G T. 

Then v*{t) = sup{u(t, y„(t)) : n G N}. Hence, v* is T-measurable. 

We first prove the result when u is T 0yBy|gr(G)-measurable with v{t , .) 
continuous for all t. Set 

H{t) = {y € G{t) : v{t,y) =v*{t)}, t€T. 

Clearly, id is a compact-valued multifunction. Let G be any closed set in 
Y and let 

G„ = {y G T : d(y, G) < 1/n}, n > 1. 

We easily check that 

{t : T(t) P|G 0} = P|lJ{f : v{t,gi{t)) > v*{t) - 1/n and gi{t) G G„}. 
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It follows that H is T-measurable. To complete the proof in the special 
case, apply the Kuratowski and Ryll-Nardzewski selection theorem (5.2.1) 
and take any 7”-measurable selection g for H. 

We now turn to the general case. By the above case, for each n there is 
a T-measurable selection : T — >■ T of G such that 

Vn{t,9n{t)) = sup{t;„(f,?/) : y G G{t)} 

for every t € T. For t G T, set 

H{t) = {y G G{t) : there is a subsequence (gmit)) such that gmit) —>■ y}. 

Since G(t) is nonempty and compact, so is -ff(t). We now show that is 
T-measurable. Let G be closed in Y . Then 

{tGT:T(t)f|GT0}= n []{t&T-.d{gUt),C)<l/k}. 

fc>l m>k 

It follows that H is T-measurable. By the Kuratowski and Ryll-Nardzewski 
selection theorem, there is a T-measurable selection g of H. 

To complete the proof, fix t G T. Then, there is a subsequence gmit) 
such that gm{t) -G g{t). By our hypothesis and 2.3.28, we have 

limv„,(t, 5 „,(t)) < v{t,g{t)). 

i 

It follows that 

v{t) = v{t,g{t)). 



Example 5.3.2 It is not unreasonable to conjecture that 5.3.1 remains 
true even for v that are T By |(/r(G)-measurable such that v{t, .) is upper- 
semicontinuous for every t. However, this is not true. Recall that in the 
last chapter, using Solovay’s coding of Borel sets, we showed that there is 
a coanalytic set T and a function g : T — > 2^ whose graph is relatively 
Borel in T X 2^ but that is not Borel measurable. Take T = By, G{t) = 2^ 
{t G T), and v : T x 2^ — R the characteristic function of graph(g). 



5.4 Partitions into Closed Sets 

In this section we prove several cross section theorems for partitions of 
Polish spaces into closed sets and give some applications of these results. 

Theorem 5.4.1 (Effros [40]) Every lower-semicontinuous or upper- 
semicontinuous partition H of a Polish space X into closed sets admits 
a Borel measurable section f : X — > X of class 2. In particular, they 
admit a Gs cross section. 
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Proof. In 5.2.1, take Y = X, L the family of invariant sets that are 
simultaneously and Gs, and F{x) = [a;], the equivalence class containing 
X. So, there is an £o.-measurable selection / : X — X of F. This means 
that / is a Borel measurable section of II of class 2. The corresponding 
cross section S = {x & X : x = f{x)} is a Gs cross section of II. ■ 

Theorem 5.4.2 (Effros - Mackey cross section theorem) Suppose FI is a 
closed subgroup of a Polish group G and II the partition of G consisting 
of all the right cosets of H. Then II admits a Borel measurable section of 
class 2. In particular, it admits a Gs cross section. 

Proof. Note that for any open set U in G, 

U* = \J{g-U:gGH}. 

So, U* is open. Thus II is lower semicontinuous. The result follows from 
Effros’s cross section theorem (5.4.1). ■ 

Theorem 5.4.3 Every Borel measurable partition H of a Polish space X 
into closed sets admits a Borel measurable section f : X — > X. In partic- 
ular, it admits a Borel cross section. 

Proof. Let A be the cr-algebra of all invariant Borel subsets of X and 
F : X — ^ X the multifunction that assigns to each x G X the member 
of n containing x. By our assumptions, F is .4-measurable. By 5.2.1, we 
get a measurable selection / for F. Note that / is a section of II. The 
corresponding cross section S = {x G X : x = f{x)} of II is clearly a Borel 
cross section of II. ■ 

This is one of the most frequently used cross section theorems. As an 
application we consider the classical problem of classifying complex irre- 
ducible n X n matrices with respect to the unitary equivalence. We refer 
the reader to [4] for the terminology used here. 

Define an equivalence relation ~ on irr{n) by A ^ i? if and only if A 
and B are unitarily equivalent; i.e., there is an unitary n x n matrix U 
such that A = UBU*. The quotient Borel space irr{n)/ ^ is called the 
classification space for irreducible n x n matrices. The classification 
problem is the problem of finding a countable and complete set of unitary 
invariants. This amounts to finding suitable real- or complex-valued Borel 
functions fi, i G N, on irr{n) such that for every A, B in irr{n), 

A^B^\/i{MA) = MB)). 

Several countable and complete sets of unitary invariants have been found. 
(See [4], p. 74.) In particular, ^ is countably separated. Therefore, by 2.4.5 
and 5.1.14, the classification space irr(n)/ ~ is Borel isomorphic to an 
analytic subset of a Polish space. Using our results, we can say more. 
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Theorem 5.4.4 The classification space irr{n) / ^ is standard Borel. 

Proof. Fix any irreducible A. Then the ^-equivalence class [A] contain- 
ing A equals 

U) G irr{n) x U{n) : A = UBU*}, 

where tti : irr{n) x U{n) — > irr(n) is the projection map to the first 
coordinate space. (Recall that U{n) denotes the set of all n x n unitary 
matrices.) As the set 

{(R, U) G irr{n) x U{n) : A = UBU*} 

is closed and U(n) compact, [A] is closed by 2.3.24. 

Now let O be any open set in irr{n). Its saturation is 

y {A G zrr(n) : U AU* G O}, 

UeU{n) 

which is open. Thus ~ is a lower-semicontinuous partition of irr{n) into 
closed sets. By 5.4.3, let C be a Borel cross section of Then q\C is a one- 
to-one Borel map from C onto irr{n)/ where q : irr{n) — > irr(n)j ~ is 
the canonical quotient map. By the Borel isomorphism theorem (3.3.13), q 
is a Borel isomorphism, and our result is proved. ■ 

We give some more applications of 5.4.2. Recall that if G is a Polish 
group, H a closed subgroup, and E the equivalence relation induced by 
the right cosets, then the cr-algebra of invariant Borel sets is countably 
generated. Elsewhere (4.8.1) we used the theory of analytic sets to prove 
this result. As an application of 5.4.2 we give an alternative proof of this 
fact without using the theory of analytic sets. As a second application we 
show that the orbit of any point under a Borel action is Borel. 

An alternative proof of 4.8.1. Let G, iJ, and II be as in 5.4.2. Let B 
be the cr-algebra of invariant Borel sets. As proved in 5.4.2, there is a Borel 
section s : G — > G of II. Then, 

B={s~\B)-.B&Bg}. 

Hence, B is countably generated. ■ 

Theorem 5.4.5 (Miller[84]) Let (G, •) he a Polish group, X a Polish 
space, and a{g, x) = g ■ x an action of G on X. Suppose for a given x G X 
that g — > g ■ X is Borel. Then the orbit 

{g-x-.gGG} 

of X is Borel. 

Proof. Let H = G^ be the stabilizer of x. By 4.8.4, H is closed in G. Let 
S' be a Borel cross section of the partition 11 consisting of the left cosets of 
H. The map g — > g ■ x restricted to S is one-to-one, Borel, and onto the 
orbit of X. The result follows from 4.5.4. ■ 
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5.5 Von Neumann’s Theorem 

In Section 1, we showed that a Borel set need not admit a Borel uniformiza- 
tion. So, what is the best we can do? Von Neumann answered this question, 
and his theorem has found wide application in various areas of mathemat- 
ics. He showed that every Borel set admits a coanalytic uniformization and 
something more: It admits a section that is measurable with respect to 
all continuous probability measures (such functions are called universally 
measurable) and that is Baire measurable. 

The following reasonably simple argument shows that an analytic uni- 
formization of a Borel set must be Borel. Hence, a Borel set need not have 
an analytic uniformization. 

Proposition 5.5.1 Let X, Y be Polish spaces, B C X x Y Borel, and C 
an analytic uniformization of B. Then C is Borel. 

Proof. We show that C is also coanalytic. The result will then follow 
from Souslin’s theorem. That C is coanalytic follows from the following 
relation: 



(x, y) G C {x, y) G B k, z) G C y = z). 



Before we prove Von Neumann’s theorem, we make a simple observation. 
Let C be a nonempty closed set in Then there exists a unique point 
a in C such that for all /? yf a in C, there exists an n G N such that 
a{n) < /3{n) and for all m < n, a{m) = P{m); i.e., a is the lexicographic 
minimum of the elements of C. To show the existence of such an a, we 
define a sequence (a„) in C by induction as follows. Let ao be any point 
of C such that 

q;o(0) = min({/3(0) : /? G C}). 

Having defined for i < n, let 

a„ G C'P|S(ao(0),ai(l),...,a„-i(n- 1)) 



be such that 

a„(n) = min{/3(n) : /? G CQ S(ao(0), ai(l), . ■ • , a„-i(n - 1))}. 

(a„) converges to some point a. Since C is closed, a G C. Clearly, a is the 
lexicographic minimum of C. 

Theorem 5.5.2 (Von Neumann[124]) Let X and Y he Polish spaces, A C 
X xY analytic, and A = CT(Si[(V)), the a-algebra generated by the analytic 
subsets of X. Then there is an A-measurahle section u : 7Tx(?1) — > Y of 

A. 




5.5 Von Neumann’s Theorem 199 



Proof. Let / : — >■ A be a continuous surjection. Consider 

B = {{x,a) : 7Tx{f{a)) = a;}. 

Then i? is a closed set with Trx{B) = 7rjc(A). For x G xx{A), define g{x) 
to be the lexicographic minimum of Bx', i.e., 

g{x) = a (x,a) G B 

kyp{{x,P) G B 

3n[a(n) < /3{n) and Vm < n{a{m) = /3(m))]}. 

By induction on |s|, we prove that ( 7 “^(S(s)) G A for every s G 
Since {S(s) : s G is a base for it follows that g is .4-measurable. 

Suppose G A and s = Bk, fc G N. Then for any x, 

a: G 5 “^(S(s)) a; G 

& 3of((a;,a) € B k s ^ a) 
k\n< fc-3/3((a;,/3) &B kVl< (3). 

Hence, g~^{'S{s)) G A. Now, define u{x) = Try (/(^(a;))), x G ttx(A). Then 
u is an .4-measurable section of A. ■ 

Theorem 5.5.3 Every analytic subset A of the product of Polish spaces 
X, Y admits a section u that is universally measurable as well as Baire 
measurable. 

Proof. The result follows from 5.5.2, 4.3.1, and 4.3.2. ■ 

Proposition 5.5.4 In 5.5.3, further assume that A is Borel. Then the 
graph of the section u is coanalytic. 

Proof. Note that 

u{x) = y (x, y) € A k (Va G N^)(V/3 G N^)([(a;, a) G B 

k(x, (}) GB k f{a) = {x, j/)] ^ a (3), 

where is the lexicographic ordering on B. ■ 

In a significant contribution to the theory, M. Kondo showed that every 
coanalytic set can be uniformized by a coanalytic graph [56]. We present 
this remarkable result in the last section of this chapter. 

Example 5.5.5 Let H C X x V be a Borel set whose projection is X 
and that cannot be uniformized by a Borel graph. By 5.5.4, there is a 
coanalytic uniformization C of A. By 5.5.1, C is not analytic. Now, the 
one-to-one continuous map / = 'Kx\C is not a Borel isomorphism. Thus 
a one-to-one Borel map defined on a coanalytic set need not be a Borel 
isomorphism, although those with domain analytic are (4.5.1). 

Further, let B = {f~^{B) : B G Bx}. Then is a countably generated 
sub (j-algebra of Be containing all the singletons and yet different from Bq. 
This shows that in general, the Blackwell - Mackey theorem (4.5.10) does 
not hold for a coanalytic set. 
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Exercise 5.5.6 Let X, Y be Polish spaces and / : X — > Y Borel. Show 
that there is a coanalytic set C Q X such that f\C is one-to-one and 

/(C) = fix). 

The next theorem is a generalization of Von Neumann’s theorem. Its corol- 
lary is essentially the form in which Von Neumann proved his theorem 
originally. 

Theorem 5.5.7 Let {X,S) be a measurable space with £ closed under the 
Souslin operation, Y a Polish space, and A G S^By- Then irxiA) G £, 
and there is an £-measurable section of A. 

Proof. By 3.1.7, there exists a countable sub cr-algebra T> oi £ such that 
A G P 0 By. Let (Bn) be a countable generator of T> and x : ^ C the 
map defined by 



x(x) = iXBo (x) ,X bAx),XB 2 (x),- ■ ■), xex. 

Let Z = xi^)- Then x is a bimeasurable map from {X,V) onto {Z,Bz)- 
Let 

B = {ixix),y) e Z xY : {x,y) e A}. 

B is Borel in ZxY. Take a Borel set C in C x V such that B = C C\{Z x Y). 

Let E = TTciC). Then E is analytic, and therefore it is the result of the 
Souslin operation on a system {Eg : s G N''^} of Borel subsets of C. Note 
that 

7TxiA)=x-\E)=Aix-\{Eg})). 

Since £ is closed under the Souslin operation, ttx{A) G £. 

By 5.5.2, there is a cr(Si[(C))-measurable section v : E — >■ Y of C. Take 
f = V o X- Then / is an f-measurable section of A. ■ 

Corollary 5.5.8 Let (X, A, P) be a complete probability space, Y a Polish 
space, and B G A^By . Then ttx{B) G A, and B admits an A-measurable 
section. 

Proof. Since A is closed under the Souslin operation, the result follows 
from 5.5.7. ■ 

The reader is referred to [28] for some applications of Von Neumann’s 
selection theorem. 



5.6 A Selection Theorem for Group Actions 

Many interesting partitions encountered in the representation theory of 
groups and C'*-algebras are induced by group actions. In this section, we 
show the existence of a Borel cross section for such partitions under a fairly 
mild restriction. This remarkable result is due to J. P. Burgess. 
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Theorem 5.6.1 (Burgess[23]) Let a Polish group G act continuously on 
a Polish space X, inducing an equivalence relation Eg- Suppose Eq is 
countably separated. Then it admits a Borel cross section. 

Proof. Fix a sequence of invariant Borel sets Zq, Z 2 , . . ., closed under 
complementation, such that for all x,y € X, 

xEcy € Zm y € Zm). (0) 

Also, fix a complete metric d compatible with the topology of X. 

The construction of the required cross section proceeds in four steps. 

Step 1. For each s G of even length, we define a Borel set A(s). 

Case 1. s = e, the empty sequence. Set A(e) = X. 

Case 2. Let s = (m, n) be a sequence of length 2. Set 

n)) = I x\Zra otherwise. 

Case 3. s = Em"n, where t has length > 2 and A{t) is a closed set. For 
such t we define A(t " m" n) for all m and n at once. For each m we let 
{A{Em"n) : n G N} be a family of closed sets of d-diameter < l/(m + 1) 
whose union is A{t). Note that in every case so far we have 

A{t) = ( 1 ) 

m n 

Case 4. s = E m" n, where t has length > 2 and A{t) is not a closed set. 
Again, for such t we define all A{Vm"n) at once. 

First we introduce by induction on countable ordinals a a slight modi- 
fication of the usual hierarchies of Borel sets. Let A4 q be the family of all 
closed subsets of X. For a countable ordinal a > 0, let Ada be the family of 
all sets of the form f|m Un ^rnn with Wmn G U/3<a -^/3- Thus Ml = n^, 
M2 = rig. For present purposes, the rank of a Borel set W will mean the 
least a with W G Ma- Now, let A{t) be of rank a > 0. Choose Borel sets 
A{t"m"n) of rank < a satisfying (1) above. This completes the first step 
of the construction. 

Step 2. Let us fix an enumeration sq: si, S 2 > ■ • • of nonempty members 
of such that Sm A Sn m < n. Let be the set of all functions 
from {so, si, ■ • ■ 5 s„_i} to N. (So Eq contains only the empty function 0.) 
Let T = ^00 be the set of all functions from {s^ : i G N} 

to N. Throughout this proof, the letters ct, t with or without suffix will 
range over T . We say that r is an immediate proper extension of cr, 
and write cr <C r, if for some n, cr G we have r G Tn+\ and t extends 

For ip G and s = (too,TOi, . . . ,mk-i) G domain(i/)) we define 

= (too, no, mi, ni, . . . , TOfc_i, nfc_i). 



cr. 
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where no = tp{{mo)), Ui = f/'((wo, TOi)), . . Uk-i = 

To complete the second step of the construction, we define B{a) to be the 
intersection of all A((t+(s)) for s G domain(cr). Using all these definitions, 
we see that 

B{a) = IJ B{t). (2) 

Further, by Step 1, Case 2, 

X G B{a)h{m) G domain(<T) (a G Zm '^((''Tr)) = 0). (3) 

The following fact is one of the two important observations that give a clue 
to defining the required cross section. 

(A) Suppose 0 = (To <C CTi <C (72 <C • ■ • is a sequence in T such that each 
B{<Jn) yf 0- Then B((t„) is a singleton. 

To see this, recall that 

B{(Jn) = P|{A(ct+(s*)) ■.i<n} = P|{A(^/>+(si)) : i < n}, 

where i/' € Too is the union of the (t„’s. 

Set 

L„ = P|{A(i/'^(si)) : i < n and A{^l)~^{si)) is closed}. 

Then the are closed, L„+i C L„, and contains B{an) and hence 
is nonempty. Further, the d — diameter(L„) — >■ 0. To see this, consider for 
any given m the sets A(^+(m)), (jn,m)), A('i/(+(m, m, m)), .... By 

Step 1, Case 4 of our construction, the ranks of these sets decrease until at 
some step we reach a closed set; then by Step 1, Case 3, at the very next 
step we get a closed set of diameter j l/(m+ 1). By the Cantor intersection 
theorem there is an a; G A such that p|n Ln = {x}. 

To prove our claim (A) we show that x G A('!/;+(s)) for all s. This is 
established by induction on the rank of the set involved. 

We know already that the claim holds for sets of rank 0; i.e., for closed 
sets. Suppose then that A((/>“'"(s)) has rank a > 0, and assume as induction 
hypothesis that the claim holds for sets of rank < a, e.g., for the various 
A^-ip^^s) " m'' n). For any m, letting n = m), we have = 

" m" n. Hence A(i/)+(s"m)) is of rank less than a, and so by the 
induction hypothesis, 

X G A{tp'^ {s" m)) = A{'tp'^{s)''m''n). 



This shows that 

X G A((/>“''(s)'m"n) = A{pj~^ (s)) , 

m n 



as required to prove the claim. 
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Step 3. Let us define 

C{a) = B{a)^, 

the Vaught transform of B{a). By 3.5.19, C(0) = X, and each C{a) is 
invariant and Borel. Further, 

C{a) = IJ C(r). (4) 

<y<S.T 

Now, if X e C((j), then by the Baire category theorem, some g-x G B{a); 
so applying (3) above and recalling that the are invariant, we conclude 
that 



X G C{a)k{m) G domain(cr) (a G Zm cr((tu)) = 0). (5) 

Step 4. We say that a lexicographically precedes r, and write u > r, 
if for some n and i < nwe have a G r G Xn, cr{sj) = t(sj) for all j < i 
and a(si) < r(si). The relation > well-orders each Bn- Let 

D(ct) = C(cr) \ |J{C'(r) : r Ocr}. 

Thus -D(a) is an invariant Borel set with D(0) = X, and by (4) and (5) we 
have 

D(a) = S.«rD(T) ( 6 ) 

and 

X G B(a) & (m) G domain((j) (x G Zm cr((m)) = 0). (7) 

In (6), S denotes disjoint union. 

Now we make the second crucial observation. Though we do not need it 
in its full strngth, this together with (A) gives a good clue to defining the 
required cross section. 

(B) Let K be an ifc-equivalence class. From (6) it is evident that there 
exists a sequence 0 = CTo <C CTi <C ct 2 "C • ■ • of elements of B such that 
K C D{an) for each n, but K p| D{a) = 0 for any other a & B. Then 

Since K C we take any x G X\K and show that x ^ D{an) 

for some n. Since {Z„ : n G N} is closed under complementation, by (0), 
there is an m such that K C Zm but x ^ Zm- Take a large enough n 
such that (m) G domain(cr„). Suppose x G D{(Jn)- We shall arive at a 
contradiction. Since x ^ Zm, cr„((m)) > 0 by (7). On the other hand, take 
any y G K C Zm- Then y G D(an)- So CT„((m)) = 0, and we have arrived 
at a contradiction. 

Finally, we are in a position to introduce the Borel set 

^=n u 

71 
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We aim to show that S' is a cross section of Eq. To this end we consider 
an arbitrary ifc-equivalence class K and verify that S p| if is a singleton. 

Take a sequence 0 = (Tq cti <C CT 2 <C ■ ■ • of elements of E such that 
K C D{an) for each n, but K p| D{a) = 0 for any other a £ E. As before, 
let Ip £ Eoo be the union of these cr„. 

Since K C D{an) Q C{an), Kf^B{an) yf 0- In particular, B{an) yf 
0. Therefore, some x £ X hy (A). By (3), for any 

m, X £ Zra = 0. On the other hand, by (7), for any m, 

K C Zjn = 0. But then by (0), x £ K. This implies that 

X G P|„ D{an)- Now it is easily seen that S P| A" = {x} as required. ■ 



5.7 Borel Sets with Small Sections 

We have seen that a Borel set with projection a Borel set need not admit 
a Borel uniformization. However, under suitable conditions on the sections 
of the Borel set, there does exist a Borel uniformization. Such results are 
among the most basic results on Borel sets, and in the next few sections 
we present several such results. 

Generally, the conditions on sections under which a Borel uniformization 
exists can be divided into two kinds: large-section conditions and small- 
section conditions. A large-section condition is one where sections do not 
belong to a a-ideal having an appropriate computability property, e.g., 
the cr-ideal of meager sets or the cr-ideal of null sets. A small section- 
condition is one where sections do belong to a cr-ideal having an appropriate 
computability property, e.g., the cr-ideal of countable sets or the cr-ideal of 
ATct sets. In this section we prove two very famous uniformization theorems 
for Borel sets with small sections. 

Theorem 5.7.1 (Novikov [90]) Let X, Y he Polish spaces and A a count- 
ably generated sub a-algehra of Bx- Suppose B G A^By is such that the 
sections B^ are compact. Then ttx{B) G A, and B admits an A-measurahle 
section. 

Proof. Since the projection of a Borel set with compact sections is Borel 
(4.7.11), ttx{B) is Borel. Since ttx{B) is a union of atoms of A, by the 
Blackwell ~ Mackey theorem (4.5.7), it is in A. 

Let U be an open set in Y. Write U = U« A„, the F„’s closed. Then 

TTx (Hn(AxC/)) = U TTx (BflCYxrj). 

n 

Hence, by 4.7.11 and 4.5.7, ttx{B0{X x U)) G A. It follows that the mul- 
tifunction X — >■ Bx defined on ttx{B) is A-measurable. The result follows 
from the selection theorem of Kuratowski and Ryll-Nardzewski (5.2.1). ■ 
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Theorem 5.7.2 (Lusin) Let X, Y be Polish spaces and B C X x Y Borel 
with sections B^ countable. Then B admits a Borel uniformization. 

Proof. By 3.3.17, there is a closed set E in and a one-to-one contin- 
uous map / : E — >■ X xY with range B. Set 

= {{x,a) G X X E : 7rx(/(a)) = x}. 

Then iJ is a closed set in X x with sections countable. Further, 
ttx{B) = ttx{H). Fix a countable base (Vn) for N^. Let 

Zn = {x G X : Hxf^Vn is a singleton}. 

By 4.12.2, Zn is coanalytic. Each is countable and closed, and so if 
nonempty must have an isolated point. Therefore, 

\JZ„ = nx{H)=7rx{B). 

n 

Hence, ttx{B) is both coanalytic and analytic, and so by Souslin’s theorem, 
Borel. By the weak reduction principle for coanalytic sets (4.6.5), there exist 
pairwise disjoint Borel sets C such that 1J„ = (J^ Z„. Let 

n 

Then H is a Borel uniformization of El. Let g : D — X x X be the map 
defined by g{x, a) = f{a). Since g is one-to-one, the set 

C = {/(a) : (x,a) G D} 

is Borel (4.5.4). It clearly uniformizes B. ■ 

Proposition 5.7.3 Let X be a Polish space and II a countably separated 
partition of X with all equivalence classes countable. Then 11 admits a 
Borel cross section. 

Proof. Let T be a Polish space and / : X — >■ Y a Borel map such that 
xUx' f{x) = f{x). 



Define 

B = {{y,x) gY xX: f{x) = y}. 

Then B is a Borel set with sections By countable. By 5.7.2, tty{B) is Borel 
and there is a Borel section g : tty{B) — >■ X of B. Note that g is one-to- 
one. Take S to be the range of g. Then S is Borel by 4.5.4. Evidently, it is 
a cross section of 11. ■ 

In Section 6 of this chapter we shall generalize this result to partitions 
of Polish spaces into sets. 
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5.8 Borel Sets with Large Sections 

Let X and Y be Polish spaces. A map I : X — > V(V{Y)) is called Borel 
on Borel if for every Borel B C X x Y, the set 

{x G X : Boc G I(a;)} 

is Borel. The following are some important Borel on Borel maps. 

Example 5.8.1 Let P be a transition probability on X xY; X, Y Polish. 
By 3.4.24, the map I : X — > V{V{Y)) dehned by 

X{x) = {N CY ■. P{x,N) = 0} 

is Borel on Borel. 

Example 5.8.2 Let X, Y be Polish spaces and X{x) the a-ideal of all 
meager sets in Y. By 3.5.18, I is Borel on Borel. 

Example 5.8.3 Let X, Y be Polish spaces and G : X — >■ Y a closed- 
valued Borel measurable multifunction. Dehne I : X — >■ V{V{Y)) by 

X{x) = {I GY : / is meager in G(x)}. 

By imitating the proof of 3.5.18 we can show the following: 

For every open set U in Y and every Borel set B in X xY , the sets 

B*^ = {x G A : G(x) Pi [/ yf 0 

& P.PG( x) P [/ is comeager in G{x) nc'} 

and 

B^^ = {x G A : G(x)Pc/yf 0 

& P. riG( x) P {7 is nonmeager in G(x) nt'} 

are Borel. 

It follows that X is Borel on Borel. 

Theorem 5.8.4 (Kechris [52]) Let X, Y be Polish spaces. Assume that 
X — > Xx is a Borel on Borel map assigning to each x G X a a-ideal X^ 
of subsets of Y . Suppose B C X x Y is a Borel set such that for every 
X G 7Tx(B), Bx ^ Xx. Then ttx{B) is Borel, and B admits a Borel section. 

Proof. Since x — >■ Xx is Borel on Borel, 

7Tx(P) = {x: BxG XxY 

is Borel. 

It remains to prove that B admits a Borel section. Fix a closed subset F 
of and a continuous bijection / : F — B. For each s G we dehne 
a Borel subset Bs of A such that for every s,t G 
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(i) Be = TTx{B); 

(ii) |s| = |<| k Bsf]Bt = 0 ; 

(iii) Bs = [j^Bs-n; and 

(iv) BsQ{x€X: (/(S(s) f] F)), ^ IJ. 

We define such a system of sets by induction on |s|. Suppose Bt have 
been defined for every t G of length < n, and s G is of length 
n — 1. For any k G N, let 

Bk = {xGB,: (/(S(s'fc)f|F)), 

Since / is one-to-one and continuous, f(T,(s"k) P| F) is Borel (4.5.4). Hence, 
as X — Ix is Borel on Borel, each Dk is Borel. By (iv), Bg = (J^ Dk- Take 

Bg~k = -Dfc \ [J Di. 

Kk 

We define u : nx{B) — >• Y as follows. Given any x G ttx{B) there is a 
unique a G F (call it p{x)) such that x G Ba\k for every k. Define u by 

u{x) = 7Ty(/(p(a;))). 

We wish to check that m is a Borel section of B. 

We first check that u is a section of B. Let x G ttx{B). It is sufficient 
to show that TTx{f{p{x))) = x. Let p{x) = a. Then x G B^jk for all k. 
So, (f(i:(alk)riF))x ^ Fx- In particular, (/(S(a|/c) f| T’))a: 7 ^ 0- Choose 
Ofc G Yt{a\k) Pi F such that ttjc (/( a^)) = x. Since ak -G a, ttjc (/( a)) = x. 

It remains to show that u is Borel. It is sufficient to prove that p is 
Borel. For evey s G we shall prove that p“^(S(s)) is Borel. This will 
complete the proof. We proceed by induction on |s|. Suppose p“^(S(s)) is 
Borel and k gN. Then 

X G p~'^{Y{s''k)) X G p~'^{Y{s)) k {f{T,{s^k)f]F))x ^Ix 

k^iK k){{f{Y{sB)r\F))x Glx). 

Since x — >■ Ix is Borel on Borel and / is bimeasurable, p~^{Y{s" k)) is 
Borel, and our result is proved. ■ 

(See also [75].) 

Theorem 5.8.5 (Kechris [52] and Sarbadhikari [100]) If B is a Borel sub- 
set of the product of two Polish spaces X and Y such that Bx is nonmeager 
in Y for every x G ttx{B), then B admits a Borel uniformization. 



Proof. Apply 5.8.4 with Ix as in example 5.8.2. 
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Example 5.8.6 As a special case of 5.8.5 we see that every Borel set 
B C XxY with Bx a dense Gs set admits a Borel uniformization. However, 
there is an F^r subset E of [0, 1] x with sections dense and that does 
not admit a Borel uniformization. Here is an example. 

Let C C [0, 1] X be a closed set with projection to the first coordinate 
space [0, 1], that does not admit a Borel uniformization. Such a set exists 
by 5.1.7. For each s G fix a homeomorphism fg : S — >■ S(s). Take 

U {{x,fs{a)):{x,a)GB}. 
sSN<" 



This E works. 

Theorem 5.8.7 (Blackwell and Ryll-Nardzewski [17]) Let X , Y be Polish 
spaces, P a transition probability on X xY , and B a Borel subset of X xY 
such that P{x,Bx) > 0 for all x G ttx{B). Then ttx{B) is Borel, and B 
admits a Borel uniformization. 

Proof. Apply 5.8.4 with as in Example 5.8.1. ■ 

The selection theorem of Blackwell and Ryll-Nardzewski holds in a more 
general situation. 

Theorem 5.8.8 (Blackwell and Ryll-Nardzewski) Let X, Y be Polish 
spaces, A a countably generated sub aalgebra of Bx, and P a transition 
probability on X x Y such that for every B G By, x — > P{x,B) is 
A-measurable. Suppose B G A^By is such that P{x,Bx) > 0 for all 
X G ttx{B). Then ttx{B) G A, and B admits an A-measurable section. 

We prove a lemma first. 

Lemma 5.8.9 Let X, Y, A, and P be as above. For every E G A^By 
and every e > 0, there is an F G A<^By contained in E such that F^ is 
compact and P{x, F^) > e • P{x, E^). 

Proof. Let M be the class of all sets in A 0 By such that the conclusion 
of the lemma holds for every P and every e > 0. By 3.4.20, A4 contains 
all rectangles Ax B, where A G A and B Borel in Y. So, Ai contains all 
finite disjoint unions of such rectangles. It is fairly routine to check that Ai 
is a monotone class. Therefore, the result follows from the monotone class 
theorem. ■ 

Proof of 5.8.8. By a slight modification of the argument contained in 
the proof of 3.4.24 we see that for every E G A^By, x — P{x,Ex) 
is A-measurable. As ttx{B) = {x G X : P{x,Bx) > 0}, it follows that 
ttx{B) G a. 

By 5.8.9, there is a C C H in A^By with compact cc-sections such that 
P{x,Cx) > 0 for every x G ttx{B). In particular, nx{B) = ttx{C). The 
result follows from Novikov’s uniformization theorem (5.7.1). ■ . 
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Here is an application of 5.8.8 to probability theory. Let X be a Polish 
space. For any probability P on Bx and / : X — > K any Borel map, a 
conditional distribution given / is a transition probability Q on X x X 
such that 

(i) for every B G Bx, x — Q{x,B) is ^-measurable, where A = 

{/“^(C) : C Borel in M}; and 

(ii) for every A G A and every B G Bx, 

[ Q{x,B)dP{x) = P{Af]B). 

J A 

A conditional distribution Q is called proper at Xq if 
Q{xq, A) = 1 for xo G A G A, 

i.e., we assign conditional probability 1 to {x G X : f{x) = /(xq)}. It is 
known that conditional distributions always exist that are proper at all 
points of X except at a P-null set N. Using 5.8.7 we show that, in general, 
the exceptional set N cannot be removed. 

Proposition 5.8.10 Let X, f, and A be as above. An everywhere proper 
conditional distribution given f exists if and only if there is an A- 
measurable g : X — > X such that f{g{x)) = f{x) for all x. 

Proof. Suppose an A-measurable g : X — >■ X such that f o g is the 
identity exists. Define 



Q{x,B) 



1 if g{x) G B, 
0 otherwise. 



It is easy to verify that Q has the desired properties. 

Conversely, let an everywhere proper conditional distribution Q given / 
exist. Let 

S = {{x,y) e X X X : f{x) = f{y)}. 

Then S G A^By and Q{x,Sx) = 1- By 5.8.8, there is an A-measurable 
section g of S, which is what we are looking for. ■ 

Since g is A-measurable, g{x) = g{y) whenever f{x) = f{y). It follows 
that there is a Borel function h : M — X such that g{x) = h{f{x)) for 
all X. Then the range of / equals {y G K : f{h{y)) = y}, which is a Borel 
set. It follows from the above proposition that whenever the range of / is 
not a Borel set, everywhere proper conditional distributions given / cannot 
exist. 

As another application of 5.8.5, we present a proof of Lusin’s famous 
theorem on Borel sets with countable sections. 
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Theorem 5.8.11 (Lusin) Let X, Y he Polish spaces and B a Borel set 
with Bx countable. Then B is a countable union of Borel graphs. 

Proof. (Kechris) Without loss of generality we assume that for each 
X € X, Bx is countably infinite. Using 5.8.4, we shall show that there is a 
Borel map / : X — >• such that B^ = {fn{x) : n G N}. 

Granting this, we complete the proof by taking 

Bn = {{x, fn{x)) : n G N}. 

We now show the existence of the map / : X — satisfying the above 
conditions. 

(i) Let 

E = {(x, (e„)) GX xY^ :{en:neN} = B,}. 

The set E is Borel. This follows from the following observation. 

(x, (e„)) G E Vn((a;, e„) G B) k -•3j/((x, (e„), j/) G S'), 



where 



S = {{x, (e„), y) G X X X F : (x,y) G B k Vn(y yf e„)}. 

Since S(a,ye„)) is countable, by 4.12.3 E is Borel. 

(ii) Let X G X. Give B^ the discrete toplogy and B^ the product topol- 
ogy. So, B^ is homeomorphic to N”. We show that E^ is a dense Gs set in 
B^. Note that E^ C B^. Let (e„) G B^. Then 

{e„ : n G N} = B^ Wy G B^3n{y = e„). 

So Ex is a Gs set in It remains to show that Ex is dense in i?^. Take 
a finite sequence {yo,yi, . . . ,yn-i), each yi in Bx. Since Bx is countable, 
there exists a sequence (cfc) in F enumerating Bx such that = yi for all 
i < n. It follows that Ex is dense in B^. 

(iii) For x G X, let 

Tx = {I Q F^ : I^Ex is meager in B^}. 

Glearly, each Ix is a a-ideal and Ex ^ Tx. Further, x — Xx is Borel on 
Borel. To see this, take a Borel set A in X x F’**. We need to show that 

{x: AxG Ix} = {x:Axf]Ex is meager in B^} 

is Borel. Without loss of generality we assume that AQ E. 

For the rest of the proof, e = (e„) : N — >■ Bx will stand for a bijection 
and 7Te : — > B^ will denote the homeomorphism defined by 

7Te(a) = 600, a G N”. 




5.8 Borel Sets with Large Sections 211 



Consider the set Q C X x defined by 

{x,e)eQ (x,e) € E k {\fn m){en Cm) 

& {a € : (x, e o a) G A} is meager in N^. 

By 3.5.18, Q is Borel. Now note the following: 

Ax is meager in 

'n~^{Ax) is meager in for some e 
{a G : e o a G Ax} is meager in for some e 
3e(a;, e) G Q. 

Hence, {x : Ax Glx} is analytic. We also have 

Ax is meager in 

'n~^{Ax) is meager in for all e 
{a G : e o a G Ax} is meager in for all e 
V/ G i?N{[(x, f)GEkVm^ n{fn fm)] 

(x,f) G Q}. 

So, {x : Ax G Ix} is also coanalytic. Hence, {x : Ax G Ix} is Borel by 
Souslin’s theorem (4.4.3). 

The existence oi f : X — with the desired properties now follows 
from 5.8.4. ■ 

Exercise 5.8.12 Let II be a countably separated partition of a Polish 
space into countable sets. Show that there is a sequence (G„) of partial 
Borel cross sections of 11 such that IJ,^ G„ = X and if G„ and G^ are 
distinct, then G„ IJ Gm is not a partial cross section. (A subset A of A is 
a partial cross section if A P| G is at most a singleton for every member C 

of n.) 

Lusin, in fact, proved a much stronger result: Every analytic set in the 
product with countable sections can he covered by countably many Borel 
graphs. We shall give a proof of this later. 

We close this section by giving another refinement of Lusin’s theorem. 
For an application of this result see [41]. 

Let A be a Polish space and G a group of Borel automorphisms on A; 
i.e., each member of G is a Borel isomorphism of A onto itself and G is a 
group under composition. Define 

X Eg y (3g G G){y = g{x)). 

Eg is clearly an equivalence relation on A. Eg is called the equivalence 
relation induced by G. It is clearly analytic; it is Borel if G is countable. 
We show next that the converse of this result is also true. 
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Proposition 5.8.13 (Feldman and Moore [41]) Every Borel equivalence 
relation on a Polish space X with equivalence classes countable is induced 
by a countable group of Borel automorphisms. 

Proof. Let II be a Borel equivalence relation on X with equivalence 
classes countable. By 5.8.11, write 

n = |jG„, 

n 



where 7 Ti|G„ is one-to-one, 7Ti{x,y) = x; i.e., the G„’s are graphs of Borel 
functions. Let 



= <^(G„), 

where ip{x,y) = (y,x). Then 7T2|iL„ is one-to-one, where Tr 2 {x,y) = y. Let 



XxX\A = \J{UkxVk), 



Uk, Vk open, where A = {(x, a;) : x € X}. Note that Ukf]Vk = 0. Put 
Dnmk = (G„f|ll™)f|([/fc X Vk). 

Note that 7Ti\Dnmk and 7r2\Dnmk are one-to-one, and 

'^li^nmk) nmfc) — 

So, there is a Borel automorphism gnmk of X given by 

(x) = I y ^ Dnmk or (y,x) G Dnmk, 

ynm \ ) 'l ^ otherwise. 



Clearly, 

n = A|J y graphO„,„fc). 

nmk 

Now take G to be the group of automorphisms generated by {gnmk '■ 
n,m,k G N}. ■ 



5.9 Partitions into Gs Sets 

We return to the problem of existence of nice cross sections for partitions 
of Polish spaces. In an earlier section we dealt with this problem when 
the equivalence classes are closed. How important is the condition that the 
members of 11 be closed? Does every Borel partition 11 of a Polish space 
into Borel sets admit a Borel cross section? We consider this problem now. 
The next result generalizes 5.4.1 for partitions into Gs sets. 
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Theorem 5.9.1 (Miller [85]) Every partition H of a Polish space X into 
Gs sets such that the saturation of every basic open set is simultaneously 
F„ and Gs admits a section s : X — > X that is Borel measurable of class 
2. In particular, such partitions admit a Gs cross section. 

Proof. Let ([/„) be a countable base for the topology of X. Let (Vn) be 
an enumeration oi {U* :nGN}lJ{([/*)'^:nGN}. Let T' be the topology 
on X generated by {C/„ : n G N} {}{Vn '■ n £ N}. Note that every T' open 
set is an set in X relative to the original topology of X. Consider the 
map / : X — > X x 2^ defined by 

f(x) = (x,xvo(x),XVi(x),XV2(x),--.), X £ X. 

The map / is one-to-one and of class 2. Let G be the range of /. It is quite 
easy to see that 

T' = {f~^(W) : W open in G}. 

Arguing as in the proof of 3.2.5, it is easily seen that G is a Ga set in 
X X 2^. Therefore, by 2.2.1, (A, T') is Polish. As argued in 5.1.13, 

N = ■■ K 2 N}. 

So, each Il-equivalence class is closed relative to T'. 

Let C be the set of all invariant subsets of X that are clopen relative 
to T'. We claim that the multifunction x — >■ [a;] is Gc-measurable. Let 
'5={P„:nGN}d, the set of all finite intersections of sets in {y„ : n G N}. 
Any T'-open W is of the form U{jV,U open relative to the original toplogy 
of X and V a union of sets in S. Then W* = U*[_fV , which proves our 
claim. 

By the selection theorem of Kuratowski and Ryll-Nardzewski, there ex- 
ists an £o--measurable selection s for x — > [x] . In particular, s is continuous 
with respect to T' ■ The associated cross section S' = {x G s(x) = x} is T'- 
closed and so is a Gs set relative to the original toplogy of A. ■ 

Here is a generalization of 5.4.3. 

Theorem 5.9.2 (Srivastava [114]) Every Borel measurable partition 11 of 
a Polish space X into Gs sets admits a Borel cross section. 

Proof. (Kechris) For x G A let [x] denote the member of 11 containing 
X. Consider the multifunction p : A — > X defined by 

p{x) = cl([x]). 

Then p : A — > A is a closed-valued measurable multifunction. Further, 
for every x,y £ X, x = y p{x) = p{y) (5.9.1). 
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Now consider F{X), the set of nonempty closed subsets of X with Effros 
Borel structure. By 3.3.10, it is standard Borel. Note that p considered as 
a map from X to F{X) is measurable. Let 

P={(F,x)e F{X) X X : p{x) = F}. 

The set P is Borel. For F G F(X), let Xp be the cr-ideal of subsets of X 
that are meager in F. As the multifunction F — ^ F from F(x) to X is 
measurable, by 5.8.3, F — Ip is Borel on Borel. By the Baire category 
theorem, Pp ^ Ip for each F. Therefore, by 5.8.4, D = pp(^x){P) is Borel, 
and there is a Borel section q : D — X of P. Let 

S = {x G X X = q{p{x))}. 

Clearly S' is a Borel cross section of 11. ■ 

Remark 5.9.3 Recall the Vital! partition of M discussed in 3.4.18. Each 
of its members is countable and hence an F„. li U is an open set of real 
numbers, then 

C/*= U(r + [7), 

rSQ 

which is open. Hence, the Vital! partition is a lower-semicontinuous parti- 
tion of K into Fa sets. In 3.4.18, we showed that the Vital! partition does 
not admit even a Lebesgue measurable cross section. Members of the Vi- 
tal! partition are homeomorphic to the set of rationals. So, they are not 
Gs sets. It follows that 5.9.2 is the best possible result on the existence of 
Borel cross sections. 

For more on selections for G^-valued multifunctions see [114], [101], [116]. 
Now we outline an important application of our selection theorem in 
the representation theory of G*-algebras. We consider only separable C*- 
algebras A here. An important class of such G*-algebras is known as 
GCR G*-algebras which by well-known theorems due to Kaplanski and 
Glimm[43], [51], are precisely the type I G*-algebras (meaning these 
are the G*-algebras having tractable representation theory). (We refer 
the reader to [4] for the terminology.) The class of all irreducible *- 
representations of a G*-algebra by operators on a Hilbert space of 
dimension n is denoted by irr{A, P„), n = 1, 2, . . . , oo. irr{A, Hn) is given 
the so-called weak topology, and irr{A) stands for the topological sum 
©„ irr(A, Hn). Following the ideas contained in the proof of 2.4.6, we 
have the following result. 

Proposition 5.9.4 irr{A) is Polish. 

For each n = 1,2,..., oo, we have a natural equivalence relation ~ on 
irr{A, H„), namely tt ~ <t if tt and a are unitarily equivalent. We denote the 
topological quotient of irr(A) under unitary equivalence of representations 
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by irr(A)/ ~ and the canonical quotient map by q : irr(A) — > irr(A)l 
We have the following celebrated result of the theory. 

Theorem 5.9.5 irr{A)/ ~ is standard Borel if and only if A is GCR. 

Its proof makes crucial uses of 5.4.3 and 4.5.4. We refer the interested 
reader to [4] and [43] for a proof. 

A third important object in this circle of ideas is the space Prim{A) of 
*-ideals of A that are kernels of irreducible ^-representations of A, given 
the hull — kernel topology. Let k : irr(A) — >■ Prim{A) be the map 

k{tt) = kernel(Tr), tt € irr(A). 

The map k is continuous and open and induces a map 

k : irr{A)j ~ — > Prim{A). 

A pleasant property of GCR algebras is that k is one-to-one on irr{A)/ ~ 
(the class of a *-representation is determined by its kernel), but in general, 
k is not a one-to-one map. 

The following concept of “locally type I” was introduced by Moore [87]: 
A C*-algebra A is of locally type I on a Borel subset B of irr{A)l ~ if 

(i) k\B is one-to-one, and 

(ii) there exists a Borel selection s : B — > irr{A) for q~^\B. 

It may be mentioned that Auslander and Konstant[6] make essential use 
of this concept (and a theorem due to Moore) in giving a criterion for a 
solvable group (equivalently, the group C*-algebra) to be of type I. 

The cross section theorem Srivastava 5.9.2 was conjectured in [50] and 
it was pointed out that 5.9.2 would make condition (ii) in the definition 
of locally type I redundant. Both [85] and [50] replaced condition (ii) by 
some additional hypothesis. For instance, Kallman and Mauldin showed 
that condition (i) can be dropped from the definition of locally type I, 
provided that the relative Borel structure of B separates points. Below, we 
explain the implication of 5.9.2 on condition (ii) of Moore’s definition. 

Let R be a Borel subset of irr{A) j ~ such that k is one-to-one on B. A 
standard argument will show that 

{C(iB„r{A)l^-k-\k{C)) = C} 

is a cr-algebra containing all open sets of irr{A)l Hence, 

k~\k{B)) = B. 



This means that 



K ^(k((7)) = q ^(d) 
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for each a & B. We now look at the equivalence relation II induced by 
q on the Borel subset q~^{B) of irr{A). From what we have just shown, 
this equivalence relation coincides with the equivalence relation $ induced 
by K on q~^{B). Now, each equivalence class of the equivalence relation 
is a Gs set in irr{A). This is because Prim{A) is a second countable Tq 
space. Again, as k is an open continuous map, the saturation under of a 
relatively open set in q~^{B) is relatively open. Now consider the partition 
of irr{A) whose equivalence classes are the 4>-equivalence classes and 
{A} for A ^ q~^{B). Theorem 5.9.2 now gives a Borel selection of q~^\B. 



5.10 Reflection Phenomenon 

In this section we show a rather interesting reflection phenomenon dis- 
covered by Burgess[21]. We give several applications of this, including 
Lusin’stheorem on analytic sets with countable sections. 

Let A be a Polish space and <i> C 'P(X). We say that <I> is n} on n} if 
for every Polish space Y and every II j subset D of Y x X, 

{yGY:DyG<^>}enl 

Theorem 5.10.1 (The reflection theorem) Let X he a Polish space and 
‘h O P{X) nj on n}. For every II j set A G ^ there is a Borel B A in 



Proof. Suppose there is a 11} set A C A in <I> that does not contain a 
Borel set belonging to <I>. We shall get a contradiction. Let v? be a Il}-norm 
on A and 

C = {{x,y) : y <* x}. 

We claim that 

A G $. (*) 

Suppose X ^ A. Then Cj, = A G Conversely, if a; G A, then is a Borel 
subset of A. So by our assumptions, Cx ^ 

Since <I> is 11} on II}, A° is n} by (*). Hence, by Souslin’s theorem, it is 
Borel, contradicting our assumption again. ■ 

See [21] for more on reflections. 

Theorem 5.10.2 Let A, Y be Polish spaces and A C A x A analytic with 
sections Ax countable. Then every coanalytic set B containing A contains 
a Borel set E A A with all sections countable. 

Proof. Let C = Define <I> C P{X x Y) by 

D G ^ C B Sz 'ix{{D‘^)x is countable). 

Using 4.3.7 we can easily check that 4) is 11} on 11} . Since A° G 4>, by 
5.10.1 there is a Borel set D in 4> contained in A°. Take E = D'^. ■ 
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Theorem 5.10.3 (Lusin) Every analytic set with countable sections, in 
the product of two Polish spaces, can he covered by countably many Borel 
graphs. 

Proof. The result immediately follows from 5.10.2 and 5.8.11. ■ 

Proposition 5.10.4 (Burgess) Let X be Polish, E an analytic equivalence 
relation on X, and C C X x X a coanalytic set containing E. Then there 
is a Borel equivalence relation B such that E C B C C . 

We need a lemma to prove this proposition. For any P C X x X, define 
S{P) CX X Xhy 

(x,y) G £{P) x = y or {{x,y) or (y,x) G P) or 3z{{x,z), (z,y) G P). 

Note that P C £{P), and if P is analytic, so is £{P). 

Lemma 5.10.5 Let X be a Polish space, P analytic, C coanalytic, and 
£{P) C C. Then there is a Borel set B containing P such that 

£{B) C C. 

Proof. Define C V{X x X) by 

D G £{D^) C C. 

is n} on n}. Further, G 4*. By the reflection theorem (5.10.1), there 
is a Borel set D in that is contained in Take B = P°. ■ 

Proof of 5.10.4. Applying 5.10.5 repeatedly, by induction on n we can 
define a sequence of Borel sets (P„) such that 

ECB^C f(P„) C P„+i C C 

for all n. Take B = P„. ■ 

Corollary 5.10.6 For every analytic equivalence relation E on a Polish 
space X there exist Borel equivalence relations B^, a < uj\, such that E = 

Proof. By 4.3.17, write E = Ca, Ca coanalytic. By 5.10.4, for 

each a there exists a Borel equivalence relation Ba such that E C P„ C Ca- 

■ 

Exercise 5.10.7 Let A be a Polish space, Y a separable Banach space, 
A C X xY an analytic set with sections convex, and C A A coanalytic. 
Using the reflection theorem, show that there is a Borel set B in X x Y 
with convex sections such that A C B C C. 

The above result was first proved by Saint Pierre, albeit by a different 
method. 
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5.11 Complementation in Borel Structures 

Let X be a Polish space and C a sub cr-algebra of the Borel cr-algebra Bx ■ 
A weak complement of C is a sub cr-algebra T> of Bx such that 



C\/v = Bx, 



where C\J V = a{C[_}T>). A weak complement V is minimal if no proper 
sub CT-algebra is a weak complement. A complement of C is a sub cr-algebra 
T> such that 

C\JV = Bx andCp|P = {0,A}. 

The following exercises are reasonably simple. 

Exercise 5.11.1 Let X be Polish and C a countably generated sub cr- 
algebra of Bx ■ Show that every weak complement of C contains a countably 
generated weak complement. 

Exercise 5.11.2 Let X be Polish, C C Bx- If H is a minimal weak com- 
plement, then show that Cp|H = {0, A}; i.e., V is also a complement. 

Exercise 5.11.3 Let X be an uncountable Polish space. Show that the 
countable - cocountable a-algebra does not have a complement. 

A question arises: When does a sub cr-algebra of the Borel a-algebra Bx 
admit a complement? This question was posed by D. Basu [10] in his study 
of maximal and minimal elements of families of statistics. We answer this 
question now. 

Theorem 5.11.4 Every countably generated sub a-algebra of the Borel a- 
algebra of a Polish space has a minimal complement. 

This beautiful result is due to E. Grzegorek, K. P. S. B. Rao, and H. 
Sarbadhikari[46] . 

Lemma 5.11.5 Let X be Polish and C a countably generated sub a-algebra 
of Bx- Suppose V is a countably generated sub a-algebra of Bx such that 
every atom A of T> is a partial cross section of the atoms of C. Further, 
assume that for any two distinct atoms C\, C 2 ofT), C\ IJ C 2 is not a partial 
cross section of the set of atoms of C. Then V is a minimal complement of 
C. 



Proof. Under the hypothesis, C\J V is a countably generated sub cr- 
algebra of Bx with atoms singletons. Hence, by 4.5.7, C\J V — Bx- 
Let V* be a proper countably generated sub a-algebra of V. By the 
corollary to 4.5.7, there is an atom A of V* that is not an atom of V. 
Hence, it is a union of more than one atom of T>. Hence, there exist two 
distinct points x,y oi A that belong to the same atom of C. This implies that 
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there \s no E & C\J V* containing exactly one of x, y. So, C\J V* ^ Bx- 
The result now follows from 5.11.1 and 5.11.2. ■ 

Proof of 5.11.4. Let X be Polish and C a countably generated sub 
cr-algebra of Bx ■ 

Case 1. There is a cocountable atom ^ of C. 

Let f : X \ A — >■ A be a one-to-one map. Take 

V = (7{{{x, f{x)} : X G X \ ^} y BA\f(A-)). 

By 5.11.5, T> is a minimal complement of C. 

Case 2. There is an uncountable atom ^ of C such that 
uncountable. 

Let / : A — A'^ be a Borel isomorphism and g : X — >■ X 
equals f on A and the identity on A‘^. Take 

V = g-^{Bx). 

By 5.11.5, T> is a minimal complement of C. 

Case 3. All atoms of C are countable. Since C is countably generated 
with all atoms countable, by 5.8.12 there exists a countable partition Gn 
of X such that each Gn is a partial cross section of the set of atoms of C. 
It is easy to choose the G„’s in such a way that for distinct G„ and Gm, 
Gn U is not a partial cross section of the set of atoms of C. The result 
follows by 5.11.5 by taking 

T> = ct({G„ : n G N}). 



A \ A is also 
the map that 



5.12 Borel Sets with cr-Compact Sections 

Our main goal in this section is to give a proof of the following uniformiza- 
tion theorm. 

Theorem 5.12.1 (Arsenin, Kunugui [60]) Let B C X x Y be a Borel set, 
X, Y Polish, such that B^ is a -compact for every x. Then ttx{B) is Borel, 
and B admits a Borel uniformization. 

Our proof of 5.12.1 is based on the following result. 

Theorem 5.12.2 (Saint Raymond [97]) Let X, Y he Polish spaces and 
A, B C X xY analytic sets. Assume that for every x, there is a a-compact 
set K such that A^ Q K C B], Then there exists a sequence of Borel sets 
(Bn) such that the sections {Bn)x are compact, 

A C y Bn, and B Q y = 0. 
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This result of Saint Raymond is not only powerful, but the technique 
employed in its proof is very useful. The main idea is taken from Lusin’s 
original proof of the following: Every analytic set in the product of two 
Polish spaces with vertical sections countable can he covered by countably 
many Borel graphs (5.10.3). 

We assume 5.12.2 and give several consequences first. 

Theorem 5.12.3 Let X , Y be Polish spaces and A (L X x Y a Borel set 
with sections a-compact. Then A = Bn, where each Bn is Borel with 
{Bn)x compact for all x and all n. 

Proof. The result trivially follows from 5.12.2 by taking B = A‘^. ■ 

Proof of 5.12.1. Write B = Bn, the Bn’s Borel with compact sec- 
tions. That this can be done follows from 5.12.3. Then 



ttx{B) = |j7rx(B„). 

n 

Since the projection of a Borel set with compact sections is Borel (4.7.11), 
each TTx{Bn), and hence ttx{B), is Borel. Let 

Dn = TTx{Bn) \ (J T^x{Bm)- 

m<.n 

Then the Dn’s are Borel and pairwise disjoint. Further, the set 

C=[]{BnP\{Dn X r)) 

n 

is a Borel subset of B with compact sections such that ttx{C) = ttx{B). By 
Novikov’s uniformization theorem (5.7.1), C admits a Borel uniformization, 
and our result follows. ■ 

Proposition 5.12.4 Let B C X x Y be a Borel set with sections B^ that 
are Gs sets in Y. Then there exist Borel sets Bn with open sections such 
that B = fj„ B„. 

Proof. Let Z he & compact metric space containing (a homeomorph of) 
Y . Then B is Borel in X x Z with sections Gs sets (2.2.7). By 5.12.3, there 
exist Borel sets C„ in X x Z with sections compact such that (X x Z)\B = 
u„ Gn- Take Bn = {XxY)\ C„. ■ 

Corollary 5.12.5 Let B Q X xY he a Borel set with sections B^, that are 
Fa- sets in Y . Then there exist Borel sets Bn with closed sections such that 
B = [JnBn. 

Before we present a proof of 5.12.2, we make a series of important obser- 
vations. 
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(I) Recall the following from 4.9.6: 
For any x € 2^^^, 



D(x) = 



m<% 



{m € N : x(m, m) 
x{m, n) = 1, 



1 }, 



and 



m <„ 



n(n <* to). 



Further, 



LO* = {cc G LO : cc(0, to) = 1 for every to G D{x)}, 

and 

WO* = {x € WO : x{0,m) = 1 for every to G D{x)}. 

Thus, LO* is the set of all x that encode linear orders on subsets of N 
with 0 the first element. It is Borel. Similarly, WO* is the set of all x that 
encode well-orders on subsets of N with 0 the first element. We know that 
WO is a coanalytic non-Borel set (4.2.2), which easily implies that WO* 
is a coanalytic non-Borel set. 

(II) Let X be a Polish space. Recall that F{X), the set of all closed 
subsets of X with the Effros Borel structure, is a standard Borel space. A 
family B C F{X) is called hereditary if whenever A G B and R is a closed 
subset of A, then B G B. A derivative on A is a map D : F{X) — >■ F{X) 
such that for A,B G F{X), 

(i) D{A) C A, and 

(ii) ACB=^ D{A) C D{B). 

Here are some interesting examples of derivatives. 

Let B C F{X) be hereditary. Define 

Dq{A) = {x G X ■. (y open U ^ a;)(cl(Ap| [/) ^ B)}. 

Since B is hereditary, Dg is a derivative on A. If R consists of sets with at 
most one point, Dig{A) is the usual derived set of A. Another important 
example is obtained by taking B to be the family of all compact subsets of 

A. 

We shall use the following property of Rg, B hereditary II}, without 
explicit mention. The set 

{(A,R) G F(A) X F{X) : A C Db(B)} 

is analytic. To see this, fix a countable base (C/„) for A. We have 

ACBb(B) ^Vn(U„f]A^0^ cl(U„ f] B) ^ B) . 
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Since B — cl(C/„ p| -B) is a Borel map from F{X) to F{X), our assertion 
follows. 

(Ill) Let X be Polish, D : F{X) — > F{X) a derivative on X, A C X 
closed, and a any countable ordinal. We define D°^{A) by induction on a 
as follows: 



D°{A) = A, 

B“(yl) = D{Df^{A)), iia = (3+1, and 

D°"{A) = r|/ 3 <a if « is limit. 

So, {D°^{A) : a < wi} is a nonincreasing transfinite sequence of closed 
sets. Hence, by 2.1.13, there is an a < such that D°‘{A) = 

The least such a will be denoted by \A\jj. We set 



and 

Uo = {A& F{X) : D°°{A) = 0}. 

Proposition 5.12.6 Let X he a Polish space and B C F{X) hereditary. 
Then 

Proof. Fix a closed set H C X and a countable base (C/„) for X. 

Let = 0. Then 

^ = [^o.<\A+{D-{A)\D-+\A)) 

= \^c.<\A+\^n{Un(^D-{A) ■. C\{U^{^D-{A))&B} 

= \^c.<\A+^n{A{Un{^D^{A)) ■. cl(t/„n^“(^))G^}- 

The last equality holds because A is closed. Thus, A £ Ba- 
To prove the converse, take an H G Ba{^F{X). Suppose D°°{A) ^ 0. 
We shall get a contradiction. Write A = B^, B^ G B. By the Baire 

category theorem, there exist n and m such that 

0 + D^{A) f| [/„ C B“(H) f| Bra. 



This implies that 

We have arrived at a contradiction. ■ 



Proposition 5.12.7 Let X he Polish and D a derivative on X such that 
{{A, B) G F{X) X F{X) : A C D(B)} 



is analytic. Then 
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(i) flu is coanalytic, and 

(ii) for every analytic AQflD, 

sup{|^|_D : A G A} < uji. 

Proof. Assertion (i) follows from the following equivalence: 

A^flu 3B{B k B C Ak B C D{B)). 

(The sets A and B are closed in A.) 

Suppose (ii) is false for some analytic AQflD- Then, 

sup{|A|d : a G A} = (Ml. 

Define R C 2^^^ x F{X) as follows: 

(x,A) G R X G LO* k 

3/gF(A)N[/(0)=A& 

Vm G I?(a:){/(m) yf 0 & 

(to yf 0 ^ Vn <* m(/(m) C D(/(n))))}]. 

It is fairly easy to check that R is analytic and that ior % ^ A G flu, 

R{x,A) X G WO* k \x\ < \A\u- 

By our assumptions, 

X G WO* 3A G A{R{x,A)). 

This implies that WO* is analytic, which is not the case, and our result is 
proved. ■ 

Lemma 5.12.8 Let T C _F(N”) be a hereditary 11} family. Suppose X is 
a Polish space and H C X x a closed set such that G Ta- Then there 
exists a sequence (H„) of Borel sets such that H = 1J„ and {Hn)x G F 
for all X. 

Proof. Since H is closed and T hereditary, it is sufficient to show that 
there exist Borel sets with sections in T covering iJ. 

Let D : J^(N^) — > F(N^) be the derivative For a < oji, define 

= {{x,y) G A X N" : 2 / G D“(il,)}. 

For each a < wi, we show that H°‘ is analytic. Towards showing this, let 
E be an analytic subset of A x with closed sections, and observe that 

(x,y) G E k 
Vs G N<^[y G S(s) ^ 

3E G F{N^){F C S(s) f]Ex:k F^F)]. 



y G D{Ex) 
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Thus {{x,y) G X : y £ D{E^)} is analytic. Using this observation, by 
induction on a it is quite easy to see that is analytic. 

Since G by 5.12.6, D^(H^) = %. Let 

A={F £ F(N^) : 3x{F C H^)}. 

A is an analytic subset of ^d- Hence, by 5.12.7, there is an oq < such 
that = 0. 

We claim the following. 

Claim 1. For every a < coi and every Borel set B U with closed 
sections, there exist Borel sets with closed sections such that 

and 

n 

Claim 2. If H C X X is a Borel set with closed sections such that 
D{Bx) = 0, then there is a sequence (i7„) of Borel sets such that B = 
Fin and {Fln)x G F for all n and all x. 

Assuming these two claims, we obtain our result by taking i? = 0 and 
a = ao- 

Proof of claim 1. The proof is by induction on a. Let a < oji and 
suppose that Claim 1 is true for all (3 < a. 

Case 1: a = /3 + 1 for some (i. 

We first prove the following: Let A C A x be an analytic set with 
sections closed, H A a Borel set with closed sections, where 

{x,y) £ A^ 4=^ y £ D{AA). 

Then A \ B can be covered by a sequence of Borel sets (C„) with closed 
sections such that D{{Cn)x) = 0 for all n. 

Since B'^ is a Borel set with open sections and {S(s) : s G a base 

for by 4.7.2, for each s G there is a Borel set Bg such that 

= xS(s)). 



So, 

A\B = \J{{BgXF{s))f]A). 

S 

From 4.7.1 it follows that A \ B C [J^Cn, where the CAs are Borel sets 
with closed sections disjoint from A^. As {Cn)x C A^, \ D{{A)x), 

D{{Cn)x) C {Cn)xP\D{{A)x)=^. 
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Now, let B D H°‘ be a Borel set with closed sections. By the above 
observation, there exist Borel sets Cn with closed sections such that 
^((C„),) = 0 and \ ^ C U„ C„ = C, say. So, CB[jC. By 4.7.1, 

there is a Borel set B' with closed sections such that C C i? [J C. By 
the induction hypothesis, there exists a sequence {Dn) of Borel sets with 
closed sections such that D{{Dn)x) = 0 and whose union contains H \ B' . 
As H\B C Dn U Cn, our claim is proved in this case. 

Case 2: a is a limit ordinal. 

Let i7“ = n/ 3 <Q Q B, B Borel. By the generalized first separation 
theorem (4.6.1), there exist Borel sets C^, P < a, such that C and 
n^<c 4.7.1, there exists a Borel set B^ with closed sections 

such that C B^ C . Then n/ 3 <a ^/3 — induction hypoth- 

esis, each H \ Bff can be covered by a sequence (C„) of Borel sets with 
closed sections such that D{{Cn)x) = 0. As 77 \i? C U/3<a(-^\^/3)> also 
can be so covered. ■ 

Proof of claim 2. Let B C X x be a Borel set with closed sections 
such that D{Bx) = 0. Then, for every x G X and every y G Bx, there exists 
an s G such that y G S(s) and S(s) f]Bx G B. Let 

C{s) = {x G X : j:{s)f]Bx G B}. 

Since X G II}, (^(s) is coanalytic and B C lJ^(C'(s) x S(s)). Consider the 
Polish space Z = x X has the discrete topology) and 4) C V{Z) 
defined by 

£; G 4> B c X S(s)). 

s 

Then 4> is Il( on II}, and lJs({'5} ^ C'(s)) G 4>. Therefore, by the reflection 
theorem (5.10.1), there is a Borel set D C lj^({s} x C(s)) in 4). Clearly, 



B C [J{D, X S(s)). 

S 



Let 

B(s) = (i7« X S(s))p|B, sGN<". 



Then the B{s)’s are Borel sets with closed sections, and Us ^(■5) = B. 
Further, 



{B{s))x 



Bx n S(s) if X G Ds, 
0 otherwise. 



In either case, {B{s))x G X. This completes the proof. ■ 

Proof of 5.12.2. Let / : — >■ A be a continuous onto map. Define 



H = {{x,a) G A X N" : X = 7rx(/(a))}. 



Clearly, H is closed. Take 

B = {Fg F(N") : cl(/(A)) C & cl(7ry (/(F))) is compact}. 
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The family T is clearly hereditary. By 3.3.11, {K G F(Y) : K is compact} 
is Borel. Similarly, for every continuous function g : — > Y, the map 

F — > cl{g{F)) from to F(Y) is Borel measurable. Hence, T is II}. 

Suppose X G X and the itT„’s are compact sets such that C Un-^nCB-. 
Then 

n 

and each f~^{{x} x Kn) G F. Therefore, by 5.12.8, there exist Borel sets 
Fin with {Hn)x G F and H = lji?„. Now consider 

An = {f{a) G X X Y : {x,a) G Hn}. 

Then An is analytic and = A. Let 

An = {(x,y) G X xY :y G cl((H„)a,)}. 



So, 

{x, y) G An 'im{y G Vm {An)x ^ 0 ), 

where (Tm) is a countable base for Y . It follows that is analytic. Since 
{Hn)x G F, sections of are compact and = 0. Hence, there is 

a Borel set with compact sections such that C C B'^ by 4.7.5. 
The Borel sets Bn serve our purpose. ■ 

Exercise 5.12.9 Show that every countably separated partition of a Pol- 
ish space into cr-compact sets admits a Borel cross section. 

Using the same technique, we can prove the following results. 

Proposition 5.12.10 Let X and Y he Polish spaces and A, B two disjoint 
analytic subsets of X xY such that Ax is closed and nowhere dense for all 
X. Then there is a Borel C C X x Y such that the sections Cx are closed 
and nowhere dense, and such that 

ACC andC[\B = %. 

Proposition 5.12.11 (i) (Hillard [48]) Let X and Y be Polish spaces and 
A, B disjoint analytic subsets of X xY. Assume that the sections Ax are 
meager in Y. Then there is a sequence (Cn) of Borel sets with sections 
nowhere dense such that 

Ac\JCn and (|JC„)f|H = 0. 

n n 

(a) (H. Sarbadhikari [100]) For every Borel set B C X xY with sections 
Bx comeager in Y, there is a sequence (H„) of Borel sets such that {Bjfjx 
is dense and open for every x and p| B„ C B. 
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For proofs of the above two results see also [53]. 

We return to 5.12.4 and 5.12.5. We have seen that every Borel set with 
Gs sections is a countable intersection of Borel sets with open sections, or 
equivalently, every Borel set with sections is a countable union of Borel 
sets with closed sections. Is a similar result true for all Borel pointclasses? 
In a significant contribution to the theory of Borel sets, Alain Louveau[66] 
showed that this is indeed the case. Unfortunately, no classical proof of this 
beautiful result is known. Known proofs use effective methods or forcing 
which are beyond the scope of our notes. Here we simply state Louveau’s 
theorem. For a proof see [66] or [83] . 

Let X, Y be Polish spaces. For 1 < a < wi, let Fa denote the family of 
all Borel subsets of X xY with a:-sections of multiplicative class a and let 
Qa = ~'Fa- Again, by induction on a, 1 < a < wi, we define families S*, 
n* of subsets of X X Y as follows. Take Ilg to be the subsets of X xY of 
the form B x V, B Borel and V open. For a > 0, set 

s* = ( IJ 

0<OL 

and 

n: = -s:. 

Clearly, S* C and II* C Fa- We have already shown that II^ = Q2 
(5.12.4) and S 2 = F 2 (5.12.5). We have also seen that SJ is precisely 
the family of all Borel sets with sections open (4.7.1). In a remarkable 
contribution to the theory of Borel sets, Louveau showed that this identity 
holds at all levels. 

Theorem 5.12.12 (A. Louveau [66]) For every 1 < a < u\, S* = Fa- 



5.13 Topological Vaught Conjecture 

In this section we shall discuss one of the outstanding open problems in 
descriptive set theory. The study of this problem led to a rich subbranch of 
descriptive set theory now known as invariant descriptive set theory. 

The Weak Topological Vaught Conjecture (WTVC) Suppose a 
Polish group G acts continuously on a Polish space X. Then the number 
of orbits is < Hg or equals 2^° . ■ 

WTVC is, of course, true under CH. The problem is to prove it without 
using CH. A statement equivalent to WTVC for G = Soo, the group of 
permutations of N, first appeared as an open problem in [122]. We shall 
assume a little familiarity with first order logic to state this. Let L be 
a countable first order language. Assume first that the only non-logical 
symbols of L are relation symbols, say Ro, R\, R 2 , ... Suppose that Ri is 
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Ui-ary. Set 

i 

We equip Xl with the product of discrete topologies on 2 = {0, 1}. It is 
homeomorphic to the Cantor set. Elements of X^ can be identified with 
the structures of L with universe N as follows: To each x G X^ associate 
a countable structure Ax of L whose universe is N, and in which Ri is 
interpretated by the set {s € N”‘ : a;j(s) = 1}. Define an action of Sac, on 
Xl by 



{g ■ x)i{no,ni , . . . ,n*_i) = 1 Xi{g{no),g{ni), . . .,g{rn-i)) = 1. 

This action is called the logic action on X^. Clearly, the logic action is 
continuous. Further, x,y G X^ are in the same orbit if and only if Ax and 
Ay are isomorphc. 

In the general situation (when L also has function symbols), we modify 
the definition of Xj^ and the logic action as follows: Corresponding to each 
A:-ary function symbol, we add a coordinate axis consisting of all maps from 
to N to Xi. Finally, modify the action of Sac to Xl in an obvious way 
so that each orbit represents an isomorphism class of countable structures 
of L. In what follows, for simplicity, we shall restrict our discussion to 
languages whose non-logical symbols are relation symbols only. 

Let be the set of formulas built up from symbols of L using count- 
able conjunctions and disjunctions as well as the usual first order logical 
operations. Thus, in the inductive definition of formulae of when- 

ever {(j)n) is a sequence of formulae such that no variable other than 
Uq, Wi, . . . , Wfc_i are free in any of (/)„, Vn is also a formula of 
For any sentence cr of L,xiuj, put 

Aa = {x G Xl : Ax 

where ‘^Ax H means that cr is valid in Ax- A basic result in this circle 
of ideas is the following. We shall give only the essential idea of the proof 
of this result. Readers are invited to complete the proof themselves. 

Theorem 5.13.1 (Lopez-Escohar) A subset A of Xl is invariant (with 
respect to the logic action) and Borel, if and only if there is a sentence a 
of L,xiuj such that A = A^- 

Proof. The sufficient part of this result is proved by induction on for- 
mulae of Lojiw as follows: 

For every formula Ui, . . . , Vk-i], the set 

A^,k = {(x,no,ni, . . . ,nfc_i) : Ax h (j)[no,ni,. . . ,nk-i]} 



is Borel. 
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The necessary part is also proved by induction, but the induction in this 
case is a bit subtle. We proceed as follows. Let (N)^ denote the set of all 
one-to-one finite sequences in N of length k and for any s G (N)^, 

[s] = {g e : s ^ g~^}. 

Clearly, {[s] : s G (N)^} form a base for the topology of Soo- 

Suppose Gl is a Borel set in X^. Then, for every k there is a formula 
4>[vo,vi,. . . ,Wfc_i] of such that 

= {{x, s) : s G (N)'= & X G 

This is proved by induction on A using basic identities on Vaught trans- 
forms. We invite readers to complete the proof themselves. (Otherwise con- 
sult [[53], p.97].) 

Now, ii A (1 Xi^ is nn invariant Borel set, then A* = A and the result 
follows from the above assertion by taking k = 0. ■ 

The original conjecture of Vaught was the following. 

Vaught Conjecture (VC) Suppose L is a countable first order lan- 
guage. Then the number of countable nonisomorphic models of any sen- 
tence a of is < Hq or equals 2^“. ■ 

In other words, VC states that A„ is a union of countably many or 2^^ 
many orbits with respect to the logic action on Xj^. 

We now show how VC follows from WTVC. By the theorem of Lopez- 
Escobar, A„ is an invariant Borel set. However, Aa need not be Polish. 
Now we use the following remarkable result of Becker and Kechris[ll] to 
immediately conclude VC from WTVC. 

Theorem 5.13.2 (Becker - Kechris) Suppose a Polish group G acts con- 
tinuously on a Polish space X and A is an invariant Borel subset of X. 
Then there is a finer Polish topology on X making A clopen such that the 
action still remains continuous. 

We may also use the following similar result of Becker and Kechris to 
prove Vaught conjecture from WTVC. 

Theorem 5.13.3 (Becker - Kechris) Suppose a Polish group G acts on a 
Polish space X and the action is Borel. Then there is a finer Polish topology 
on X making the action continuous. 

The proofs of the above theorems are somewhat elaborate and make use 
of Vaught transforms and Borel generated topologies. The reader is referred 
to [11] for proofs of these results. 

There are certain metamathematical difficulties with 2^“ (namely, it is 
not “absolute”). Consequently, VC may be independent of ZFC. To avoid 
independence proofs, one considers a stronger version of the conjecture. For 
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brevity we introduce the following terminology. Let E be an equivalence 
relation on a Polish space X. We say that E has perfectly many equiv- 
alence classes if there is a nonempty, perfect subset of X consisting of 
pairwise if-inequivalent elements. 

The Topological Vaught Conjecture (TVC) Suppose a Polish group 
G acts continuously on a Polish space X. Then the number of equivalence 
classes is countable or perfectly many. 

TVC clearly implies WTVC. Further, under -iCH, WTVC implies 
TVC. This follows immediately from the following result of Burgess [22]. 

Theorem 5.13.4 (Burgess) Suppose E is an analytic equivalence relation 
on a Polish space X. Then the number of equivalence classes is < Hi or 
perfectly many. 

We shall give a prrof of this result later in the section. 

Remark 5.13.5 It is easy to see that Burgess’s theorem can be extended 
to analytic equivalence relations on analytic sets X. 

Exercise 5.13.6 Show that TVC is equivalent to the following statement: 
Suppose a Polish group G acts on a standard Borel space X and the action 
is Borel. Then the number of orbits is < Hq or perfectly many. 

Remark 5.13.7 Kunen([112j) has shown that TVC does not hold for 
analytic sets X. His example is from logic which we omit. 

There are strong indications that TVC is decidable in ZFC. For these 
reasons, in the rest of this section we shall consider TVC only. 

We now give some sufficient conditions under which TVC holds. 

Theorem 5.13.8 Topological Vaught conjecture holds ifG is a locally com- 
pact Polish group. 

We shall need the following result of Stern([118]) to prove 5.13.8. 

Theorem 5.13.9 Let E be an analytic equivalence relation on a Polish 
space X with all equivalence classes E^. Then the number of equivalence 
classes is < Hq or perfectly many. 

Assuming 5.13.9, we prove 5.13.8 as follows: Let G be a locally compact 
Polish group acting continuously on a Polish space X. Write G = 

Kn compact. Then, for x,y G X, 

3g G G{y = g-x) 3n3g G Ar„(y = g ■ x). 

Since is compact and the set {{x,y,g) G A x A x : y = g ■ x} \s 
closed, the equivalence relation induced by the group action is an JG set. 
Our result now follows from 5.13.9. ■ 

To prove 5.13.9, we shall need the following result which is interesting 
on its own right. 
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Proposition 5.13.10 Suppose X is a Polish space and E an equivalence 
relation on X which is meager in X"^ . Then E has perfectly many equiva- 
lence classes. 

Proof. Let E C Fn, Fn closed and nowhere dense in X"^. Without any 
loss of generality, we further assume that the diagonal {{x,y) £ X^ : x = j/} 
is contained in each of En- 

For each s £ we define a nonempty open set U(s) in X satisfying 
the following properties. 

(i) diameter(C/(s)) < 

(ii) s t cl([/(t)) C U(s). 

(iii) If s yf s' and |s| = |s'|, then ([/(s') x lF(s'))n^|s| = particular, 
Us and Us’s are disjoint. 

We define (U(s) : s £ 2<^} by induction on |s|. Take U(e) to be any 
nonempty open set of diameter less than 1 disjoint from Fq. Since Fq is 
closed nowhere dense, such a set exists. Suppose n is a positive integer 
and U(s) has been defined for every sequence s of length less than n. 
Consider the set F’^". It is closed and nowhere dense in . Hence, 

there is an open set of the form " 0) x U(s’'l)) contained in 

rise 2 '‘-i(^('^) ^ ^(■ 5 )) disjoint from F^". We can further assume that the 
diameter of F(s'e), |s| = n — 1 and e = 0 or 1, is less than 2“”, and that 
its closure is contained in U(s). 

For a £ 2“, let f(a) be the unique element of X that belongs to each 
of U(a\n). It is easy to see that the range of / is a perfect set of pairwise 
F-inequivalent elements. ■ 

Proof of 5.13.9. Let X be a Polish space and F an analytic equivalence 
relation on X with all its equivalence classes F^ sets. Further assume that 
there are uncountably many F-equivalence classes. Fix a countable base 
(Vn) for the topology of X. Let P be the union of all basic open sets which 
is contained in countably many equivalence classes and Q its saturation; 
i.e., Q = proj(Fp|(F x F)). Thus Q is analytic. Set Y = X \ Q and 
E' = Fp|(F X Y). Note that E' has the Baire property. Also note that 
every section of F' is meager. So, by Kuratowski - Ulam theorem, F' is 
meager. Our result now follows from 5.13.10. ■ 

In the rest of this section, the following result of Silver [106] will play a 
very important role. 

Theorem 5.13.11 (Silver’s theorem) Suppose E is a coanalytic equiva- 
lence relation on a Polish space X. Then the number of equivalence classes 
is countable or perfectly many. 

By 5.13.9, the above result holds for F„ equivalence relations. Known 
proofs of Silver’s result, even for Borel equivalence relations, use either 
effective methods or forcing. This is beyond the scope of this book. 
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Recently Sami([98]) showed that TVC is true if G is abelian. We give 
the proof below. 

Theorem 5.13.12 (Sami) Topological Vaught conjecture holds if G is 
abelian. 

Proof. Assume that the number of orbits is uncountable. We shall show 
that there is a perfect set of inequivalent elements. 

Let E be the equivalence relation on X defined by 

xEy Go; = Gy, 

where Gx is the stabilizer of x. Let y = g ■ x for some g G G. Then 
Gx = g~^ ■ Gy ■ g = Gy, as G is abelian. Thus, 

xEay xEy, 

where Ea is the equivalence relation induced by the action. Now note that 
xEy \Jg{g -x = x <1=^ g-y = y). 

Hence, E is coanalytic. 

Suppose there are uncountably many if-equi valence classes. Then by 
Silver’s theorem, there is a perfect set of if-inequivalent elements. In par- 
ticular, there is a perfect set of Aa-inequivalent elements. 

Now assume that the set of A-equivalence classes is countable. We shall 
show that Ea is Borel. Our proof will then follow from Silver’s theorem. 

Let Y C A be an A-equivalence class. It is sufficient to show that 
Ea n(^ X Y) is Borel. Let x €Y and El = Gx- The partition of G by the 
cosets of El is lower-semicontinuous. Hence, there is a Borel cross-section 
S for this partition. For x,y € Y, we have the following: 

xEay (3 a unique g G S){y = g ■ x); 

i.e., Ea n(^ X y) is a one-to-one projection of the Borel set 

{{x,y,g) ■■ g G S and y = g-x}. 



Hence, Ea is Borel. ■ 

Remark 5.13.13 Recently Solecki [108] showed that the equivalence rela- 
tion induced by a continuous action of an abelian Polish group on a Polish 
space need not be Borel. 

Proof of Burgess’s theorem. 

The proof of this theorem is based on Silver’s theorem, reflection principle 
and the following combinatorial lemma. 
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Lemma 5.13.14 Suppose \ a < Ui} is a family of Borel subsets of a 
Polish space X and E the equivalence relation on X defined by 

xEy \/a{x € Aa y € Aa), x,y € X. (*) 

Then the number of E -equivalence classes is < Hi or perfectly many. 

Assuming the lemma, Burgess’s theorem is proved as follows. Let E be 
an analytic equivalence relation. By 5.10.6, there exist Borel equivalence 
relations Ba, a < oji, such that 

E= f| 

CK<.iOl 

If for some a < u>i, B^ has uncountably many equivalence classes, then 
by Silver’s theorem there is a perfect set P of pairwise Bc-inequivalent 
elements. In particular, elements of P are pairwise A-inequi valent. 

Now assume that the set of Bc-equivalence classes is countable for all 
a < wi. Let {A/S : P < oji} he the set of all Bo,-equivalence classes, a < uji. 
Clearly, for any two x, y in X 

xEy V/3 < wi(x G A/s y G A/s). 

Thus, the result follows from the above lemma in this case also. ■ 

Proof of 5.13.14. Although the proof of the lemma is messy looking, 
ideawise it is quite simple. Assume that the number of A-equivalence classes 
is > Hi. We shall then show that there are perfectly many A-equi valence 
classes. The following fact will be used repeatedly in the proof of the lemma. 

Fact. Suppose Z is a subset of X of cardinality > Hi such that no two 
distinct elements Z are E-equivalent. Then there is an a < u>i such that 
both Z and Z are of cardinality > Hi. 

We prove this fact by contradiction. If possible, let for every a < wi at 
least one of Z()Aa and Z()A{^ be of cardinality < Hi. Denote one such 
set by Ma. We claim that Z \ IJ^ is a singleton. Suppose not. Let x, 
y be two distinct elements of Z \ Since x, y are if-inequi valent, 

by (*) there exists an a < wi such that exactly one of x and y belong to 
Aa. It follows that at least one of x, y belong to M^. But this is not the 
case. Hence, Z \ IJ^ Ma contains at most one point. It follows that the 
cardinality of Z is at most Hi, and we have arrived at a contradiction. 

Fix a compatible complete metric on X. Following our usual notation, 
for e = 0 or 1, we set 

_ J Aq, if e = 0, 

“ \ ife = l. 

Since A^ analytic, there is a continuous map ff. : N” — X whose range 
is A^. We can arrange matters so that for every s G the diameter of 

ff(E{s)) is at most 
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Fix any subset Z of X of cardinality > Hi consisting of pairwise E- 
inequivalent elements. By the above fact, there exists an ordinal a(e) < oji 
such that both Zp|2lc,(e) and are of cardinality > Hi. Let eo = 

0 or 1. As 

^rK%)=U(^nc(e)(^M))’ 

m 

there is an Weg G N such that Z P| f^^^^{T,{rrieg)) is of cardinality > Hi. Set 

S(eo,0) = (Weo). 

Now fix any finite sequence (eoei) of O’s and I’s of length 2. Ap- 
plying the fact again, there is an ordinal a(eo) < such that both 
ZnC(,)(S(s(eo,0)))n^«bo) and Z f] f] K(eo) are of 

cardinality > Hi. Note that 

^r|/a(e)(SW^O,0)))n<U) 

m 

Hence there exists an nieoei G N and an s(eoei, 1) G such that the set 

•^a(eo) (S(s(eoei,l))) 

is of cardinality > Hi. Set s(eoei,0) = s(eo, 0) 

Proceeding similarly, we can show the following: For every I G N, for 
every ct G N* and for every k < I, there exists an ordinal o;(cr) < oji, and 
there exists an s(cr, k) G N* such that setting 

k<l 

the cardinality of the set Z p| is > Hi. Further, if ct ^ r, s{a, k) -< s(t, k) 
for all k < |cr|. 

Now take any g G 2^. Then (cl(Tg|fe)) is a nested sequence of nonempty 
closed sets of diameters converging to 0. Let u{g) be the unique point of 
ncl(^g|fe)- It is easily seen that the map u : 2**^ — >• X is continuous. 

Let g and h be two distinct elements of 2^. Let m be the first positive 
integersuch that g{m) ^ h{m). Without any loss of generality, we can 
assume that g{m) = 0 and h{m) = 1. Then u{g) G and u{h) ^ 

^a(g\m)- Thus u{2^) is a perfect set of if-inequivalent elements. ■ 

By Silver’s theorem TVC holds if the equivalence relation induced by a 
continuous group action is always Borel. Below we give an example showing 
that the equivalence relation induced by a continuous action need not be 
Borel. 

Example 5.13.15 Let L be a first order language whose non-logical sym- 
bols consists of exactly one binary relation symbol. So, Xl = 2“^“. We 
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claim that in this case the equivalence relation Ea induced by the logic 
action is not Borel. Suppose not. Then Ea £ for some /? < wi. It fol- 
lows that WO°" = {x G WO : |x| < a} £ UPp for every a < wi. Now 
take any Borel set A in which is not of additive class /?. Since WO 
is nj-complete, there is a continuous function / : — >■ LO such that 

A = f~^(WO). But by the boundedness theorem, A = for 

some a. It follows that A £ Sjj, and we have arrived at a contradiction. 

The following example shows that Silver’s theorem (or TVC type result) 
is not true for analytic equivalence relations. 

Exercise 5.13.16 For a, f3 £ define 

Of ~ /3 -1=^ either a,P ^ WO or |a| = |/3|. 

Show that ~ is an analytic equivalence relation with the number of equiv- 
alence classes Hi but not perfectly many. 

Remark 5.13.17 Recall that the orbit of every point of a Polish space 
X under a continuous action of a Polish group is Borel (5.4.5). So, the 
equivalence relation Ea on X induced by the action is analytic with all 
equivalence classes Borel. A natural question arises: Suppose E is an ana- 
lytic equivalence relation on a Polish space X with all equivalence classes 
Borel. Is it true that the number of equivalence classes is < Hq or perfectly 
many? The answer to this question is no. However, known examples use 
effective methods or logic. Therefore, we omit them. 

In all the known examples of analytic equivalence relations such that 

(i) all equivalence classes are Borel, and 

(ii) there are uncountably many equivalence classes but not perfectly 

many, 

the equivalence classes are of unbounded Borel rank. So, the following ques- 
tion arises: Suppose E is an analytic equivalence relation on a Polish space 
such that all its equivalence classes are Borel of additive class a for some 
a < uji- Is it true that the number of equivalence classes is < Hq or per- 
fectly many? In [118] and [119], Stern considered this problem. He proved 
the following results. 

Theorem 5.13.18 (Stern) Let E be an analytic equivalence relation on a 
Polish space X such that all but countably many equivalence classes are E„ 
or Gg. The the number of equivalence classes is < Hq or perfectly many. 

Note that, earlier in this section we proved this result in the special case 
when all equivalence classes are sets. As the proof of this result is long, 
we omit it. 
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Theorem 5.13.19 (Stern) Assume analytic determinacy. Let E he an 

analytic equivalence relation on a Polish space X such that all but countably 
many equivalence classes are of hounded Borel rank. Then the number of 
equivalence classes is < Hq or perfectly many. 

The proof this result is beyond the scope of this book. 



5.14 Uniformizing Coanalytic Sets 

In this section we prove the famous uniformization theorem of Kondo. 

Theorem 5.14.1 (Kondd’s theorem) Let X, Y he Polish spaces. Every 
coanalytic set C C X x Y admits a coanalytic uniformization. 

We shall show that there is a sequence of coanalytic norms on a given co- 
analytic set with certain “semicontinuity” properties. The existence of such 
a sequence of norms gives a procedure for selecting a point from a given 
nonempty coanalytic set. The procedure is then applied to each nonempty 
section of a conanalytic set, thus yielding a uniformization. The semiconti- 
nuity properties guarantee that the uniformizing set is coanalytic. We now 
describe this procedure in detail. 

Let ^ be a subset of a Polish space X. A scale on A is a sequence of 
norms {pn on A such that Xi G A, Xi x, and \/n{ipn{xi) — >■ p,„) (i.e., 
ipn{xi) is eventually constant and equals /x„ after a certain stage) imply 
that X G A and \/n{(pn{x) < fin)- 

If for each n,tpn ' A — > k, then we say that (p>n) is a K-scale. 

Given an ordinal k, define the lexicographical ordering <iex on k” as 
follows. 



1)) <iex (A(0),A(l),...,A(n- 1)) 

3i < n[Vj < i(n{j) = A(j)) & < A(i))]. 

This is a well-ordering with order type k". Denote by 

the ordinal < k" corresponding to (/r(0), /i(l), . . . , /i(n — 1)) under the 
isomorphism of (k", <iex) with k". 

Remark 5.14.2 Given a scale ((/?„) on A C we can define a new scale 
(ifn) as follows. 

V'n(a) = {po{a),a{0),(pi{a),a{l),...,(pn{a),a{n)). (1) 

The scale {ipn) has additionally the following properties. 

1. ifnio.) < ifniP) Vm < n(f/'m(a) < i’miP))- 
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2. li ai € A and ■i/'n(c«i) fJ-n for all n, then — >■ a for some a & A. 

Let ^ be a subset of a Polish space X. A scale {^Pn) on A is called a very 
good scale if 

1. (fn{x) < >Pn{y) Vm < n{ipm{x) < (fm{y))- 

2. If Xi G A and ipn(xi) -G /i„ for all n, then Xi ^ x for some x G A. 

Given a very good scale ((fin) on A, we can select a point from A as 
follows. Let 

Aq = {x G A: (po{x) is least, say /xq}, 

Ai = {x G Ao : ‘pi{x) is least, say ^i}, 

A2 = {xG Ai : (p 2 (x) is least, say^ 2 }, 
and so on. We have 

Ao 3 Ai D A 2 D • • • 

and if Xi G Ai, then ipn(xi) = Pn for all i > n. Since ((/?„) is a very good 
scale, there is an a; G A such that Xi -G x. Moreover, it is quite easy to 
see that x G An for all n. Let y be any other point in P|„ A„. Consider 
the sequence x,y,x,y, . . . Since {(fin) is a very good scale, the sequence 
X, y,x,y, . . . is convergent. Hence, x = y. Thus A„ is a singleton. The 
above procedure thus selects a unique point from A, called the canonical 
element of A determined by (ipn)- 

A scale (ipn) on a coanalytic subset A of a Polish space X is called a 
npscale if each ipn is a Ilpnorm. 

Exercise 5.14.3 If (^„) is a Il}-scale on a coanalytic A C N^, then show 
that (tpn) defined by (1) is also a IlJ-scale. 

We are now in a position to state the main result needed to prove Kondb’s 
theorem. 

Theorem 5.14.4 Every coanalytic subset 0 / admits a very good II}- 
scale. 

Corollary 5.14.5 Let X he a Polish space and A C A coanalytic. Then 
A admits a very good Ill-scale. 

Proof. By 2.6.9 there is a closed set D C and a continuous bijection 
/ : D — > X. Now, /“^(A) P £> is a 11} subset of and hence admits a 
very good Il}-scale by 5.14.4. The scale on A is now obtained by transfer 
via the function /. ■ 

Assuming 5.14.5, we prove Kondo’s theorem. 

Proof of Kondo’s theorem (5.14.1). By 5.14.5 there is a very good 
n}-scale {(fin) on C. Then (tpp, where (finiv) = Tn{x,y), is a very good 
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scale on the section C^, if ^ 0 - Let y{x) be the canonical element of 
determined by ((/?“). Set 

(x,y) G C* y = y{x). 

Clearly, C* uniformizes C . To see that C* is coanalytic, observe that 
{x,y) G C* ^^ynyz{{x,y) <*^ (a:,^)). 



Before proving 5.14.4 we make some general observations. 
For a G 2^, let <« be the binary relation on N defined by 

n <Q m a((n, to)) = 1 



and 

D{a) = {to G N : a{{m,m)) = 1}, 

the field of the relation <q,. In what follows we shall consider only those 
a for which <„ is a linear order on D{a). For n G N, set 

bF„ = {p G N : p <a n}, 

and let <„ \n denote the restriction of <„ to Wn- So, 

<a \n = |(p, q) ■■ P <a q q <a n}. 



Clearly, Wn = 0 if n ^ D{a). 

If <Q, is a well-ordering with rank function p, then for each n, <« \n is a 
well-ordering, and 

p{n) = I <a |n|. 



where | <„ \n\ is the ordinal corresponding to the well-ordering <„ \n. 
Thus 



n <r 



We make one more general observation. Let (a^) be a sequence in 2^ 
such that each is a well-ordering and for each n, | <q^ |n| is eventually 
constant, say A„. Suppose (a^) converges to some a G 2^. Then <„ is a 
well-ordering and | <a |n| < A„ for all n. 

This fact will follow if we show that the map n — > A„ from (D{a), <a) 
into ordinals is order-preserving. We prove this now. Let n, to G N. We 

a{{n,m)) = 1 & a{{m,n)) ^ 1 
for all large z,ai((n, to)) = 1 
and ai({m,n}) ^ 1, since Oi — >■ a 
for all large i, n <q,. to 
for all large i, \ \n\ < \ <„. \m\ 




An ^ An 
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Proof of 5.14.4. Take any coanalytic A C N^. We need to show that A 
admits a very good IlJ-scale. By 5.14.2 and 5.14.3, it is sufficient to show 
that A admits a Il}-scale. 

By 4.2.2, there exists a continuous function / : — >■ 2^ such that for 

all X, < f(x) is a linear ordering and 

X € A 4=^ /(x) G WO. 

Let (/r. A) — >■ (/i, A) be an order-preserving map of u>i x wi, ordered 
lexicographically, into the ordinals. For x & A, set 

fn{x) = (I ^f(x) I) I —f{x) I^D- 
Claim: ((^„) is a IlJ-scale on A. 

To prove this, first assume that Xi is a sequence in A such that Xi — >■ x, 
and suppose that for all n and all large i, 

~ (A, Ayj). 



This implies that for each n and all large i, 



I —f(xi) 1^1 Ay,. 

Since / is continuous, /(x,) — >■ /(x). Thus by the observations made above, 
/(x) GWO, and hence x G A. Furthermore, for every n. 



I <f(x) \n\ < A„. 

Hence, 

sup{| <f{x) |n| : n G N} < sup{A„ : n G N}. 
This means that 

I —fO) I — 

since for all large i, 



A„ = I < 



« = I ^f(xi) r«i ^ I ^f(x. 



< I < f(xA I = A. 



Hence 

‘Pn{x) = (I 1,1 ^f[x) 1^1) ^ (A, An), 

and so ((/?„) is a scale on A. 

To show that it is a n)-scale, for each n define a function : 2^ — >■ 2^ 
as follows: 



9n{a){{p,q)) = 1 

c^{{Pi9)) = 1 & C({{q,n)) = 1 & a{{n,q)) = 0. 

Note that (/„ is continuous and that whenever is a linear ordering, 
gn{oc) is a code of the ordering <q, |n. 
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Now define 

X y fix) <p| fiy) 

&h(/(j/) <ll fix)) or Qnifix)) 9nifiy))], 

X y fix) <f| fiy) 

&h(/(j/) fix)) or gnifix)) gnifiy))]- 

(Recall that for any a € WO, |a| denotes the order type of <„.) The 

relations <tpl^ and <ip)^ are respectively 11} and S} by definition. It is easily 
seen that they witness that Lpn is a Il}-norm. ■ 

Exercise 5.14.6 Show that every 11} set in the product of two Polish 
spaces can be uniformized by a 11} set. 
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